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Introduction 


The really efficient laborer will be found not to crowd his day with work, but wil 
saunter to his task surrounded by a wide halo of ease and leisure. 

Henry David Thoreau, Notebooks, 184i 

As I was completing the manuscript of this edition of my book, one of im 
relatives, a distinguished scientist and one-time student of the English mathematiciai 
E. C. Titchmarsh, asked me, “Has complex variables really changed much since you: 
previous edition?” The perhaps facetious question merits a serious response. 

In truth, there have not been major breakthroughs in the fundamentals of comple) 
variable theory in many decades. What has changed, and what will continue t( 
change, is the nature of the topics that are of interest in engineering and applie( 
science; the evolution of books such as mine is a history of these shifting concerns 

A text on complex variables and its applications written at the start of the twen 
tieth century would dwell on the power and beauty of conformal mapping, which b; 
the late 1800s had established itself as a tool for the solutions of problems in fluk 
mechanics, heat conduction, and electromagnetic theory. Now we are less in awe o 
this technique and are more apt to be impressed by commercial software package 
that will unravel not only the idealized problems solvable by conformal mappinj 
but also more complex configurations employing the realistic boundary condition 
encountered in an engineer’s design. The old canonical solutions, obtained a centur; 
or more ago, now serve as touchstones to help us verify the plausibility of what 1 
emerging from our computers. 
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The early decades of the twentieth century saw the spread of electrification 
throughout the industrializing nations. The use of long-distance power and commu¬ 
nications lines, which are analyzed with hyperbolic functions, made it imperative that 
engineers have some understanding of the behavior of these functions for complex 
argument. Indeed, one Harvard professor even wrote an entire text on this subject. 
Now, with pocket-sized calculators available that will yield the values of sinh z and 
cosh z throughout the complex plane, the topic no longer requires special attention. 

The engineering of feedback control systems and of linear systems in general 
became well established in World War II, and so in the two postwar decades we 
find texts on complex variables emphasizing the underlying theory required for 
such work, i.e., the Nyquist stability criterion, which is based on the principle of 
the argument, and the Laplace transform. This is nineteenth-century mathematics 
brought to prominence by the needs of the mid-twentieth century. 

In writing the current edition, I have been influenced by several recent deve¬ 
lopments. Today, virtually all science and engineering students have access to a 
mathematical software package such as MATLAB or such close spiritual cousins 
as Mathematica and MathCad. These are as pervasive on college campuses as the 
slide rule was a half century or more ago, and a great deal more useful. Familiarity 
with these languages and utilities is explicitly encouraged in higher education by 
the accrediting organization for engineering programs. I have therefore distributed 
exercises involving MATLAB throughout the text, but I have not written the book 
in such a way that inclusion of these problems is in any way mandatory for the flow 
of the discussion. Teachers can use the book in the conventional manner, without 
regard to the computer. Moreover, faculty who prefer to use other software should 
be able to solve these same problems with their favorite alternative. Here and there 
I have generated plots for the text by using MATLAB, not only because I found the 
results illuminating, but also because I wanted to encourage readers to experiment 
on their own with computer graphics in the complex plane. 

One of the pronounced trends in the evolution of mathematics textbooks of the 
past few decades is the inclusion of biographical and historical notes—an obvious 
observation if one compares an introductory calculus book of 1960 with a contem¬ 
porary one. This is a welcome change—one that helps dramatize the subject—and so 
I have expanded the historical remarks that I included in the previous edition. In this 
endeavor, I have been greatly aided by two sources. One is a recent book, An Imagi¬ 
nary Tale: The Story o/V—T by Paul J. Nahin,* a professor of electrical engineering 
who clearly loves the history of complex variable theory as well as its application to 
electrical engineering. His work, which begins with a personal anecdote based on a 
1954 issue of Popular Electronics, is sheer delight. I also recommend the web site on 
the history of mathematics maintained by the University of St. Andrews (Scotland), 
which is a fine resource that I have referred to often. 

I have eliminated some topics and introduced certain new ones in this edition. 
Recognizing that Nyquist plots are now routinely generated with computer software 
such as MATLAB, and are rarely sketched by hand, I have reduced their space. 
The rather difficult section on how to integrate around infinity has been simplified 
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and incorporated into the exercises in section 6.3, and I have written a new seed or 
on a major topic—the gamma function. Hilbert transforms continue to be useful ir 
engineering, and I have now included them for the first time; they join in this bool 
the important transformations of Fourier and Laplace as well as the z transform 
Representations of analytic functions with infinite products and infinite series o] 
partial fractions are handy tools for the numerical analyst. They often give bettei 
accuracy than power series, and they are being introduced in this edition. Fractals 
continue to entertain and mystify, and they have found increasing use in engineering 
and the graphic arts in the decade since the previous edition appeared. I have addec 
some exercises in the fractals section that encourage students to write their owr 
computer code to generate fractal patterns. Almost all of the elementary problems ir 
the book have been changed, which means that teachers who have used the previous 
edition will, I hope, be shaken from the lethargy and boredom induced by an overly 
familiar text. 

A voluminous solutions manual is available for college faculty who are 
using this book in their teaching. It contains a detailed solution to every problem 
in the text, as well as required computer code written in the MATLAB language. 
Teachers who need the manual may write to me on their institution’s stationery oi 
they may obtain the manual directly from the publisher. I hope it proves useful in 
those vexing moments when one is stuck on a question at midnight that must be 
answered in tomorrow’s lecture. In the back of this text the reader will find the 
answers to the odd-numbered exercises, except that proofs are not supplied and nei¬ 
ther is any computer code. I would like to be notified of errors in the book, and 
wrong answers found in the back of the text as well as in the manual. I can say with 
complete confidence that they can be discovered. My e-mail address is included 
with my postal address. Corrections to the book will be posted at the web address 
http://faculty.uml.edu/awunschAVunsch_Complex_Variables/, which is maintained 
by the University of Massachusetts Lowell. 

There is nearly enough material in this textbook to fill two semesters of an 
introductory course. I would suggest for a single-semester treatment that one try 
to cover the majority of the sections in the first six chapters with perhaps some 
time devoted to favorite topics in the remaining three. I see my reader as someone 
using the book in a first course in complex variable theory and later referring to it 
especially the applications—while in industry or graduate school. In my writing, 1 
have tried to follow Thoreau’s advice quoted at the beginning of this introduction, 
each section begins with a gentle saunter—I want the reader not to be intimidated. 
However, the material within a section becomes more difficult, as does usually 
each succeeding chapter. I have taught this subject to engineering students for ovei 
30 years and am still distressed at what they have failed to recall from their basic 
calculus courses. Thus, one will encounter elementary material (e.g., real series), as 
well as some exercises that review how to take advantage of even and odd symmetries 
in integrands. 

I have listed four references at the end of this introduction. For students whe 
wish to delve into complex variable theory more deeply while they are reading this 
text, I can recommend Brown and Churchill, an elegant book with a somewhat highei 
degree of rigor than mine. Those seeking yet more challenge should read Marsder 
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and Hoffman, while a very concise and sophisticated overview of complex variable 
theory is to be found in Krantz. Readers who want an inexpensive book of solved 
problems, perhaps to prepare for examinations, should consider Spiegel. 

Finally, I strongly recommend a piece of computer software that is not part of 
MATLAB. Called f(z), it is designed to perform conformal mapping. It serves as 
a nice adjunct to Chapter 8 and, if you like mathematics, is a source of interesting 
experimentation. The developer is Lascaux Software. A search of the World Wide 
Web using this name, or f(z), will lead the reader to a demonstration version and 
the means to order the full version. 
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1 

Complex Numbers 


Look if you like, but you will have to leap. 

— W.H. Auden 


1.1 Introduction 

In order to prepare ourselves for a discussion of complex numbers, complex 
variables, and, ultimately, functions of a complex variable, let us review a little 
of the previous mathematical education of a hypothetical reader. 

A child learns early about those whole numbers that we with more sophistication 
call the positive integers. Zero, another integer, is also a concept that the young person 
soon grasps. 

Adding and multiplying two integers, the result of which is always a positive 
integer or zero, is learned in elementary school. Subtraction is studied, but the pro 
lems are carefully chosen; 5 minus 2 might, for instance, be asked but not 2 minus 
5. The answers are always positive integers or zero. . 

Perhaps several years later this student is asked to ponder 2 minus 5 an simi ar 
questions. Negative integers, a seemingly logical extension of the system containing 
the positive integers and zero, are now required. Nevertheless, to avoid some incon 
sistencies one rule must be accepted that does not appeal directly to intuition, 
(-1)(-1) = 1. The reader has probably forgotten how artificial this equation attirs 

seems. , 

With the set of integers (the positive and negative whole numbers an zero 
any feat of addition, subtraction, or multiplication can be performed by the stu en , 
and the answer will still be an integer. Some simple algebraic equations such as 


1 
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m J rX = n (m and n are any integers) can be solved for x, and the answer will 
be an integer. However, other algebraic equations—the solutions of which involve 

division_present difficulties. Given the equation mx = n, the student sometimes 

obtains an integer x as a solution. Otherwise he or she must employ a kind of number 
called a fraction, which is specified by writing a pair of integers in a particular order; 
the fraction njm is the solution of the equation just given if m 7 = 0 . 

The collection of all the numbers that can be written as n/m , where n and m 
are any integers (excluding m = 0 ), is called the rational number system since it 
is based on the ratio of whole numbers. The rationals include both fractions and 
whole numbers. Knowing this more sophisticated system, our hypothetical student 
can solve any linear algebraic equation. The result is a rational number. 

Later, perhaps in our student’s early teens, irrational numbers are learned. They 
come from two sources: algebraic equations with exponents, the quadratic x 2 = 2 , 
for example; and geometry, the ratio of the circumference to the diameter of a circle, 
71, for example. 

For x 2 = 2 the unknown x is neither a whole number nor a fraction. The stu¬ 
dent learns that x can be written as a decimal expression, 1.41421356..., requiring 
an infinite number of places for its complete specification. The digits do not dis¬ 
play a cyclical, repetitive pattern. The number n also requires an infinite number of 
nonrepeating digits when written as a decimal. 1 ” 

Thus for the third time the student’s repertoire of numbers must be expanded. 
The rationals are now supplemented by the irrationals, namely, all the numbers that 
must be represented by infinite nonrepeating decimals. The totality of these two 
kinds of numbers is known as the real number system. 

The difficulties have not ended, however. Our student, given the equation 
x 2 = 2, obtains the solution x = ±1.414..., but given x 2 = —2 or x 2 = — 1, he or 
she faces a new complication since no real number times itself will yield a negative 
real number. To cope with this dilemma, a larger system of numbers—the complex 
system —is usually presented in high school. This system will yield solutions not 
only to equations like x 2 = — 1 but also to complicated polynomial equations of the 
form 


a n z n + a n ~\Z n -l-ao = 0, 

where a, h a\, ..., a n are complex numbers, n is a positive integer, and z is an 
unknown. 

The following discussion, presented partly for the sake of completeness, should 
overlap much of what the reader probably already knows about complex numbers. 
A complex number, let us call it z, is a number that is written in the form 

z = a + ib or, equivalently, z = a + bi. 


^For a proof that V2 is irrational, see Exercise 12 at the end of this section. A number such as 4.32432432..., 
in which the digits repeat, is rational. However, a number like .101001000100001..., which displays a pattern 
but where the digits do not repeat, is irrational. For further discussion see C. B. Boyer and U. Merzbach, A 
History of Mathematics, 2nd ed. (New York: Wiley, 1989), Chapter 25. especially p. 573. 
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The letters a and b represent real numbers, and the significance of i will soon become 
clear.’ 

We say that a is the real part of z and that b is the imaginary part. This is 
frequently written as 

a = Re(z), b = lm(z). 

Note, tha t both the real part and the imaginary part of the complex number are real 
num bers. The complex number — 2 + 3i has a real part of —2 and an imaginary part 
of 3. The imaginary part is not 3 i. 

Two complex numbers are said to be equal if, and only if, the real part of 
one equals the real part of the other and the imaginary part of one equals the 
imaginary part of the other. 

That is, if 

z = a + ib, w — c + id, (1.1-1) 


and 


Z = w, 

then 

a = c, b = d. 

We do not establish a hierarchy of size for complex numbers; if we did, the familiar 
inequalities used with real numbers would not apply. Using real numbers we can say, 
for example, that 5 > 3, but it makes no sense to assert that cither (1 + i) > (2 + 3i) 

or (2 + hi) > (1 + i) ■ An inequality like a > b will always imply that both a and b 

are real numbers. 

The words positive and negative are never applied to complex numbers, and the 
use of these words implies that a real number is under discussion. 

We add and subtract the two complex numbers in Eq. (1.1-1) as follows: 

z + w = (a + ib ) + (c + id) = (a + c) + i(b + d), (1.1-2) 

z — w = (a + ib) — (c + id) = (a — c) + i(b - d). (1.1-3) 

Their product is defined by 

zw — (a + ib)(c + id) = (ac — bd) + i(ad + be). (1-1^1) 

The results in Eqs. (1.1-2) through (1.1—4) are obtainable through the use of the 
ordinary rules of algebra and one additional crucial fact: When doing the mu tip i 
cation (a + ib)(c + id), we must take 


t Most electrical engineering texts use j instead of i, since i is reserved to mean current. However, mathematics 
books invariably use i. . .. miniirmm- 



4 Chapter 1 Complex Numbers 


Real numbers obey the commutative, associative, and distributive laws. We 
readily find, with the use of the definitions shown in Eqs. (1.1-2) and (1.1-4), that 
complex numbers do also. Thus if w, z, and q are three complex numbers, we have 
the following: 


commutative law: 



w + z = z + w (for addition), 

wz = zw (for multiplication); 

( 1 . 1 - 6 ) 

associative law: 

w 

+ (z + q) = (w + z) + q (for addition), 

(1-1-7) 


w(zq) = (wz)q (for multiplication); 

distributive law: 


w(z + q) = wz + wq. 

( 1 . 1 - 8 ) 


Now, consider two complex numbers, z and w, whose imaginary parts are zero. 
Let z = a + iO and w = c + if). The sum of these numbers is 


z + w = (a + c) + iO, 

and for their product we find 

(a + /0)(c + iO) = ac + (0. 

These results show that those complex numbers whose imaginary parts are zero 
behave mathematically like real numbers. We can think of the complex number 
a + (0 as the real number a in different notation. The complex number system 
therefore contains the real number system. 

We speak of complex numbers of the form a + iO as “purely real” and, for 
historical reasons, those of the form 0 + ib as “purely imaginary.” The term con¬ 
taining the zero is usually deleted in each case so that 0 + i is, for example, 
written i. 

A multiplication (or addition) involving a real number and a complex number 
is treated, by definition, as if the real number were complex but with zero imaginary 
part. For example, if k is real, 

(k)(a + ib) = (k+ i0)(a + ib) = ka + ikb. ( 1 . 1 - 9 ) 

The complex number system has quantities equivalent to the zero and unity of 
the real number system. The expression 0 + iO plays the role of zero since it leaves 
unchanged any complex number to which it is added. Similarly, 1 + z'O functions as 
unity since a number multiplied by it is unchanged. Thus (a + ib)( 1 + iO) = a + ib. 

Expressions such as z 2 , z 3 ,... imply successive self-multiplication by z and 
can be calculated algebraically with the help of Eq. (1.1-5). Thus, to cite some 
examples, 

i 3 = i 2 ■ i = —i, i 4 = i 3 • i = —i ■ i = 1 , i 5 = i 4 ■ i = f ; 

(1 + i ) 3 = (1 + i) 2 ( 1 + i) = (1 + 2i - 1)(1 + 0 = 2/(1 + i) = ~2 + 2L 
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We still have not explained why the somewhat cumbersome complex numbers 
can yield solutions to problems unsolvable with the real numbers. Consider, however 
the quadratic equation z 2 +1=0, or z 2 = — 1. As mentioned earlier, no real number 
provides a solution. Let us rewrite the problem in complex notation: 

z 2 = -l + i0. (1.1-10) 

We know that (0 + i) 2 = i 2 = -1 + (0. Thus z = 0 + i (or z = i) is a solution of 
Eq. (1.1-10). Similarly, one verifies that z = 0 - i (or z = —i) is also. We can say 
that z 2 = — 1 has solutions +;. Thus we assert that in the complex system —1 has 
two square roots', i and — i, and that i is one of these square roots. 

In the case of the equation z 2 = —N, where N is a nonnegative real number, 
we can proceed in a similar fashion and find that z = ±i+/NJ Hence, the complex 
system is capable of yielding two square roots for any negative real number. Both 
roots are purely imaginary. 

For the quadratic equation 

az 2 + bz + c = 0 (a / 0 ) and a, b, c are real numbers, ( 1 . 1 - 11 ) 
we are initially taught the solution 


—b ± yjb 2 — 4ac 
2 a 


( 1 . 1 - 12 ) 


provided that b 2 > 4 ac. With our complex system this restriction is no longer 
necessary. 

Using the method of “completing the square” in Eq. (1.1-11), and taking i 2 = 
— 1 , we have, when b 2 < 4 ac. 


9 b c 
z + -z + - 
a a 

b ' 2 

z + 

2 a 


0 , 

b 2 c , 2 ic b 2 \ 
4a 2 a la 4a 2 /’ 


z + 


2 a 


±i 


b 2 sjAac — b 2 

—r - 

4a 2 2 a 


and finally 

—b ± iy/Aac — b 2 

z =---• 

2 a 

We will soon see that a, b, and c in Eq. (1.1-11) can themselves be complex, 
and we can still solve Eq. (1.1-11) in the complex system. 

Having enlarged our number system so that we now use complex numbers, with 
real numbers treated as a special case, we will find that there is no algebraic equation 


tThe expression >//V, where N is a positive real number, will mean the positive square root of N, and 
will mean the positive nth root of N. 
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whose solution requires an invention of any new numbers. In particular, we will show 
in Chapter 4 that the equation 

a n z n + a n -\z n ~ X H- 1 - a 0 = 0, 

where a n , a n —\, etc., can be complex, z is an unknown, and n > 0 is an integer, 
has a solution in the complex number system. This is the Fundamental Theorem of 
Algebra. 

A single equation involving complex quantities is two real equations in disguise, 
because the real parts on each side of the equation must be in agreement and so must 
the imaginary parts, as in this example. 

EXAMPLE 1 If x and y are real, solve the equation x 2 — y 2 + ixy = 1 + ix for 
x and y. 

Solution. By equating the real part of the left side to the real part on the right, 
and similarly for imaginary parts, we obtain x 2 — y 2 = 1 and xy = x. We begin 
with the second equation because it is simpler. Now xy = x can be satisfied if x = 0. 
However, the first equation now becomes — y 2 = 1 which has no solution when y is 
real. Assuming r ^ 0, we can divide xy = x by x and find y = 1. 

Since x 2 — y 2 = 1, we have x 2 = 2 or x = ±\/2. In summary, our solution 
is x = ±\/2 and y = 1. If z — x + iy, we can also say that our solution is z = 

±*J2 + i. • 

The story presented earlier of a hypothetical student’s growing mathematical 
sophistication in some ways parallels the actual expansion of the number system 
by mathematicians over the ages. Complex numbers were “discovered” by people 
trying to solve certain algebraic equations. For example, in 1545, Girolamo Car¬ 
dan (1501-1576), an Italian mathematician, attempted to find two numbe rs wh ose 
sum is 10 an d whose product is 40. He concluded by writing 40 = (5 + x/—15) x 
(5 — x/—15), a result he considered meaningless. 

Later, the term “imaginary” was applied to expressions like a + V —b (where a is 
real and b is a positive real) by Rene Descartes (1596-1650), the French philosopher 
and mathematician of the Age of Reason. This terminology, with its aura of the 
fictional, is perhaps unfortunate and is still used today in lieu of the word “complex.” 
We shall often speak of the “imaginary part” of a complex number—a usage that 
harkens back to Descartes.1 

Although still uncomfortable with the concept of imaginary numbers, 
mathematicians had, by the end of the 18th century, made rather heavy use of them 
in both physics and pure mathematics. The Swiss mathematician Leonhard Euler 
(1707-1783) invented in 1779 the i notation, which we will use today. By 1799 
Carl Friedrich Gauss (1777-1855), a German mathematician, had used complex 


+ A] chough people who use complex numbers in their work today do not think of them as mysterious, 
these entities still have an aura for the mathematically naive. For example, the famous 20th-century French 
intellectual and psychoanalyst Jacques Lacan saw a sexual meaning in V—T. See Alan Sokal and Jean 
Bricmont, Fashionable Nonsense: Postmodern Intellectuals and the Abuse of Science (New York: Picador, 
1998), Chapter 2. 



Exercises 


numbers in his proof of the Fundamental Theorem of Algebra. Finally, an Irishman 
Sir William Rowan Hamilton (1805-1865) presented in 1835 the modem rigorou 
theory of complex numbers which dispenses entirely with the symbols i and V —1 
We will briefly look at this method in the next section. 

Those curious about the history of complex numbers should know that somi 
mathematics textbooks promote the convenient fiction that they were invented b’ 
men trying to solve quadratic equations like x 2 + 1 = 0 which have no solution 
in the system of reals. Strange to say, the initial motivation for devising comply 
numbers came from attempts to solve cubic equations, a relationship that is no 
obvious. The connection is explained in Chapter 1 of the book by Nahin mentions 
in the Introduction. That complex numbers are useful in solving quadratic equation 
is indisputable, however. 


EXERCISES 


Consider the hierarchy of increasingly sophisticated number systems: Integers, rational num¬ 
bers, real numbers, complex numbers. For each of the following equations, what is the most 
elementary number system of the four listed above, in which a solution for x is obtainable? 
Logarithms are to the base e. 

1 . 4x + 3 = 0 2. x 2 - x - 1 = 0 3. x 2 + x + 1 = 0 

4. sin x = 0 5. cos x = 0 6. x 2 + 3x + 2 = 0 

7. sin (Log (x)) = 0 8 . z 4 - 16 = 0 9. z 4 + 16 = 0 


10. An infinite decimal such as e = 2.718281... is an irrational number since there i 
no repetitive pattern in the successive digits. However, an infinite decimal such a 
23.232323... is a rational number. Because the digits do repeat in a cyclical manner, w 
can write this number as the ratio of two integers, as the following steps will show. 

First we rewrite the number as 23(1.010101...) = 23(1 + 10 + 10 +10 

-I-). 

a) Recall from your knowledge of infinite geometric series that 1/(1 — r) = 1 +r 
r 2 , where r is a real number such that — 1 < r < 1. Sum the series [1 + 

10- 4 + 10- 6 H-]. 

b) Use the result of part (a) to show that 23.232323... equals 2300/99. Verify this wit 
a division on a pocket calculator. 

c) Using the same technique, express 376.376376... as a ratio of integers. 

11. a) Using the method of Exercise 10, express 3.04040404... as the ratio of integers, 
b) Using the above method show that .9999... is identical to 1. If you have any doub 

about this, try to find a number between .9999... and 1. 

12. a) Show that if an integer is a perfect square and even, then its square root must be evei 

b) Assume that -J2 is a rational number. Then it must be expressible in the fon 
\/2 = m/n, where m and n are integers and m/n is an irreducible fraction (in at 
n have no common factors). From this equation we have m 2 = 2 n 2 . Explain why 
shows that m is an even number. 

c) Rearranging the last equation, we have n 2 = m 2 / 2. Why does this show n is even? 
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d) What contradiction has been caused by our assuming that ~Jl is rational? Although 
it is easy to show that ~Jl is irrational, it is not always so simple to prove that 
other numbers are irrational. For example, a proof that T^ 2 is irrational was not 
given until the 20 th century. For a discussion of this subject, see R. Courant and 
H. Robbins, What is Mathematics? (Oxford, England: Oxford University Press, 1996), 
p. 107. 

e) How does if follow from the above that these numbers are irrational: n + -J2, 'Jin 1 , 
VV2, where n > 0 is an integer? 

13. Any real number will fall into one of two categories: algebraic numbers and 
transcendental numbers. The former are reals that will satisfy an equation of the form 
a n x n + a„_ix" -1 + • • • + ao = 0. Here n > 1 and the coefficients a% are rational 
numbers. An example is the irrational, \/8 which satisfies x 2 — 8 = 0. Whole numbers 
and fractions are also algebraic numbers. The transcendental numbers are quantities such 
as 7t or e that will not satisfy such an equation. They are always irrational, but as we just 
saw not all irrational numbers are transcendental. To prove that e and n are not algebraic 
numbers is difficult and in the case of n was not performed until the late 19th century. 
The number T^ 2 is also transcendental (see the reference in Exercise 12(d)). 

a) Given that 1 + ~Jl is an algebraic irrational number (see Exercise 12), find an 
equation of the form described above for which this is a root. 

Hint: Try a quadratic equation. 

b) Given that sfJ/J. is an algebraic irrational number, find an equation of the form given 
above for which this is a root. 

14. It is quite easy to be fooled into thinking a number is irrational when it is rational, and 
vice-versa, if you look at its string of initial digits, as in the following examples: 

a) A student looks at the first 10 digits in the number e and finds 2.718281828... and 
concludes that the next four digits are 1828. Show this is incorrect by computing e 
with MATLAB while using the “long format,” or look up e in a handbook. 

b) By using a pocket calculator that displays a sufficient number of digits, show that there 
is no cyclical repetition of digits in the decimal representation of 201 /26 if we use 
only the first seven digits. Can you find the repetitive pattern in the digits? Here you 
may wish to use MATLAB as above. 


In the following exercises, perform the operations and express the result in the form a + ib, 
where a and b are real. 

15. (-1 + 3i) + (5 - 7i) 16. (-1 + 3i)(5 - 7i) 

17. (3 - 20(4 + 30(3 + 20 18. Im[(l + 0 3 ] 19. [Im(l + 0] 3 

20. (x + iy)(u — iv)(x — iy)(u + iv), where x, y, u, v are real. 

Hint: First use the commutative rule to simplify your work. 


21. Review the binomial theorem in an algebra text or see the brief discussion in the first 
footnote in section 1.4. 

a) Use this theorem to find a sum to represent (1 + iy) n , where n is a positive integer. 

b) Use your above results to find the real and imaginary parts of (1 + il) 5 . 

c) Check your answer to (b) by using a computer equipped with MATLAB or a pocket 
calculator capable of manipulating complex numbers. 



1.2 More Properties of Complex Numbers 


s 


Let zi = xi + iy 1 and z 2 = *2 + m be complex numbers, where the subscripted x and y are 
real. Show that 

22. Re(ziz 2 ) = Re(zi)Re(z 2 ) - Im(zi)Im(z 2 ) 

23. Im(ziz 2 ) = Re(zi)Im(z 2 ) + Im(zi)Re(z 2 ) 


24. If n > 0 is an integer, what are the four possible values of i"? Show that 
i n+A — i n . Use the preceding result to find the following, and check your answer 
by using MATLAB or a pocket calculator. 

25. t 1023 26. (1 — t') 1025 Hint: Begin by finding (1 — i) 2 . 


For the following equations, x and y are real numbers. Solve for x and y. Begin by equating 
the real parts on each side of the equation, and then the imaginary parts, thus obtaining two 
real equations. Obtain all possible solutions. 

27. x + i(y + 1) = 2x + i2y 28. x 2 — y 2 + i2xy = y + ix 

29. e x2+y2 + i2y = e~ 2xy + i 30. Log(x + y) + iy = 1 + ixy 

31. (Log(x) — l) 2 = 1 + i(Log(y) — l) 2 32. cosx + isinx = cosh(y — 1) +ixy 

Hint: Sketch the cosine and cosh 
functions. 


1.2 More Properties of Complex Numbers 

The concept of the conjugate is useful in the arithmetic of complex numbers. 

DEFINITION (Conjugate) A pair of complex numbers are said to be conjugate: 
of each other if they have identical real parts and imaginary parts that are identica 
except for being opposite in sign. * 

If z = a + ib, then the conjugate of z, written z or z*, is a — ib. Thus (—2 + i4) if 
—2 — i4. Note that (z) = z; if we take the conjugate of a complex number twice, th< 
number emerges unaltered. 

Other important identities for complex numbers z = a + ib and z = a — i 
are 

z + z = 2a + iO = 2 Re z = 2 Re z, (1.2-1 

z — z = 0 + 2ib = 2/Im z, ( 1 - 2-2 

zz, = (a + ib)(a — ib) = a 2 + b 2 + iO = a 2 + b 2 . (1.2-3 

Therefore the sum of a complex number and its conjugate is twice the real par 

of the original number. If from a complex number we subtract its conjugate, wi 
obtain a quantity that has a real part of zero and an imaginary part twice a 
of the imaginary part of the original number. The product of a complex num e 
and its conjugate is a real number. 
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This last fact is useful when we seek to derive the quotient of a pair of complex 
numbers. Suppose, for the three complex numbers a, z, and w. 


a z = w. 


z+ 0 , 


(1-2—4) 


where z — a + ib, w = c + id. Quite naturally, we call a the quotient of w and z, and 
we write a = w/z■ To determine the value of a, we multiply both sides of Eq. (1.2-4) 
by 7 . We have 


a(zz) = wz- 


(1.2-5) 


Now zz is a real number. We can remove it from the left in Eq. (1.2-5) by 
multiplying the entire equation by another real number 1 /(zz). Thus a = wz/(zz). 


W wz 


(1.2-6) 


This formula says that to compute w/z = (c + id)/(a + ib) we should multiply the 
numerator and the denominator by the conjugate of the denominator, that is, 

c + id (c + id)(a — ib) (ac + bd) + i(ad — be) 

a + ib (a + ib)(a — ib ) a 2 + b 2 


c + id ac + bd . (ad — be) 


a + ib 


a 2 + b 2 


■ + b 2 


(1.2-7) 


Using Eq. (1.2-7) with c= 1 and d = 0, we can obtain a useful formula for the 
reciprocal of a + ib\ that is, 


a + ib a 2 + b 2 a 2 + b 2 


( 1 . 2 - 8 ) 


Note in particular that with a = 0 and b = 1, we find l/i = — i. This result is easily 
checked since we know that 1 = (— 0 ( 0 - 

Since all the preceding expressions can be derived by application of the 
conventional rules of algebra, and the identity i 2 = — 1 , to complex numbers, it 
follows that other rules of ordinary algebra, such as the following, can be applied to 
complex numbers: 


1\/1 


Zl \Z2 


Zl \ Z2 


Z3/\Z4 


(1.2-9) 


There are a few other properties of the conjugate operation that we should 
know about. 

The conjugate of the sum of two complex numbers is the sum of their conju¬ 
gates. 

Thus if zi = xi + iyi and Z 2 = x 2 + h v 2 , then 

(zi + Z 2 ) = C*1 + X 2 ) - i(yi + y2) = C *1 - iyi) + (X 2 - iy 2 ) = Z\+Z2- 


1.2 More Properties of Complex Numbers 1 \ 


A similar statement applies to the difference of two complex numbers and also 
to products and quotients, as will be proved in the exercises. In summary. 


(Zl + Z2) — Z\ + Z 2 , 


(Zl “ Z2) = Zl ~ Z 2 i 


Z\Z 2 = Z\Z 2 , 


£1 

Zl' 


(1.2-10a) 
(1.2—10b) 
(1.2-lOc) 

(1.2-10d) 


Formulas such as these can sometimes save us some labor. For example, consider 


1 ~\~ i 1 — i 
3-4 i + 3 + 4/ 


x + iy. 


There can be a good deal of work involved in finding x and y. Note, however, 
from Eq. (1.2-10d) that the second fraction is the conjugate of the first. Thus from 
Eq. (1.2-1) we see that y = 0, whereas x = 2Re((l + i)/(3 — 4i)). The real part of 
(1 + i)/(3 — 4 i) is found from Eq. (1.2-7) to be (3 — 4)/25 = —1/25. Thus the 
required answer is x = — (2/25) and y = 0. 

Equations (1.2-10a-d) can be extended to three or more complex numbers, for 
example, HZ2Z3 = Z\Z2 I 3 = zT Z2Z3, or, in general, 


Z1Z2 ‘ ‘ ‘ Zn — Zl Z 2 ‘ ‘ ‘ Zn- 


( 1 . 2 - 11 ) 


Similarly, 

Z\+Z2~\ - \-Zn =ZT+Z2H -b Hi- (1.2-12) 

Hence we have the following: 

The conjugate of a product of complex numbers is the product of the conjugates 
of each factor. The conjugate of a sum of complex numbers is the sum of the 
conjugates of the terms in the sum. 

A formulation of complex number theory which dispenses with Euler’s notation 
and the i symbol was presented in 1833 by the Anglo-Irish mathematician William 
Rowan Hamilton, who lived from 1805 until 1865. Some computer programming 
languages also do not use i but instead follow Hamilton’s technique. 

In his method a complex number is defined as a pair of real numbers expressed 
in a particular order. If this seems artificial, recall that a fraction is also expressed as 
a pair of numbers stated in a certain order. Hamilton’s complex number z is written 
(a, b), where a and b are real numbers. The order is important (as it is for fractions), 
and such a number is, in general, not the same as ( b , a). In the ordered pair (a, b), 
we call the first number, a, the real part of the complex number and the second, b, the 
imaginary part. This kind of expression is often called a couple. Two such complex 
numbers (a, b) and (c, d) are said to be equal: (a, b) = (c, d ) if and only if a — c 
and b = d. The sum of these two complex numbers is defined by 

(a, b) + (c, d) = (a + c, b + d) (1.2-13) 

and their product by 


(n hi\ • (r A\ — (nr — hr} nrl -I- hr\ 


( 1 . 2 - 14 ) 
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The product of a real number k and the complex number (a, b) is defined by 
k(a,b) = (ka,kb). 

Consider now all the couples whose second number in the pair is zero. Such 
couples handle mathematically like the ordinary real numbers. For instance, we have 
0) + (c, 0) = (a + c, 0). Also, (a, 0) • (c, 0) = ( ac, 0). Therefore, we will say 
that the real numbers are really those couples, in Hamilton’s notation, for which the 
second element is zero. 

Another important identity involving ordered pairs, which is easily proved from 
Eq. (1.2-14), is 

(0,1) (0,1) = (-1,0). (1.2-15) 

It implies that z 2 + 1=0 when written with couples has a solution. Thus 

z 2 + (1, 0) = (0, 0) (1.2-16) 

is satisfied by z = (0, 1) since 

( 0 , 1 )( 0 , 1 ) + ( 1 , 0 ) = (- 1 , 0 ) + ( 1 , 0 ) = ( 0 , 0 ). 

The student should readily see the analogy between the a + ib and the (a, b) 
notation. The former terminology will more often be used in these pages. ' 


EXERCISES 


We showed in this section material that z\ + Z 2 = z\ + zi, where z\ = x\ + iyi and z% = 
x 2 + iy 2- Follow a similar argument, to show the following. Do not employ Eq. (1.2-10). 

1* Zl -Z 2 = Zl-Z 2 2. zizz = Z 1 Z 2 3. (—) = ~ 4. — =Z 1 — 

\Zl/ Zl Z2 Z2 

5. (— ] — = 6 . Rc(ziZ 2 ) = Re(zl zi) 7. Im(zjz 2 ) = -ImfzTzi) 

\Z2/ Z2 


Compute the numerical values of the following expressions. Give the answers in the form 
a + ib where a and b are real. 


8 . 


1 

1 +2i 


9. 


12 . 2 i + 


3 — 4r 
1 +2i 


i + 


1 


1 -2 i 


2 


13. 


4 — 4i) 7 
2 + 2i) 


10 . 


3-41 
1 +2i 


14. 


4-4 i 
2 T 2 i 


3 — 4i 3 + 4i 

11. - T- 

1 + 2i 1-21 


+ 


4 + 41\ 7 
2 - 21 / 


Hamilton also extended what we have seen here to a mathematical system called quaternions. A quaternion 
consists of four real numbers (not two) written in a prescribed order—for example (2, 3, -7, 5). A useful 
algebra of such numbers requires that the commutative property for multiplication be dropped. He published 
this work in 1853. It is significant in showing that one can “make up” new kinds of self-consistent algebras that 
violate existing rules. The student of physics who has studied dynamical systems has probably encountered 
the Hamiltonian which he conceived and which is named for him. A child prodigy, Hamilton was an amateur 
poet who was friends with the poets William Wordsworth and Samuel Taylor Coleridge. 




Exercises 13 


15. Calculations such as those in Exercises 8-14 above are easily done with a calculator 
capable of handling complex numbers or with a numerical software package such as 
MATLAB. Verify the answers to all of the above problems by using one of these methods. 


Let z\ , zz, and zj, be three arbitrary complex numbers. Which of the following equations are 
true in general? You may use the results contained in Eqs. (1.2-10) through (1.2-12). 

16. [-^-) =zi(=r—) 17. HZ2Z3 = Z 1 Z 2 Z 3 

\Z2Zi! \Z2Z3) 

18. i(zi +Z2 + z-i) - i(zT + Z2 + zj) 19. Re(ziZ2Z3) = Re(zTz2L3) 

20. Im(ziZ 2 Z 3 ) = Im(^Z2Z3) 21. Re(ziZ2Z3) = Im(izTz2Z3) 


22. Consider this problem: (3 2 + 5 2 ) (2 2 + 7 2 ) = (p 2 -f q 2 ). Our unknowns p and q are 
assumed to be nonnegative integers. This problem has two sets of solutions: p = 29, 
q- 31 and p = 41, q = 11, as the reader can verify. We derive here a general solu¬ 
tion to problems of the following type: We are given k, l, m, n, which are nonnegative 
integers. We seek two sets of nonnegative integers p and q such that (p 2 + q 2 ) = 
(k 2 + l 2 )(m 2 + n 2 ). It is not obvious that there are integer solutions, but complex num¬ 
bers will prove that there are. 

a) Notethatby factoring we have (p + iq)(p — iq) = (k + il)(k - il)(m + iri){m — in). 
Explain why if (p + iq) = (k + il)(m + in) is satisfied, then (p — iq) = (k — il) x 
(m — in) is also. With this hint, show that we can take p = | km — nl\ and q = Im +kn 
as solutions to our problem. 

b) Rearrange the equation for (p + iq)(p — i?)given in (a) to show that we can also take 
p = km + nl and q = \lm — kn \ as solutions to our problem. 

c) Using the results of parts (a) and (b), verify the values for p and q given at the start 
of the problem. In addition, solve the following problem for two sets of values for p 
and q: (p 2 + q 2 ) = ( 122)(53). 

Hint: Express 122 and 53 each as the sum of two perfect squares. 

23. Suppose, following Hamilton, we regard a complex number as a pair of ordered real 
numbers. We want the appropriate definition for the quotient ( c , d)J(a , b). Let us put 
(c, d)/(a, b) — ( e , f), where e and/are real numbers to be determined. Assume (a, b) ^ 
(0,0). 

If our definition is to be plausible, then 

(c, d) = (a, b) ■ (e,f). 

a) Perform the indicated multiplication by using the product rule for couples. 

b) Equate corresponding members (real numbers and imaginary numbers) on both sides 
of the equation resulting from part(a). 

c) In part (b) a pair of simultaneous linear equations were obtained. Solve these 
equations for e and / in terms of a, b, c, and d. How does the result compare with 
that of Eq. (1.2-7)? 

24. In Hamilton’s fonnulation two complex numbers (a, b) and (c, d) are said to be equal if 
and only if a = c and h — d. These are necessary and sufficient conditions. In dealing 
with fractions we are used to making a comparable statement in asserting their equality. 
Consider £ and £, where the numerators and denominators are complex numbers. Find 

q s 

the necessary and sufficient conditions for these fractions to be equal. 
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1.3 Complex Numbers and the Argand Plane 

Associated with every complex number is a nonnegative real number, which we now 
define: 

DEFINITION (Modulus) The modulus of a complex number is the positive 
square root of the sums of the squares of its real and imaginary parts. • 

The terms absolute value and magnitude are also used to mean modulus. 

If the complex number is z, then its modulus is written |z|. If z =x + iy, we 
have, from the definition. 


|z| = Jx 2 + y 2 . 


(1.3-1) 


Although we cannot say one complex number is greater (or less) than an¬ 
other, we can say the modulus of one number exceeds that of another; for example, 
|4 + i\ > |2 + 3/| since 

|4+ i\ = Vl6+ 1 = Vl7 > 12 + 3i| = V4 + 9 = s/U. 

A complex number has the same modulus as its conjugate because 

|z| = xjx 2 + {-y) 2 = tJx 2 + y 2 = |z|. 

The product of a complex number and its conjugate is the squared modulus of 
the complex number. To see this, note that zz = x 2 + y 2 . Thus, from Eq. (1.3-1), 

zz = Izl 2 . (1.3-2) 

The square root of this expression is also useful: 

|z| = Vzl. (1-3-3) 

We will now prove the following: 

The modulus of the product of two complex numbers is equal to the product of 
their moduli. 

Let the numbers be z\ and Z 2 with product ZiZ 2 - Let z = Z 1 Z 2 in Eq. (1.3-3). We 
then have 

IZ1Z2I = -\j Z l Z2 (z"i"z^) = x/ziZ2Z\Z2 = >/ziZ\>Jz2Z2- 

Using Eq. (1.3-3) to rewrite the two radicals on the far right, we have, finally, 

IZ 1 Z 2 I = IZ 1 IIZ 2 I. (1.3-4) 

Similarly, |zjZ2Z31 = IZ 1 Z 2 I|Z31 = |zillZ2l|Z3l,andingeneral,wehavethefollowing: 

The modulus of a product of numbers is the product of the moduli of each factor, 
regardless of how many factors are present. 

It is left as an exercise to show that 

Zi __ Izil 
22 |Z2l‘ 


(1.3-5) 
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The modulus of the quotient of two complex numbers is the quotient of then- 
moduli. 

After reading a few more pages, the reader will see that the modulus of the sum 
of two complex numbers is not in general the same as the sum of their moduli. 

EXAMPLE 1 What is the modulus of -i + ((3 + i )/(1 — i))? 

Solution. We first simplify the fraction 

3 + i _ (3 + Q(1 + i ) =1 + 2j - 
1 — i — (1 — 0(1 + 0 

Thus 

-i + * — 1 + ; and \\ + i\ = *J2. • 

1 — i 


EXAMPLE 2 Find 


(3 + 4i)~ 


I (1 + i\J 3) I 

Solution. From Eq. (1.3-5) we have 

I (3 + 4i) 5 I |(3 + 4i) 5 | 


1 + iV3 


1 + iV3| 


Now, |(3 + 4/) 5 | = |3 + 4i| 5 = (sj3 2 + 4 2 ) 5 . Also, |1 +iV3| = yj l 2 + (x/3) 2 . 
Thus 

| (3 + 4Q S _ (V3 2 + 4 2 ) 5 5 s # 

1 + «V3 ^ n 2 


a / 12 + (Vh 2 


Complex or Argand Plane 

If the complex number z = x + iy were wri tten as a couple or ordered pair z = (x, y), 
we would perhaps be reminded of the notation for the coordinates of a point in the 
xy-plane. The expression |z| = -\Jx 2 + y 2 also recalls the Pythagorean expression 
for the distance of that point from the origin. 

It should come as no surprise to learn that the xy-plane (Cartesian plane) is 
frequently used to represent complex numbers. When used for this purpose, it is 
called the Argand planed the z-plane, or the complex plane. Under these circum- 


^The plane is named for Jean-Robert Argand (1768-1822), a Swiss mathematician who proposed s 
representation of complex numbers in 1806. Credit, however, properly belongs to a Norwegian, Caspar Wesse , 
who suggested this graphical method earlier, in an article that he published in the transactions of the Roy 
Danish Academy of Sciences in 1798. Unfortunately this publication in a somewhat obscure journal went 
largely unnoticed. For more information on why the complex plane is named for Argand and not Wessel, see 
the book by Nahin mentioned in the introduction. 
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y 





Izl^ ^ 




x,y 


Point p 

representing z = x + iy 


x 


Figure 1.3-1 


stances, the x- or horizontal axis is called the axis of real numbers, whereas the 
y- or vertical axis is called the axis of imaginary numbers. 

In Fig. 1.3-1 the point p, whose coordinates are x, y, is said to represent the 
complex number z = x + iy. It should be evident that |z|, the modulus of z, is the 
distance of (x, y) from the origin. 

Another possible representation of z in this same plane is as a vector. We display 
z = x + iy as a directed line that begins at the origin and terminates at the point x, y, 
as shown in Fig. 1.3-2. The length of the vector is |z|. 

Thus a complex number can be represented by either a point or a vector in the 
vy-plane. We will use both methods. Often we will refer to the point or vector as if 
it were the complex number itself rather than merely its representation. 

Since the length of either leg of a right triangle cannot exceed the length of the 
hypotenuse. Fig. 1.3-2 reveals the following: 

|Rez| = \x\ < \z\, (1.3-6a) 

|Imz| = \y\ < |z|. (1.3-6b) 

The | | signs have been placed around Re z and Im z since we are concerned 
here with physical length (which cannot be negative). Even though we have drawn 
Re z and Im z positive in Fig. 1.3-2, we could have easily used a figure in which 
one or both were negative, and Eq. (1.3-6) would still hold. 



Figure 1.3-2 
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When we represent a complex number as a vector, we will regard it as a sliding 
vector, that is, one whose starting point is irrelevant. Thus the line directed from 
the origin to x = 3, y = 4 is the complex number 3 + 4 i, and so is the directed line 
from jc=l,y = 2tox = 4, y = 6 (see Fig. 1.3-3). Both vectors have length 5 and 
point in the same direction. Each has projections of 3 and 4 on the x- and v-axes, 
respectively. 

There are an unlimited number of directed line segments that we can draw in 
order to represent a complex number. All have the same magnitude and point in the 
same direction. 

There are simple geometrical relationships between the vectors for z = x + iy, 
—z = —x— iy, and z = x — iy, as can be seen in Fig. 1.3-4. The vector for — z is 
the vector for z reflected through the origin, whereas z is the vector z reflected about 
the real axis. 

The process of adding the complex number z\ = xi + iy i to the number 
Z 2 = X 2 + i }’2 has a simple interpretation in terms of their vectors. Their sum, 
Z\ + Z 2 = x\ + X 2 + /'(}’] + >’ 2 ), is shown vectorially in Fig. 1.3-5. We see that the 
vector representing the sum of the complex numbers z\ and Z 2 is obtained by adding 
vectorially the vector for Z\ and the vector for Z 2 - The familiar parallelogram rule, 
which is used in adding vectors such as force, velocity, or electric field, is employed 
in Fig. 1.3-5 to perform the summation. We can also use a “tip-to-tail” addition, as 
shown in Fig. 1.3-6. 




Figure 1.3^4 


Figure 1.3-5 
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The “triangle inequalities” are derivable from this geometric picture. The length 
of any leg of a triangle is less than or equal to the sums of the lengths of the legs of 
the other two sides (see Fig. 1.3-7). The length of the vector for zj +z 2 is |zi + Z 2 I, 
which must be less than or equal to the combined length |z 1 1 + |Z 2 l- Thus 

Triangle Inequality I | Z\ + 22 ! < Ui I + \zi\- (1-3-7) 

This triangle inequality is also derivable from purely algebraic manipulations (see 
Exercise 44). 

Two other useful triangle inequalities are derived in Exercises 38 and 39. They 
are 

Triangle Inequality II k 1 - Z 2 I < kil + \z2 1 

and 

Triangle Inequality III ki + 22 I > Ikil - [2211- 

Equation (1.3-7) shows as promised that the modulus of the sum of two complex 
numbers need not equal the sum of their moduli. By adding three complex numbers 
vectorially, as shown in Fig. 1.3-8, we see that 

\Z 1 +22 + 231 < [2l | + |22l + |23 I • 

This obviously can be extended to a sum having any number of elements: 

|21 + 22 + ‘ ‘ ‘ + Z n \ < |211 + |221 + ‘ ‘ ‘ + |2n|. (1.3-8) 

The subtraction of two complex numbers also has a counterpart in vector sub¬ 
traction. Thus z\ — 22 is treated by adding together the vectors for zj and -z 2 » 



Figure 1.3-8 
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as shown in Fig. 1.3-9. Another familiar means of vector subtraction is shown ii 
Fig. 1.3-10. 

The graphical representation of complex numbers by means of the Argand plant 
should become instinctive for readers before they have progressed much further ii 
this textbook. In associating complex numbers with points or vectors in a plane, wt 
find they have a concreteness which should make us forget the appellation “imagi 
nary” once applied to these quantities. 

Polar Representation 

Often, points in the complex plane, which represent complex numbers, are definet 
by means of polar coordinates (see Fig. 1.3-11). The complex number z — x + r 
is represented by the point p whose Cartesian coordinates are x, y or whose pola 
coordinates are r, 9. We see that r is identical to the modulus of z, that is, the distanc< 
of p from the origin; and 9 is the angle that the ray joining the point p to the origii 
makes with the positive v-axis. We call 9 the argument of z and write 9 = arg z. 
Occasionally, 9 is referred to as the angle of z. Unless otherwise stated, 9 will b< 
expressed in radians. When the ° symbol is used, 9 will be given in degrees. 

The angle 9 is regarded as positive when measured in the counterclockwist 
direction and negative when measured clockwise. The distance r is never negative 


y 




'J& 


X 


Figure 1.3-11 


^Unfortunately the term argument has another meaning in mathematics —one that the reader already know, 
i.e., it means the independent variable in a function. For example, we say that, "in the function sin x tb 
argument is x.” It should be clear from the context which usage is intended. 
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Figure 1.3-12 


For a point at the origin, r becomes zero. Here 9 is undefined since a ray like that 
shown in Fig. 1.3-11 cannot be constructed. 

Since r = ^jx 2 + y 2 , we have 

r = \z\, (1.3-9a) 

and a glance at Fig. 1.3-11 shows 

tan0 = y/x. (1.3-9b) 

An important feature of 9 is that it is multivalued. Suppose that for some complex 
number we have found a correct value of 9 in radians. Then we can add to this value 
any positive or negative integer multiple of 2 % radians and again obtain a valid 
value for 9. If 9 is in degrees, we can add integer multiples of 360°. For example, 
suppose z = 1 + i- Let us find the polar coordinates of the point that represents this 
complex number. Now, r = |z| = -yl 2 + l 2 = x/2, and from Fig. 1.3-12 we see that 
9 = %/A radians, or %/A + 2% radians, or %/A + A%, or %/A — 2%, etc. Thus in this 

case 9 = %/A + k 2%, where k = 0, ±1, ±2,_ 

In general, all the values of 9 are contained in the expression 

9 = 9 0 + k2%, k = 0, ±1,±2,..., (1.3-10) 

where Oq is some particular value of arg z. If we work in degrees, 0 = Oo + k 360° 
describes all values of 9. 

DEFINITION (Principal Argument) The principal value of the argument (or 
principal argument) of a complex number z is that value of arg z that is greater than 
—% and less than or equal to 71 . • 

Thus the principal value of 9 satisfies^ 

— % < 9 < %. (1.3-11) 

The reader can restate this in degrees. Note that the principal value of the argument 
when z is a negative real number is % (or 180°). 


^The definition presented here for the principal argument is the most common one. However, some texts use 
other definitions, for example, 0 < 6 < 2 n. 
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Figure 1.3-13 


EXAMPLE 3 Using the principal argument, find the polar coordinates of the poii 
that represents the complex number — 1 — i. 

Solution. The polar distance r for — 1 — i is y/2, as we can see from Fig. 1.3-L 
The principal value of 9 is —3n/4 radians. It is not 5n/4 since this number exceec 
n. In computing principal values we should never do what was done with the dashe 
line in Fig. 1.3-13, namely, cross the negative real axis. From Eq. (1.3-10) we se 
that all the values of arg(—1 — i) are contained in the expression 
—3% 

9 = -1- 2kn, k = 0, ±1, ±2, 

4 

Note that by using k = 1 in the above, we obtain the nonprincipal value 5n/4. 

The inverse of Eq. (1.3—9b), 

9 = tan _1 (y/x) or 0 = arctan(y/v) 

which might be used to find 9, especially when one uses a pocket calculator, require 
a comment. From our knowledge of elementary trigonometry, we know that if y/ 
is established, this equation does not contain enough information to define the set c 
values of 9. With y/x known, the sign of v or y must also be given if the approprial 
set is to be determined. 

For example, if y/x = l/x/3 we can have 9 = n/6 + 2kn or 9 = —5n/6 - 
2kn, k = 0, ±1, ±2, .... Now a positive value of y (which puts z in the fir: 
quadrant) dictates choosing the first set. A negative value of y (which puts z i 
the third quadrant) requires choosing the second set. 

If y/x = 0 (because y = 0) or if y/x is undefined (because x •= 0) we mustkno’ 
respectively the sign of x or y to find the set of values of 9. 

Let the complex number z = x + iy be represented by the vector shown i 
Fig. 1.3-14. The point at which the vector terminates has polar coordinates r an 
9. The angle 9 need not be a principal value. From Fig. 1.3-14 we have x = r cos 
and y = r sin 9. Thus z = r cos 9 + ir sin 9, or 

z = r(cos 9 + i sin 9). (1.3-L 

We call this the polar form of a complex number as opposed to the rectangul< 
(Cartesian) from x + iy. The expression cos 9 + i sin 9 is often abbreviated cis < 
We will often use [9 to mean cis 9. Our complex number x + iy becomes r/0. Th: 
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Figure 1.3-15 


is a useful notation because it tells not only the length of the corresponding vector 
but also the angle made with the real axis.l Note that i = \ /n/2 and —i = \ / — %/2 . 

A vector such as the one in Fig. 1.3-15 can be translated so that it emanates 
from the origin. It too represents a complex number r/0. 

The complex numbers r/_0 and r/—() are conjugates of each other, as can be 
seen in Fig. 1.3-16. Equivalently, we find that the conjugate of r(cos 0 + i sin 0) is 
r(cos(—0) + i sin(—0)) = r(cos 0 — i sin 9). 

The polar description is particularly useful in the multiplication of complex 
numbers. Consider z\ = r\ cis 9\ and Z 2 = ^ cis 02- Multiplying zi by Z 2 we have 

Z 1 Z 2 = n (cos 0i + fsin0i)r2(cos02 + fsin02). (1.3-13) 

With some additional multiplication we obtain 

Z\Z 2 — nr 2 [(cos 0i cos 02 — sin 0i sin @ 2 ) + /(sin 0i cos 02 + cos 0i sin 0 2 )]. 

(1.3-14) 


The reader should recall the identities 

cos(0i + @ 2 ) = cos 0i cos 02 — sin 0i sin 02 , 
sin (0i + 0 2 ) = sin 0i cos 0 2 + cos 0i sin 0 2 , 

which we now install in Eq. (1.3-14), to get 

Z\Z 2 = rir2[cos(0i + @ 2 ) + /sin(0i + 02)]. (1.3-15) 



^The symbolism /8 is used extensively in books on Ihe theory of allemaling currents. 
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In other notation Eq. (1.3-15) becomes 

Z 1 Z 2 = r\r 2 /d\ + 02 - (1.3-16' 

The two preceding equations contain the following important fact. 

When two complex numbers are multiplied together, the resulting product has £ 
modulus equal to the product of the moduli of the two factors and an argumeni 
equal to the sum of the arguments of the two factors. 

To multiply three complex numbers we readily extend this method. Thus 

Z 1 Z 2 Z 3 = (zi£ 2 )fe) = nn /0\ + O 2 ?* 3/03 = nr 2 r 3 /0i + 0 2 + 

Any number of complex numbers can be multiplied in this fashion. 

The modulus of the product is the product of the moduli of the factors, and the 
argument of the product is the sum of the arguments of the factors. 

EXAMPLE 4 Verify Eq. (1.3-16) by considering the product (1 + i)(V3 + i). 
Solution. Multiplying in the usual way (see Eq. (1.1-4)), we obtain 

(1 + i)(V3 + i) = (V3 — 1) + i(V 3 + 1). 

The modulus of the preceding product is 

^(V3 - l) 2 + (V3 + l) 2 = Vs, 

whereas the product of the moduli of each factor is 

Vi 2 + i 2 J(V3) 2 + 1 2 = V 2 V 4 = Vs. 


The factor (1 + i) has an argument of %/A radians and V3 + 1 has an argument of 
n/6 (see Fig. 1.3-17). 

The complex number (V3 — 1) + i(V 3 + 1) has an angle in the first quadrant 
equal to 


But 5 ti/12 


tan 


V3 + 1 

V3-1 


571 

T2 


ti/4 + n/6, that is, the sums of the arguments of the two factors. 




Figure 1.3-17 
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The argument of a complex number has, of course, an infinity of possible val¬ 
ues. When we add together the arguments of two factors in order to arrive at the 
argument of a product, we obtain only one of the possible values for the argument of 
that product. Thus in the preceding example (V3 — 1) + i(V3 + 1) has arguments 
5 ti/ 12 + 27i, 5 ti/12 + An, and so forth, none of which was obtained through our 
procedure. However, any of these results can be derived by our adding some whole 
multiple of 2 n on to the number 5 tx/ 12 actually obtained. 

Equation (1.3-16) is particularly useful when we multiply complex numbers 
that are given to us in polar rather than in rectangular form. For example, the product 
of 2/7i/2 and 3/3 tx/ 4 is 6 /5 ti/ 4 . We can convert the result to rectangular form: 


5k a 
— =6 cos 

4 


+ i6 sin 


5n 


-6 _ ,_ 6 _ 

V2 -Jl 


The two factors in this example were written with their principal arguments 
ti/ 2 and 3 ti/ 4. However, when we added these angles and got 5 ti/ 4, we obtained a 
nonprincipal argument. In fact, the principal argument of 6/5 ti/ 4 is —3n/A. 


When principal arguments are added together in a multiplication problem, the 
resulting argument need not be a principal value. Conversely, when nonprincipal 
arguments are combined, a principal argument may result. 


When we multiply z\ by Z 2 to obtain the product z\Z 2 , the operation performed 
with the corresponding vectors is neither scalar multiplication (dot product) nor vec¬ 
tor multiplication (cross product), which are perhaps familiar to us from elementary 
vector analysis. Similarly, we can divide two complex numbers as well as, in a sense, 
their vectors. This too has no counterpart in any previously familiar vector operation. 

It is convenient to use polar coordinates to find the reciprocal of a complex 
number. With z. = r[9 we have 

1 1 cos 0 — i sin 0 

z r( cos 0 + i sin 0) 
cos 0 — i sin 0 
r( cos 2 0 + sin 2 0) 

Hence, 

1 _ 
z 

or equivalently 

1 _ 

z r( cos 0 + i sin 0) r 


r(cos 0 + 7 sin 0)(cos 0 — i sin 0) 

cos 0 — i sin 0 1 

r r 


r [0 r L - 


(1.3-17a) 


cis(— 0) 


n "t—l 7h1 


Thus the modulus of the reciprocal of a complex number is the reciprocal of 
the modulus of that number, and the argument of the reciprocal of a complex 
number is the negative of the argument of that number. 
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Consider now the complex numbers z\ = r\[Q\_ and z 2 
by Z 2 we multiply z\ by l/z 2 = 1/rz /— 02 - Thus 

— = n/9i - / -0 2 = - / 0 1 -0 2 . 
Z 2 — r 2 - r 2 L - 


r 2jjh- To divide z.\ 


(1.3-18; 


The modulus of the quotient of two complex numbers is the quotient of theii 
moduli, and the argument of the quotient is the argument of the numerator less 
the argument of the denominator. 


EXAMPLE 5 Evaluate (1 + /)/ (V3 + i) by using the polar form of complex 
numbers. 

Solution. We have 

1 + i ■ v /2 /arctan(l/l) V2 /n/ 4 j 1 

V3 + i = 2 /arctan(l/V3) = 2/n/6 = 7^ 4 ~ 71/6 = 

The above result is convertible to rectangular form: 

1 + i _ cos(ji/ 12 ) .sin (71/ 12 ) 

x/3 + i x/2 x/2 

This problem could have been done entirely in rectangular notation with the aid of 
Eq. (1.2-7). In fact, if we combine the polar and rectangular approaches we develop 
a nice trigonometric identity as shown in Exercise 43. 

There are computations, where switching to polar notation saves us some labor, 
as in the following example. • 


EXAMPLE 6 Evaluate 

(1 + i)(3 + /)(—2 — 1 ) 
(0(3 + 4i) (5 + i) 

where a and b are to be determined. 


a + ib = r[9_. 


Solution. Let us initially seek the polar answer r[9. First, r is obtained from the 
usual properties of the moduli of products and quotients: 

r= 1(1 + Q(3 + i)(—2 — i)| _ |1 + i~||3 + i'll —2 — i\ _ V^VTOx/5 = 

1(0(3 + 4/)(5 + i)| |/| |3 + 4i\ |5 + i\ ~ 1^25^26 V26 

The argument 6 is the argument of the numerator, (1 + i) (3 + i)(—2 — i), less that 
of the denominator, (i)(3 + 4/) (5 + /). Thus 


0 = 


1 1 -1 
arctan - + arctan - + arctan — 
1 3 -2 

0 = (0.785 + 0.322 + 3.605) - 


\ ( 1 4 1 

— arctan - + arctan - + arctan - 

/ l 0 3 5 

(1.571 + 0.927 + 0.197) = 2.017. 


Therefore, 
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r[ 0 = — 12 . 011 , 

y/26 


a + ib= -—[cos 2.017 + i sin 2.017] = -0.169 + /0.354. 

V26 

exercises 

Find the modulus of each of the following complex expressions: 

1. 3 - i 2. 2/(3 + /) 3. (2 - 3/)(3 + /) 

4. (2 - 3/) 2 (3 + 3i) 3 5. 2/ + 2/(3 + /) 6. (1 + /) + — 

1 +1 

(l + i) 5 (1-0" . 115 

7. -f 8. ———— n > 0 is an integer 9.-1-H- 

(2 + 30 5 (2 + 2/)" B 1 - i 1 + i 1 + 2/ 


10. Find two complex numbers that are conjugates of each other. The magnitude of their sum 
is 1 and the sum of their magnitudes is 2. 

11. Find two complex numbers that are conjugates of each other. The magnitude of their sum 
is a and the sum of their magnitudes is 1 /a, where 0 < a < 1. Answer in terms of a. 

12. Find two complex numbers whose product is 2 and whose difference is i. 

The following vectors represent complex numbers. State these numbers in the form a + ib. 

13. The vector beginning at (-1, —3) and terminating at (1, 4). 

14. The vector terminating at (1,2). It is of length 5 and makes a 30-degree angle with 
the positive x-axis. 

15. The vector of length 5 beginning at (1,2). It passes through the point (3, 3). 

16. The vector beginning at the origin and terminating, at right angles, on the line 

x 2 y = 6. 

17. The vector of length 3/2 beginning at the origin and ending, in the first quadrant, on 
the circle (x — l) 2 + y 2 = 1. 

Find, in radians, the principal argument of these numbers. Note that n = 3.14159.... 

18. 3cis(3.14) 19. 4cis(3.15) 20. -3 cis(3.14) 


21. -4cis(73.77i) 22. 3 cis(l. 1 tt) x 4cis(1.27i;) 23. 

3Z1.57 

J2 — i 58 25. 5 cis(— 98.5k) 26. 5cis(37i 2 ) 


3Z1.57 

3Z-1.57 


Find in the rectangular form a + it the complex numbers represented by the points whose 
polar coordinates are as follows: 


27. r = 3 9 = -4 28. r = 4 9 = 4\n 
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Convert the following expressions to the form r cis(0) or r[0. State the principal value of 9 in 
radians and give all the allowable values for 6. 

29. _V3 + i 30. (1 + i)(-V3 + i) 31. (-1 - i)(-V3 + i) 3 32. (-4 + 3 i) 2 


33. In MATLAB the function angle applied to a complex number z will yield the princi¬ 
pal value of arg(z). Let zi = — 1 + i, Z 2 = V3 + i, and Z 3 = 1 + i-J 3. Verify, using 
MATLAB, that angle (zizi) = angle (zi) + angle (z 2 ) but that angle (Z 1 Z 3 ) # 
angle (zi) + angle (Z 3 ). Explain the disparity in these results. 


Reduce the following expressions to the form r cisd or r[0, giving only the principal value of 
the angle. 


-1 - i (-1 - Qcis(7t/4) [cis(27t/3)] 3 

3 ' V3 + i " (V3 + 0 2 * [ cis( 2 tt/3)] 2 


37. Consider the triangle inequality of Eq. (1.3-7): |zi +Z 2 I < |zi| + |z21- What conditions 
must zi and Z 2 satisfy for the equality sign to hold in this relationship? 

38. a) Let zi and Z 2 be complex numbers. By replacing Z 2 with -Z 2 in Eq. (1.3-7), show 

that 

|zi - Z21 < |zi| + \zi\. (1.3-19) 

Interpret this result with the aid of a triangle, 
b) What must be the relationship between zi and Z 2 in order to have the equality hold in 
part (a)? 

39. a) Let L, M, and N be the lengths of the legs of a triangle, with M > N. Convince 

yourself with the aid of a drawing of the triangle that L > M — N > 0. 

b) Let zi and Z 2 be complex numbers. Consider the vectors representing zi,Z 2 , and 
zi + Z 2 - Using the result of part (a) show that 

|zi + 22 ! > kll - \zi\ > 0 if Izil > |Z2l, 

Izi +Z 2 l > |Z 2 | - Izil > 0 if |Z2l > |zi|. 

Explain why both formulas can be reduced to the single expression 

|Z1+Z 2 |>I|Z1|-|Z2||. (1.3-20) 

40. Consider a parallelogram and notice that it has two diagonals whose lengths in general 
are npt equal. Using complex numbers we can show that the sum of the squares of 
these lengths equals twice the sum of the squares of the lengths of two adjacent sides 
of the parallelogram. In the special case where the parallelogram is a rectangle (so the 
diagonals are equal), this is just a restatement of the Pythagorean theorem; here we create 
a generalization of that theorem. 

a) Let one comer of the parallelogram lie at the origin of the Argand plane. Let zi and 
Z2 be the complex numbers corresponding to two vectors emanating from the origin 
and lying along two adjacent sides of the parallelogram. Show that |zi — Z 2 I 2 + 
Izi +Z 2 I 2 = 2(|zi | 2 + | Z 2 1 2 ). 

Hint: |zi - Z 2 1 2 = (zi - Z2>(zi - zi), etc. 

b) Explain with a simple diagram how the equation you established in part (a) is the 
desired result for the diagonals. 
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41. a) By considering the expression (p - q) 2 , where p and q are nonnegative real numbers, 
show that 


p+ q < V2 Jp 2 + q 2 . 


b) Use the preceding result to show that for any complex number z we have 
|Rez| + |Imz| < \/2|z|. 

c) Verify the preceding result for z = 1 3. 

d) Find a value for z such that the equality sign holds in (b). 


42. 


Rework Example 5, but use the polar form of the complex numbers for your multipli¬ 
cation. Combine your work with that of the example to show that arctan = y|. 


Check this with a pocket calculator. 


43. a) By considering the product of 1 + ia and 1 + ib, and the argument of each factor, 
show that 


arctan(n) + arctan(h) = arctan f ———|, 

\1 — ab) 


where a and b are real numbers, 
b) Use the preceding formula to prove that 


71 = 4 


n /i 

arctan I - + arctan - 
2 3 


Check this result with a pocket calculator. 

c) Extend the technique used in (a) to find a formula for arctan(n) + arctan (/>) + arctan(c) 

44. a) Consider the inequality |zi + Z 2 1 2 < |zi| 2 + \zi\ 2 + 2|zi||z2l- Prove this expression 
by algebraic means (no triangles). 

Hint: Note that |zi + Z 2 1 2 = (zi + Z 2 )(zi + Z 2 ) = (zi + Z 2 )(zl + zi)- Multiply out 
(zi + z 2 )(zl + zl), and use the facts that for a complex number, say, w, 


u'+ in = 2Re w and |Retn|<|tn|. 

b) Observe that ]zi | 2 + |Z 2 ( 2 + 2)zi I )Z 2 ] = (|zil + |Z 2 1) 2 - Show that the inequality proved 
in part (a) leads to the triangle inequality IZ 1 + Z 2 I < |zil + |Z 2 1• 

45. a) Beginning with the product (zi — Z 2 )(zi — Z 2 ), show that 

|zi - Z 2 I 2 = |zi| 2 + IZ 2 I 2 - 2Re(ziZ2). 

b) Recall the law of cosines from elementary trigonometry: a 2 = b 2 + c 2 — 2bc cos a. 
Show that this law can be obtained from the formula you derived in part (a). 

Hint: Identify lengths b and c with |zi | and |z 2 1 • Take Z 2 as being positive real. 


1-4 Integer and Fractional Powers of a Complex Number 

Integer Powers 

In the previous section we learned to multiply any number of complex quantities 
together by means of polar notation. Thus with n complex numbers zi, Z 2 , • • •, z n , 
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we have 

71Z7Z1 ■■■Zn=r\ nn ■ ■ ■ r n /9\ + 02+ - h 0 n , (1.4-1) 

where rj = \zj\ and Oj = arg zj- 

If all the values, zi , 72 . and so on, are identical so that zj = z and 7 = r/JJ, then 
Eq. (1.4-1) simplifies to 

z n = r n [n6 = r”cis(«0) = r”[cos(«0) + i sin(n0)] (1-4-2) 


The modulus of z n is the modulus of 7 raised to the nth power, whereas the 
argument of 7 " is n times the argument of 7 . 

The preceding was proved valid when n is a positive integer. If we define 7 0 = 1 
(as for real numbers), Eq. (1.4-2) applies when n = 0 as well. The expression 0° 
remains undefined. 

With the aid of a suitable definition, we will now prove that Eq. (1.4-2) also is 
applicable for negative n. 

Let m be a positive integer. Then, from Eq. (1.4-2) we have z m = r m [cos(rn0) + 
i sin (mO)}. We define z7 m as being identical to I/ 7 " 1 . Thus 


7 = 


r'”[cos(m0) + rsin(m0)] 


(1.4-3) 


If on the right in Eq. (1.4-3) we multiply numerator and denominator by the expres¬ 
sion cos mO — i sin mO, we have 


—m 
Z ~ 


1 cosmO — i sin mO 


= r m [cos mO — i sin mff\. 


r m cos 2 mO + sin 2 m6 
Now, since cos(m0) = cos(— mO) and — sin mQ — sin(— md), we obtain 
z~ m = r _m [cos(— mO) + i sin(— mO)], m= 1,2,3,.... (1.4-4) 

If we let m = n in the preceding equation, it becomes 

7 ” = r”[cos(«0) + isin(n0)], n = - 1,-2,-3,.... (1.4-5) 


We can incorporate this result into Eq. (1.4-2) by allowing n to be any integer in 
that expression. 

Equation (1.4-2) allows us to raise complex numbers to integer powers when 
the use of Cartesian coordinates and successive self-multiplication would be very 
tedious. For example, consider (1 + i V3) 11 = a + ib. We want a and b. We could 
begin with Eq. (1.1-4), square (1 + multiply the result by (1 + i-J 3), and so 
forth. Or if we remember the binomial theorem,! we could apply it to (1 + iV3 )'' 1 , 
then combine the twelve resulting terms. Instead we observe that (1 + i-J 3) = 2 /7t/3 


case you have forgotten the binomial theorem (or formula), it is supplied here for future reference: 
(a + b) n = a n ~ k b k w hcrc n > 0. Although derived in elementary algebra with a and b real, 

the same formula can be derived with complex a and b. The expression , called the binomial coefficient, 

is often written simply as 
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1 In 


+ i sin 


1 In 
~ 


= 2 10 


i2 10 V3. 


Equation (1.4-2) can yield an important identity. First, we put z = r(cos 0 + 
i sin 0) so that 

[r(cos 0 + i sin 0)]” = r”(cos n.0 + i sin n0). 

Taking r = 1 in this expression, we then have 

(cos 0 + i sin 0) n = cos n0 + isin n0, n = 0, ±1,±2, ..., (1.4-6) 

which is known as DeMoivre’s theorem." 

This formula can yield some familiar trigonometric identities. For example, with 
n — 2, 

(cos 0 + i sin 0) 2 — cos 20 + i sin 20. 

Expanding the left side of the preceding expression, we arrive at 

cos 2 0 + 2 i sin 0 cos 0 — sin 2 0 = cos 20 + i sin 20. 

Equating corresponding parts (real and imaginary), we obtain the pair of identities 
cos 2 0 — sin 2 0 = cos 20 and 2 sin 0 cos 0 = sin 20. 

In Exercise 6 we generate two more such identities by letting n = 3. The pro¬ 
cedure can be continued indefinitely. 


Fractional Powers 

Let us try to raise z to a fractional power, that is, we want z 1/m , where m is apositive 
integer. We define z 1/m so that (z ]/m ) m = z. Suppose 

z l/m = p[±. (1-4-7) 

Raising both sides to the mth power, we have 

z = (pl±) m = z = p m /mcf) = p m [cos(m(/>) + isin(m</>)]. (1.4-8) 

Using z = r j(f) = r(cos 0 + i sin 0) on the left side of the above, we obtain 

r(cos 0 + i sin 0) = p m [cos(rn<p) + i sin (m(f>)]. (1.4-9) 

For this equation to hold, the moduli on each side must agree. Thus 

r = p m or p=?! m . 

Since p is a positive real number, we must use the positive root of r ]/m . Hence 

p = yfr. (1.4-10) 


Uhis novel and useful formula was dicovered by a French-bom Huguenot, Abraham DeMoivre (1667-1754), 
who lived much of his life in England. He was a disciple of Sir Isaac Newton. 
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The angle 0 in Eq. (1.4-9) need not equal mcj). The best that we can do is 
to conclude that these two quantities differ by an integral multiple of 2n, that is, 
m( j) - 0 = 2kn, which means 

0= -[0+2/br], k = 0, ±1,±2, .... (1.4-11) 

m 

Thus from Eqs. (1.4-7), (1.4-10), and (1.4-11), 

(0 2kn\ . 10 2kn\ 

cos-1-+ i sin-1-. 

\m m ) \m m ) 


z l/m = Pl $= y? 


The number k on the right side of this equation can assume any integer value. Suppose 
we begin with k = 0 and allow k to increase in unit steps. With k = 0, we are taking 
the sine and cosine of 0/m; with k = 1, the sine and cosine of 0/m + 2i r/m; and so 
on. Finally, with k = m, we take the sine and cosineof0/m + 2n. Butsin(0/m + 2n) 
and cos(0/m + 2n) are numerically equal to the sine and cosine of 0/m. 

If fc = m + 1, m + 2, etc., we merely repeat the numerical values for the cosine 
and sine obtained when k = 1,2, etc. Thus all the numerically distinct values of 
z ] ! m can be obtained by our allowing k to range from 0 to m — 1 in the preceding 
equation. Hence, z ]/m has m different values, and they are given by the equation 


z Mm = 


/ m 


$r 


/0 2kn\ ( 0 2kn\ 

cos-1-+ i sin-1- 

\m m ) \m m j 


k = 0, 1, 2, ..., m — 1; m > 1. 


(1.4-12) 


Actually, we can let k range over any m successive integers (e.g., k = 2 —> m + 1) 
and still generate all the values of z l ^ m . 

From our previous mathematics we know that a positive real number, say, 9, 
has two different square roots, in this case ±3. Equation (1.4-12) tells us that any 
complex number also has two square roots (we put m = 2, k = 0, 1) and three cube 
roots (m = 3, k = 0, 1, 2) and so on. 

The geometrical interpretation of Eq. (1.4-12) is important since it can quickly 
permit the plotting of those points in the complex plane that represent the roots of 
a number. The moduli of all the roots are identical and equal (/r (or Alzl)- Hence, 
the roots are representable by points on a circle having radius A?. Each of the 
values obtained from Eq. (1.4-12) has a different argument. While k increases as 
indicated in Eq. (1.4-12), the arguments grow from 0/m to 0/m + 2(m — 1 )%/m 
by increasing in increments of 2 n/m. The points representing the various values of 
z x ! m , which we plot on the circle of radius are thus spaced uniformly at an 
angular separation of 2%/m. One of the points (k = 0) makes an angle of 0/m with 
the positive x-axis. We thus have enough information to plot all the points (or all the 
corresponding vectors). 

Equation (1.4 -12) was derived under the assumption that m is a positive integer. 
If m is a negative integer the equation is still valid, except we now generate all roots 
by allowing k to range over |m| successive values (e.g., k = 0, 1, 2,..., |m| — 1). 
The | m | roots are uniformly spaced around a circle of radius Xfr, and one root makes 
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an angle 9/m with the positive x-axis. Each value of z ]/ " 1 will satisfy (z l/m ) m = z 
for this negative m. 

Suppose we add together the | m | roots computed for z 1/m , where z is nonzero and 
\m\ > 2 is an integer. That is, employing Eq. (1.4-12) we perform the summation 
^.N- 1 ^7( cos (l + ^f : ) + i sin (^ + ^f)). We will find the result is zero, a result 
proven in Exercise 28 for the special case m > 2. Geometrically, this means that 
were we to draw vectors from the origin to represent each of these roots of z, these 
vectors would sum to zero. 


EXAMPLE 1 Find all values of (—l) 1 / 2 by means of Eq. (1.4-12). 


Solution. Here r = | —1| = 1 and m = 2 in Eq. (1.4-12). For 0 we can use any 
valid argument of — 1. We will use %. Thus 


(—1) 1 / 2 = VT cos -h k% +isin^- 


+ k% 


V = C\ 1 


With k = 0 in this formula we obtain (— 1) */ 2 = i , and k = 1 yields (— 1) */ 2 = —i. 
Points representing the two roots are plotted in Fig. 1.4-1. Their angular separation 
is 2%/m = 27i/2 = % radians. The sum of these roots is zero, as predicted. • 


EXAMPLE 2 Find all values of 1 1 , where m is a positive integer. 

Solution. Taking 1 = r cis(0), where r = 1 and 9 = 0 and applying Eq. (1.4-12), 
we have 

1 */ m = , sf\[cos{2k% /m) + i sin(2fc7i/m)] = cis(2fc7i/m), 

k = 0 , 1, 2, ..., m — 1. 

These m values of 1 1/m all have modulus 1. When displayed as points on the unit 
circle they are uniformly spaced and have an angular separation of 2%/m radians. 
Note that one value of 1 is necessarily unity. • 
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The two square roots of -1 


Figure 1.4—1 
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EXAMPLE 3 Find all values of (1 + iV?>) i/5 . 


Solution. We anticipate five roots. We use Eq. (1.4-12) with m — 5, 
r _ [ i + i*/3\ = 2, and 8 = tan -1 V3 = n/3. Our result is 



Expressed as decimals, these answers become approximately 

1.123 + i0.241, k = 0; 
0.120 + 11.142, k= 1; 

— 1.049 + iO.467, k = 2; 
-0.769 - i0.854, k = 3; 

1.574 - 10.995, k = 4. 


Vectors representing the roots are plotted in Fig. 1.4-2. They are spaced 2 ti/ 5 radians 
or 72° apart. The vector for the case k — 0 makes an angle of n/\5 radians, or 12°, 
with the x-axis. Any of these results, when raised to the fifth power, must produce 
1 -f i«J 3. For example, let us use the root for which k = 1. We have, with the aid of 
Eq. (1.4-2), 



Our original motivation for expanding our number system from real to com¬ 
plex numbers was to permit our solving equations whose solution involved the 
square roots of negative numbers. It might have worried us that trying to find 
(— 1) 1 / 3 , (— 1) 1 /4 , and so forth could lead us to successively more complicated 



Figure 1.4-2 
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number systems. From the work just presented we see that this is not the case. 
The complex system, together with Eq. (1.4-12), is sufficient to yield any such root. 

From our discussion of the fractional powers of z, we can now formulate a 
consistent definition of z raised to any rational power (e.g., z 4/1 , z -2 / 3 ), and, as a 
result, solve such equations as z 433 + 1=0. We use the definition 

z n/m = 

With Eq. (1.4-12) we perform the inner operation and with Eq. (1.4-12) the outer 
one. Thus 

z n/m = (^)« 

k = 0, 1, 2,..., m — 1 


n 2knn\ l n 2knn 

cos |— 0 4-+ isin —04- 

m m \m m 


(1.4-131 


We may take m positive if the fractional exponent is negative because it is not difficult 
to show that the expressions z~ n ^ m and yield the same set of values. Thus, 

for example, we could compute by using Eq. (1.4-13) with m = 7, n = —4. 

Suppose that n/m is an irreducible fraction. If we let k range from 0 to m — 1 
in Eq. (1.4-13), we obtain m numerically distinct roots. In the complex plane these 
roots are arranged uniformly around a circle of radius ( '/fr) n . 

However, if n/m is reducible (i.e., n and m contain common integral factors), 
then when k varies from 0 to m — 1, some of the values obtained from Eq. (1.4-13) 
will be numerically identical. This is because the expression 2knn/m will assume at 
least two values that differ by an integer multiple of 2n. In the extreme case where n 
is exactly divisible by m, all the values obtained from Eq. (1.4-13) are identical. This 
confirms the familiar fact that z raised to an integer power has but one value. The 
fraction n/m should be reduced as far as possible, before being used in Eq. (1.4-13), 
if we do not wish to waste time generating identical roots. 

Assuming n/m is an irreducible fraction and z, a given complex number, let us 
consider the m possible values of +/ m . Choosing any one of these values and raising 
it to the m/n power, we obtain n numbers. Only one of these is z -Thus the equation 
( 7 n /m jm/n _ z nius t b e interpreted with some care. 


EXAMPLE 4 Solve the following equation for w: 

w 4/3 + 2 i = 0. (1.4-14) 

Solution. We have w 4 ^ 3 = —2 i, which means w = (—2i) 3/4 . We now use Eq. 
(1.4-13) with n = 3, m = 4, r = |z| = | — 2ij = 2, and 0 = arg (—2 i) = — n/2. 
Thus 

w = (-2 i) 3/4 = (V2) 3 j ^ + 2k^n, k = 0,1,2, 3; 

I —3 n 

w = 1.68 —g—’ k = 0 ; 


w> == 1.68/ —, k= 1; 
8 
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Figure 1.4-3 


w = 1.68^ 

1 21tt 

IT’ 

k = 

w = 1.68 1 

1 33ti 

“iP 

k = 


The four results are plotted in the complex plane shown in Fig. 1.4-3. They are 
uniformly distributed on the circle of radius (f2) 3 . Each of these results is a solution 
of Eq. (1.4-14) provided we use the appropriate 4/3 power. A check of the answer 
is performed in Exercise 21. • 


EXERCISES 


Express each of the following in the form a+ ib and also in the polar form rL9, where the 
angle is the principal value. 

1. (-V3 - if 2. (1 + i) 3 (V3 + if 3. (3 - 4i) 6 4. (1 - if 3)~ 7 

5. (3 + 4 i)~ 6 


6. a) With the aid of DeMoivre’s theorem, express sin 30 as a real sum of terms containing 

only functions like cos m 8 sin" 8, where m and n are nonnegative integers, 
b) Repeat the above, but use cos 38 instead of sin 38. 

7. a) Using DeMoivre’s theorem, the binomial formula, and an obvious trigonometric iden¬ 

tity, show that for integers n, 

cos nd = Re ^ (cos n ~ k 0)|V 1 — cos 2 i k -—-• 

k =o ' n k)-k- 

b) Show that the preceding expression can be rewritten as 

n/2 | 

cos nd= V (cos0)"“ 2m (l -cos 2 0) m (-l) m -- ■ if n is even, 

frfj {n-2m)\(2m)\ 


and 


(n~ l)/2 

2 (cos"- 2m 


0)(1 -cos 2 0) m (-l) m 


n\ 

(n — 2m)! (2m)! 


cos nd = 


if n is odd. 
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c) The preceding formulas are useful because they allow us to express cos nO, where 
n > 0 is any integer, in a finite series involving only powers of cos 9 with the highest 
power equaling n. For example, show that cos 49 = 8 cos 4 9 - 8 cos 2 9 + 1 by using 
one of the above formulas. 

d) If we replace cos 9 with x in either of the formulas derived in part (b), we obtain 
polynomials in the variable * of degree n. These are called Tchebyshev polynomials, 
T n (x), after their inventor, Pafnuty Tchebyshev ( 1821-1894), aRussian who is famous 
for his research on prime numbers.^ There are various spellings of his name, some 
beginning with C. Show that 

75 (x) = 16x 5 — 20 y 3 + 5x. 


8. Prove that 

/ 1 + i tan 9\ n 1 + i tan n9 

--- = ---, where n is any integer. 

I 1 — i tan 9 1 — i tan n9 


Express the following in the form a + ib. Give all values and make a polar plot of the points 
or the vectors that represent your results. 

9. (9i) 1/2 10. f ( ~ 1/2) 11. (27z) 1/3 12. (1 + f) 1 / 3 13. (-64i) 1/4 

14 . (_^ +i) (-i/5) 15 . 11/3K-1/3) 16. (9f) 3/2 

jrf (l + 0 6/2 18. (l + f) 4/6 19. (64i) 10/8 ^oT(l + r 5 / 4 


21. Consider one of the solutions to Example 4, for example, the case k = 2. Raise this 
solution to the 4/3 power, state all the resulting values, and show that just one satisfies 
(1.4-14). 

22. Consider the quadratic equation az 2 + bz + c = 0, where a /0, and a, b, and c 
are complex numbers. Use the method of completing the square to show that 
z = (—b + (b 2 — 4ac) 1 / 2 ) / (2a). How many solutions does this equation have in general? 

In high school you learned that if a, b, and c are real numbers, then the roots of the 
quadratic equation are either a pair of real numbers or a pair of complex numbers whose 
values are complex conjugates of each other. If a, b, and c are not restricted to being real, 
does the preceding still apply? 


Use the result derived in Exercise 22 to find all solutions of these equations. Give the answer 
in the form * + iy. 

23. w 2 + w + i/4 = 0 24. w 2 + iw + 1 — 0 

2SC- in 4 + w 2 + 1 = 0 26. w 6 + in 3 + 1 = 0 


27. a) Show that z n+l — 1 = (z — I)(z n + z n ~ l + ■ ■ ■ + z + 1), where n > 0 is an integer 
and z is any complex number. 

The preceding implies that 
7 n +i _ 1 

--— =z" + z"- 1 +--- + z + l forZ (1.4-15) 

z — 1 

which the reader should recognize as the sum of a geometric series. 


3 For an application of the polynomials to the design of radio antennas, see C. Balanis, Antenna Theory. Analysis 
and Design (New York: John Wiley, 1997), section 6.8.3. 
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b) Use the preceding result to find and plot all solutions of z 4 + z 3 + z 2 + z + 1 =0. 

28. a) Ifz = rcis0, show that the sum of the values of z 1 /" is given by ^/r(cis(0/«)) x 

[cis( 27 i/n)] k , where n > 2 is an integer. 

b) Show that the sum of the values of z l/n is zero. Do this by rewriting Eq. (1.4-15) in 
the preceding problem, but with n - 1 used in place of n, and employing the formula 
of part (a). 

29. a) Suppose a complex number is given in the form z = r LQ. R eca lling th e identities 

sin(0/2) = ± 71 / 2 - (1/2) cos 6 and cos(0/2) = ±^1/2+ (1/2) cos 0, show that 


z 1 ' 2 =±Sr 


2~ + , ‘V^ 


for 0 < 6 < 7i. 


b) Explain why the preceding formula is invalid for — n < 8 < 0, and find the corre¬ 
sponding correct formula for this interval. 

c) Use the formulas derived in (a) and (b) to find the square roots of 2cis(7i/6) and 
2cis(—7 c/ 6), respectively. 

30. It is possible to extract the square root of the complex number z = x + iy without 
resorting to polar coordinates. Let a + ib = (a- + iy) 1 / 2 , where x and y are known real 
numbers, and a and b are unknown real numbers, 
a) Square both sides of this equation and show that this implies 

1) a = a 2 - b 2 , 

2) y = lab. 


Now assume y 0. 

b) Use equation (2) above to eliminate b from equation (1), and show that equation (1) 
now leads to a quadratic equation in a 2 . Prove that 


3) a 


2 


x ± \jx 2 + y 2 
2 


Explain why we must reject the minus sign in equation (3). Recall our postulate about 
the number a. 

c) Show that 


4) fc2=Z i±v^+z 


d) From the square roots of equations (3) and (4), we obtain 


5) a = 


-y]x+ -yjx 2 + y 2 

7 ! ’ 


±J~x + Va 2 + y 2 

6) b= —^ 

V2 

Assume that y is positive. What does equation (2) say about the signs of a and b°t Hence, 
if a , obtained from equation (5), is positive, then b , obtained from equation (6), is also. 
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Show that if a, is negative then so is b. Thus with y > 0 there are two possible values 
for z l/2 = a + ib. 

e) Assume that y is negative. Again show that a + ib has two values and that a is positive 
and b is negative for one value and vice versa for the other. 

f) Assume that y = 0. Show that (x + iy ) 1 / 2 has a pair of values that are real, zero, or 
imaginary according to whether x is positive, zero, or negative. Use (1) and (2). Give 
a and b in terms of x. 

g) Use equations (5) and (6) to obtain both values of i 1 / 2 . Check your results by obtaining 
the same values by means of Eq. (1.4-12). 

31. Let m 0 be an integer. We know that z 1/m has m values and that z~ l/m does also. For 
a given z and m we select at random avalue of z 1/m and one of z -1/m . 

a) Is their product necessarily one? 

b) Is it always possible to find a value for z~ l/m so that, for a given z l/m , we will have 

z l/m z -l/m _ (7 

32. a) Show that if m and n are positive integers with m 0 and if n/m is an irreducible 

fraction, then the set of values of z"/ m , defined by (1.4-13) as ( z l/m ) n , is identical to 
the set of values of (z") 1 / m . 

b) If n/m is reducible (m and n contain common integer factors), then (z 1 /"’)" and 
(z") 1/m do not produce identical sets of values. Compare all the values of (1 1/4 ) 2 
with all the values of (1 2 ) 1/4 to see that this is so. 

33- a) Consider the multivalued real expression | l 1/m - where m > 1 is an integer. 
Show that its minimum possible value is 2 sin(7i/4w). 

Hint: Plot points for l 1 /” 1 and i l ^ m . 

b) Find a comparable formula giving the maximum possible value of 11 1 /" 1 + i l ! m |. 

34. Use the formula for the sum of a geometric series in Exercise 27 and DeMoivre’s theorem 
to derive the following formulas for 0 < 9 < 2n: 


1 ~l- cos 0 cos 2 0 • • • -f- cos n6 = 


cos(n@/2) sin[(n + 1)0/2] 


sin0 + sin 26 + sin 30 + • • ■ + sinn0 = 


sin(0/2) 

sin(n0/2) sin[(n + 1)0/2] 


sin(0/2) 


35. If n is an integer greater than or equal to 2, prove that 


1 2n \ / 47i \ 

cos | — + cos — +- h COS 

n I \n I 


2(n — 1)7 


= - 1 , 


and that 


. 12n 
sin — 


\ n 


+ sin 


471 

n 


+ -h sin 


2 (n — l)7i 
n 


= 0 . 


Hint: Use the result of Exercise 28(b) and take z = 1. 

36. Most computational packages such as MATLAB have a numerical means of finding 

all the roots of any polynomial equation like a n z n + a n - 1 z n ~ 1 H- + a 0 = 0 where 

n is a positive integer and the coefficients a n , a n l i, etc. are arbitrary known complex 
numbers. In Exercise 27, we learned an analytic method for solving this equation if 
all the coefficients are unity; we look at the roots of z n+1 — 1 = 0 for z ^ 1. Using 
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MATLAB, or something comparable, solve the equation z 5 + z 4 + z 3 + z 2 + z + 1 = 0 
and compare your solution with that obtained from the method of Exercise 27. 

37. a) We know that the expression , where the exponent is an irreducible fraction, has 
\m \ distinct values when m and n are integers. Yet if you evaluate such an expression by 
means of MATLAB, you will obtain just one value—it is obtained from Eq. (1.4-13) 
with k = 0 and 6 selected as the principal argument of z. Using MATLAB, compute 
f 3 / 4 . Raise the resulting answer to the 4/3 power, with MATLAB, and verify that i is 
obtained. 

b) Repeat part (a) but begin with ; 5/2 . Then raise your i 5/2 to the 2/5 power and verify 
that i is not obtained. Explain, and contrast your result with that in part (b). 


1.5 Points, Sets, Loci, and Regions in the Complex Plane 

In section 1.3 we saw that there is a specific point in the z-plane that represents any 
complex number z- Similarly, as we will see, curves and areas in the z -plane can 
represent equations or inequalities in the variable z- 

Consider the equation Re(z) = 1. If this is rewritten in terms of x and y, we have 
Re(x + iy) = 1, or x = 1. In the complex plane the locus of all points satisfying 
x = 1 is the vertical line shown in Fig. 1.5-1. Now consider the inequality Re z < 1, 
which is equivalent to x < 1. All points that satisfy this inequality must lie in the 
region 1 ” to the left of the vertical line in Fig. 1.5-1. We show this in Fig. 1.5-2. 

Similarly, the double inequality — 2 < Re z < 1, which is identical to — 2 < x < 1, 
is satisfied by all points lying between and on the vertical lines x = —2 and x = 1. 
Thus —2 < Rez < 1 defines the infinite strip shown in Fig. 1.5-3. 

More complicated regions can be likewise described. For example, consider 
Rez < Im z. This implies x <y. The equality holds when x = y, that is, for all the 
points on the infinite line shown in Fig. 1.5-4. The inequality Re z < Im z describes 
those points that satisfy x < y, that is, they lie to the left of the 45° line in Fig. 1.5-4. 
Thus Re z < Im z represents the shaded region shown in the figure and includes the 
boundary line x = y. 


y 


Rez= 1 
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Figure 1.5-1 
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Figure 1.5-2 


W precise definition of “region” is given further in the text. Ourpresent use of the word will not be inconsistent 
with the definition that will follow. 
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The description of circles and their interiors in the complex plane is particularly 
important and easily accomplished. The locus of all points representing |z| = 1 is 
obviously the same as those for which -\jx 2 + y 2 = 1, that, is, the circumference of 
a circle centered at the origin, of unit radius. The inequality |z| < 1 describes the 
points inside the circle (their modulus is less than unity), whereas |z| < 1 represents 
the inside and the circumference. 

We need not restrict ourselves to circles centered at the origin. Let zo — x o + iyo 
be a complex constant. Then the points in the z-plane representing solutions of 
|z — zo I = r,wherer> 0, form a circle of radius r, centered at yo-This statement 
can be proved by algebraic or geometric means. The latter course is followed in 
Fig. 1.5-5, where we use the vector representation of complex numbers. A vector 
for zo is drawn from the origin to the fixed point xo, yo, while another, for z, goes 
to the variable point whose coordinates are x, y. The vector difference z — zo is also 
shown. If this quantity is kept constant in magnitude, then z is obviously confined to 
the perimeter of the circle indicated. The points representing solutions of | z — Zo I < r 
lie inside the circle, whereas those for which |z — zo I > r lie outside. 

Finally, let r\ and r 2 be apair of nonnegative real numbers such that r\ < r 2 .Then 
the double inequality r\ < |z — zo I < r 2 is of interest. The first part, r\ < \z — Zol> 
specifies those points in the z-plane that lie outside a circle of radius r\ centered at 
x 0 ,y 0 , whereas the second part, z - zo < n, refers to those points inside a circle 
of radius r 2 centered at xo, yo- Points that simultaneously satisfy both inequalities 
must lie in the annulus (a disc with a hole in the center) of inner radius r\, outer 
radius ty, and center zo- 

EXAMPLE 1 What region is described by the inequality 1 < |z + 1 — i\ < 2? 

Solution. We can write this as r\ < |z — zo I < r 2 , where ri = 1, r 2 = 2, zo = 
— 1 + i- The region described is the shaded area between, but not including, the 
circles shown in Fig. 1.5-6. • 

Points and Sets 

We need to have a small vocabulary with which to describe various points and 
collections of points (called sets) in the complex plane. The following terms are 
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worth studying and memorizing since most of the language will reappear in subse¬ 
quent chapters. 

The points belonging to a set are called its members or elements. 

A neighborhood of radius r of a point zo is the collection of all the points inside 
a circle, of radius r, centered at Zo- These are the points satisfying |z — zol < r. A 
given point can have various neighborhoods since circles of different radii can be 
constructed around the point. 

A deleted neighborhood of zo consists of the points inside a circle centered at 
Zo but excludes the point zo itself. These points satisfy 0 < |z — Zol < r. Such a set 
is sometimes called a punctured disc of radius r centered at zo- 

An open set is one in which every member of the set has some neighborhood, 
all of whose points lie entirely within that set. For example, the set |z| < 1 is open. 
This inequality describes all the points inside a unit circle centered at the origin. 
As shown in Fig. 1.5-7, it is possible to enclose every such point with a circle Co 
(perhaps very tiny) so that all the points inside Co lie within the unit circle. The set 
Iz| < 1 is not open. Points on and inside the circle |z| = 1 belong to this set. But 
every neighborhood, no matter how tiny, of a point such as P that lies on the plot of 
|z| = 1 (see Fig. 1.5-8) contains points outside the given set. 



Figure 1.5-7 


Figure 1.5-8 
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Figure 1.5-9 


A connected set is one in which any two points of the set can be joined by 
some path of straight line segments, all of whose points belong to the set. Thus 
the set of points shown shaded in Fig. 1.5—9(a) is not connected since we cannot 
join a and b by a path within the set. However, the set of points in Fig. 1.5—9(b) is 
connected. 

A domain is an open connected set. For example Re z < 3 describes a domain. 
However, Re z < 3 does not describe a domain since the set defined is not open. 

We will often speak of simply and multiply connected domains. Loosely speak¬ 
ing, a simply connected domain contains no holes, but a multiply connected domain 
has one or more holes. An example of the former is |z| < 2, and an example of the 
latter is 1 < |z| < 2, which contains a circular hole. More precisely, when any closed 
curve is constructed in a simply connected domain, every point inside the curve lies 
in the domain. On the other hand, it is always possible to construct some closed 
curve inside a multiply connected domain in such a way that one or more points 
inside the curve do not belong to the domain (see Fig. 1.5-10). A doubly connected 
domain has one hole, a triply connected domain two holes, etc. 




1 < Izl < 2 

(a) (b) 


Figure 1.5-10 
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Figure 1.5-11 


A boundary point of a set is a point whose every neighborhood contains at least 
one point belonging to the set and one point not belonging to the set. 

Consider the set described by \z - 1| < 1, which consists of the points inside 
and on the circle shown in Fig. 1.5-11. The point z = 1 + i is a boundary point of 
the set since, insider every circle such as Co, there are points belonging to and not 
belonging to the given set. Although in this case the boundary point is a member of 
the set in question, this need not always be so. For example, z =1 + /' is a boundary 
point but not a member of the set |z — 1| < 1. One should realize that an open set 
cannot contain any of its boundary points. 

An interior point of a set is a point having some neighborhood, all of whose 
elements belong to the set. Thus z = 1 + i/ 2 is an interior point of the set |z — 1| < 1 
(see Fig. 1.5-11). 

An exterior point of a set is a point having a neighborhood all of whose elements 
do not belong to the set. Thus, 1 + 2 i is an exterior point of the set | z — 1 < 1. 

Let P be a point whose every deleted neighborhood contains at least one element 
of a set S. We say that P is an accumulation point of S. Note that P need not belong 
to S. The term limit point is also used to mean accumulation point. 

The set of points z = (1 + i)/n, where n assumes the value of all finite positive 
integers, has z = 0 as an accumulation point. This is because as n becomes increas- 
ingly positive, elements of the set are generated that lie increasingly close to z = 0. 
Every circle centered at the origin will contain members of the set. In this example, 
the accumulation point does not belong to the set. 

The null set contains no points. For example, the set satisfying |z| = i is a null 
set. The null set is also called the empty set. 

A region is a domain plus possibly some, none, or all the boundary points of 
the domain. Thus every domain is a region, but not every region is a domain. The 
set defined by 2 < Re z < 3 is a region. It contains some of its boundary points (on 
z — 3) but not others (on Re z = 2) (see Fig. 1.5-12). This particular region is 
not a domain. 

A closed region consists of a domain plus all the boundary points of the domain. 

A bounded set is one whose points can be enveloped by a circle of some fi¬ 
nite radius. For example, the set occupying the square 0 < Re z < 1, 0 < Im z < 1 
ls bounded since we can put a circle around it (see Fig. 1.5-13). A set that cannot 
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be encompassed by a circle is called unbounded. An example is the infinite strip in 
Fig. 1.5-12. A bounded closed region is called a compact region; for example the 
set of points in the complex place satisfying z < 1. 

The Complex Number Infinity and the Point at Infinity 

When dealing with real numbers, we frequently use the concept of infinity and 
speak of “plus infinity” and “minus infinity.” For example, the sequence 1,10, 100, 
1000, ... diverges to plus infinity, and the sequence — 1, —2, —4, —8,... diverges 
to minus infinity. 

In dealing with complex numbers we also speak of infinity, which we call “the 
complex number infinity.” It is designated by the usual symbol oo. We do not give 
a sign to the complex infinity nor do we define its argument. Its modulus, however, 
is larger than any preassigned real number. 

We can imagine that the complex number infinity is represented graphically by 
a point in the Argand plane—a point, unfortunately, that we can never draw in this 
plane. The point can be reached by proceeding along any path in which |z| grows 
without bound, as, for instance, is shown in Fig. 1.5-14. 

In order to make the notion of a point at infinity more tangible, we use an artifice 
called the stereographic projection illustrated in Fig. 1.5-15. 

Consider the z-plane, with a third orthogonal axis, the /-axis,’ added on. A 
sphere of radius 1/2 is placed with center atx = 0,y = 0,C = 1/2. The north pole, 
N, lies at x = 0, y = 0, / = 1 while the south pole, S, is at x = 0, y = 0, / = 0. This 
is called the Riemann number sphere. 

Let us draw a straight line from N to the point in the xy-plane that besides N, 
represents a complex number z. This line intersects the sphere at exactly one point, 
which we label z!. We say that z! is the projection on the sphere of z . In this way, every 
point in the complex plane can be projected on to a corresponding unique point on 
the sphere. Points far from the origin in the xy-plane are projected close to the top of 
the sphere, and, as we move farther from the origin in the plane, the corresponding 
projections on the sphere cluster more closely around N. Thus we conclude that N 


t Obviously, we do not want to call this the z-axis. 
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Figure 1.5-14 



Figure 1.5-15 


on the sphere corresponds to the point at infinity, although we are not able to draw 
z = oo in the complex planed 

When we regard the z-plane as containing the point at infinity, we call it the 
“extended z-plane.” When oo is not included, we merely say “the z-plane” or “the 
finite z-plane.” 

Except when explicitly stated, we will not regard infinity as a number in any 
sense in this text. However, when we employ the extended complex plane, we will 
treat infinity as a number satisfying these rules: 


z z 

— =0; z ± oo = oo, (z ^ oo); - = oo, 

OO v ^ 0 

oo 

Z-O 0 = 00, (z ^ 0); — = oo, (z ^ oo). 

z 

We do not define 


oo + oo, 


oo — oo, or 


oo 

oo 


(z * o); 


In some definitions, the Riemann number sphere is of unit radius and centered at the origin of the complex 
plane. A point on the plane is projected onto the sphere by our again using a line connecting the top of the 
sphere with the point in the complex plane. As before, there is just one intersection with the sphere (other than 
the top) for finite points in the complex plane. 
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EXERCISES 


Describe with words or a sketch the portion of the complex plane corresponding to the following 
equations or inequalities. State which problems have no solution, i.e., are satisfied only by the 
null set. 

1. Re z = - ^ 2. Re z = Im(z + i) 3. Re z > Im(z + i) 4. Re z < Im(z + i ) 

5. -1 < Rez < Im(z + i ) 6. |z — 2r| >2 7. zz = 1 + i 8. zz = Rez 

9. Re z = Im(z 2 ) 10. Re z < Re(z 2 ) 11. 1 < e lzl < 2 _| 

12. Find the points on the circle |z — 1 — i| = 1 that have the nearest and furthest linear 
distance to the point z = -1 + iO. In addition, state what these two distances are. 

Hint: Consider a vector beginning at — 1 + iO and passing through the center of the circle. 
Where can this vector intersect this circle? 


Represent the following regions in the complex plane by means of equations or inequalities in 

the variable z. 

13. All the points inside a circle of radius 1, centered at x = 0, y = 1. 

14. All the points outside a circle of radius 3, centered at x = — 1, y = —2. 

15. All the points except the center within a circle centered at x = 2, y = — 1. The radius 
of the circle is 4. Exclude the points on the circle itself. 

16. All the points in the annular region whose center is at (—1, 3). The inner radius is 1 
and the outer is 4. The set includes points on the outer circle but excludes those on 
the inner one. 

17. The locus of points the sum of whose distances from the points (1,0) and (-1,0) 
equals 2. 

18. a) Consider the open set described by | z - i | < 1 . Find a neighborhood of the point 8 + i 
that lies entirely within the set, representing the neighborhood with an inequality in 
the variable z. 

b) Repeat part (a) but find a deleted neighborhood of the same point. 


Suppose you are given a set of points called set A and a set of points called set B. These two 
sets might or might not have some points in common. The union of two sets A and B, which 
is written as A U B, means the set of all points that belong to A or B, while the intersection 
of A and B, written A fl B, means the set of all points that belong to both A and B. Notice 
that A fl B is simply the set of points common to both A and B. Which of the following are 
connected sets? Which of the following are domains? Sketch the sets described as an aid to 
arriving at your answers. 

19. The set A U B, where A consists of the points given by |z — i| < 1 while B is the set 
of points | z - 11 < 1. 

20. The set A fl B, where A and B are given in Exercise 19. 

21. The set AUfi, where A consists of the points for which |zl < 1 while B is given by 
Re z > 1. 

22. The set A n B, where A consists of the points for which |z| < 1 while B is given by 
Re z > 1. 
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What are the boundary points, in the finite z-plane, of the sets defined below? State which 
boundary points do and do not belong to the given set. 

23. |z| > 0 24. | z - i| > 1 25. \ - \ 26. Log|z| > 0 

27. ie 1 /". where n assumes all positive integer values. 


A set is said to be closed if it contains all its boundary points. (However, a set that fails to be 
closed is not necessarily open—recall the definition of an open set.) Which of the following 
are closed sets? 

28. -1 < Re(z) < 5 29. — 1 < Re(z) < 5 30. The set described in Exercise 27. 


31. Is a boundary point of a set necessarily an accumulation point of that set? Study the 
definitions and explain. 

32. What are the accumulation points of the sets described in Exercises 28-30? Which of the 
accumulation points do not belong to the set? 

33. According to the Bolzano-Weierstrass Theorem, 1 ' a bounded set having an infinite num¬ 
ber of points must have at least one accumulation point. Consider the set consisting of 
the solutions of y = 0 and sin(7i/x) = 0 lying in the domain 0 < |z| < 1. What is the 
accumulation point for this set? Prove your result by showing mathematically that every 
neighborhood of this point contains at least one member of the given set. 

34. a) When all the points on the unit circle |z| = 1 are projected stereographically on to the 

sphere of Fig. 1.5-15, where do they lie? 

b) Where are all the points inside the unit circle projected? 

c) Where are all the points outside the unit circle projected? 

35. Use stereographic projection to justify the statement that the two semiinfinite lines y = 
x, x >0 and y = — x, x < 0 intersect twice, once at the origin and once at infinity. What 
is the projection of each of these lines on the Riemann number sphere? 

36. a) If z = x\ + iy i in Fig. 1.5-15 and if z! (the projection of z onto the number sphere) 

has coordinates x 1 , y' , show algebraically that 


r 


x i +y 2 i 

( i + y\ + 1! 


X = x\ 


1 - 


xj + yj N 

+ y\ + 1 


y =y\ 


l - 


x i +y 2 i 

+ + 


b) Consider a circle of radius r lying in the xy-plane of Fig. 1.5-15. The circle is centered 
at the origin. The stereographic projection of this circle onto the number sphere is 
another circle. Find the radius of this circle by using the equations derived in (a). 
Check your result by finding the answer geometrically. 


p S 28 ^ reXample ’ Richard Silverman, Introductory Complex Analysis (New York: Dover Publications, 1972) 
prov d h S *^ eorem ' s one o1? t1le most important in the mathematics of infinite processes (analysis). It was first 
math Czech priest Bernhard Bolzano (1781-1848) and was later used and publicized by the German 

e ™ atician Karl Weierstrass (1815-1897) whose name we will encounter again in Chapter 5 which deals 
with infinite series. 
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The Complex Function 
and Its Derivative 


2.1 Introduction 

In studying elementary calculus, the reader doubtless received ample exposure to the 
concept of a real function of a real variable. To review briefly: When y is a function 
of x, or y = f(x ), we mean that when a value is assigned to x there is at our disposal 
a method for determining a corresponding value of y. We term x the independent 
variable and y the dependent variable in the relationship. Often y will be specified 
only for certain values of x and left undetermined for others. If the quantity of values 
involved is relatively small, we might express the relationship between x and y by 
presenting a list showing a numerical value for y for each x. 

Of course, there are other ways to express a functional relationship besides 
using such a table. The most common method involves a mathematical formula as 
in the expression y = e x , — oo < x < oo, which, in this case, yields a value of y 
or any value of x. Occasionally, we require several formulas, as in the following: 
y — e , x > 0; y = sin x, x < 0. Taken together, these expressions determine y for 
any value of x except zero, that is, y is undefined at x = 0. 

The term multivalued function is used in mathematics and will occur at various 
P aces in this book. To see where this phrase might be used, consider the expression 
^ ~ x ' Assigning a positive value to x we -find two possible values for y; they 
itteronly in their sign. Because we obtain two, not one, values for y, the statement 
y ~ x does not by itself give a function of x. However, because there is a set of 


49 
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possible values of y (two, in fact) for each x > 0, we speak of y — x 1 /2 as describing 
a multivalued function of x, for positive x. A multivalued function is not really a 
function. In general, if we are given an expression in which two or more values of the 
dependent variable are obtained for some set of values of the independent variable, 
we say that we are given a multivalued function. In this book the word “function” 
by itself is applied in the strict sense unless we use the adjective “multivalued.” 

The easiest way to visualize most functional relationships is by means of a 
graphical plot, and the reader doubtless spent time in high school drawing various 
functions of x, in the Cartesian plane. 

Some, but not all, of these concepts carry over directly into the study of functions 
of a complex variable. Here we use an independent variable, usually z, that can 
assume complex values. We will be concerned with functions typically defined in a 
domain or region of the complex z-plane. To each value of z in the region, there will 
correspond a value of a dependent variable, let us say w, and we will say that w is a 
function of z, or w = /(z) , in this region. Often the region will be the entire z -plane. ’ 
We must assume that w, like z, is capable of assuming values that are complex, real, 
or purely imaginary. Some examples follow. 



< 

II 

3 

1 Region in which w is defined 

a) 

w = 2z 

all z 

b) 

w = 

all z 

c) 

w - 2i\z\ 2 

all z 

d) 

w = (z + 3 i)/(z 2 + 9) 

all z except ±3i 


Example (a) is quite straightforward. If z assumes a complex value, say, 3 + i, 
then w = 6 + 2i. If z happens to be real, w is also. 

In example (b), w assumes only real values irrespective of whether z is real, 

complex, or purely imaginary; for example, if z — 3 + i, w — = 23.6. 

Conversely, in example (c), w is purely imaginary for all z; for example, if 
z = 3 + i, w = 2i|3 + i\ 2 - 20i. 

Finally, in example (d), (z + 3 i)/(z 2 + 9) cannot define a function of z when 
z = 3 i, since the denominator vanishes there. If z = — 3i both the numerator and 
denominator vanish, an indeterminate form 0/0 results, and the function is again 
undefined. 

The function w(z) is sometimes expressed in terms of the variables x and y 
rather than directly in z. For example, w(z ) = 2x 2 + iy is a function of the variable 
z since, with z known, x and y are determined. Thus if z = 3 + 4i, then w (3 + 4i) = 
2 - 3 2 + 4 i = 18 + 4i. Often an expression for w, given in terms of x and y, can be 


^The term domain of definition (of a function) is often used to describe the set of values of the independent 
variable for which the function is defined. A domain in this sense may or may not be a domain in the sense in 
which we use it (i.e., as defined in section 1.5). 
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rewritten rather simply in terms of 2 ; in other cases the ^-notation is rather cumber¬ 
some. In any case, the identities 


z + z 1 (z-z) 

x = ^~’ y = i^r~ 

are useful if we wish to convert from the xy-variables to z. 
helpful to recall that zz = x 2 + y . 


( 2 . 1 - 1 ) 
It is also sometimes 


EXAMPLE 1 Express w directly in terms of z if 

x — iy 

w(z) = 2x + iy + x 2 + y 2- 

Solution. Using Eq. (2.1-1), we rewrite this as 

i(z — z) z 3z z, 1 
w(z) = (z + z) + —— + -= = y + 2 + ? 


In general, w(z) possesses both real and imaginary parts, and we write this 
function in the form w(z) = u(z) + iv(z), or 

w(z ) = u(x, y) + iv(x, y), (2.1-2) 


where u and v are real functions of the variables x and y. In Example 1, we have 


u = 2x + 


x 

X 2 + y 2 


and 


v = y — 


y 

x 2 + y 2 


In the following example, we have the opposite of Example 1—we are given w(z) as 
an explicit function of z and wish to express it in the form w(z) = u(x, y) + iv(x, y). 


EXAMPLE 2 With z = x + iy, and w = i/z, find the real functions u(x, y) and 
v(x, y) if w(z) = u(x, y) + iv(x, y). 

Solution. We have w = 2 = . To obtain the real and imaginary parts of this 

expression, we multiply the numerator and denominator by the conjugate of the de¬ 
nominator, with the result w = l ^~ iy ) = We see that u = Re(w) = ,! 2 

and v = Im(iti) = %2 x +y2 - Notice that w = i/z is undefined at z = 0, and thus so are 
the expressions for u(x, y) and v(x, y). • 

A difference between a function of a complex variable u + iv = f(z) and areal 
function of a real variable y = f(x) is that while we can usually plot the relationship 
? = f( x ) in the Cartesian plane, graphing is not so easily done with the complex 
function. Two numbers x and y are required to specify any z, and another pair of 
numbers is required to state the resulting values of u and v. Thus in general a four- 
unensional space is required to plot w = f(z), with two dimensions reserved for 
e ^dependent variable z and the other two used for the dependent variable w. 

For obvious reasons, four-dimensional graphs are not a convenient means for 

K ying a function. Instead, other techniques are employed to visualize w = f(z). 
s matter is discussed at length in Chapter 8, and some readers may wish to skip 
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z-plane 


w-plane 


Figure 2.1-1 


to sections 8.1-8.3 after finishing this one. A small glimpse of one useful technique 
is in order here, however. 

Two coordinate planes, the 2 -plane with x- and v-axes and the w-plane with 
u- and v-axes, are drawn side-by-side. Now consider a complex number A, which 
lies in the 2 -plane within a region for which f(z) is defined. The value of w that 
corresponds to A is f(A). We denote f(A) by A'. The pair of numbers A and A 1 
are now plotted in the 2 - and w-planes, respectively (see Fig. 2.1-1). We say that 
the complex number A' is the image of A under the mapping w — f(z ) and that the 
points A and A' are images of each other. 

In order to study a particular function f(z), we can plot some points in the z- 
plane and also their corresponding images in the wv-plane. In the following table and 
in Fig. 2.1-2, we have investigated a few points in the case of w = f(z) = z 2 + 2- 


z 

w = z 2 + z 

\ 

0 

II 

II 

0 

B = 1 

2 = 5' 

C = 1 + i 

1 + 3i = C 

D=i 

-1 + i = D' 


After determining the image of a substantial number of points, we may develop 
some feeling for the behavior of w = /(z). We have not yet discussed which points 


y 


3 


2 


lfD 


A 


• C 




Vi 





3 

• C' 




2 

- 




D' 

• 1 

- 


\ 1 



, , 1 


2 3 

Z-plane 

X 

A' 

r 1 2 3 

w-plane 

u 


Figure 2.1-2 
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to choose in this endeavor. A systematic method that involves finding the images of 
points comprising entire curves in the 2 -plane is discussed in sections 8.1-8.3. 

As most readers have access to a desktop computer, another method for the 
graphical study of functions of a complex variable is worth describing. Although, 
as mentioned, a four-dimensional space is required to plot w = f(z), we can use 
three-dimensional plots to show the surfaces for Re(w), Im(w), or |wj| as 2 varies 
in the complex plane. Obtaining such graphs is too tedious to done by hand but is 
readily performed with software such as MATLAB. For the case of w = z 2 , we have 
made these plots in Figs. 2. l-3(a)-(c). Now z 2 = x 2 - y 2 + i2xy and the surface of 
|mj| is simply the bowl shape x 2 + y 2 , while the graphs of Re(w) and Im(w) are the 
surfaces x 2 - y 2 and 2xy, respectively. 

exercises 


Suppose z = x + iy. Let f(z) = ■ State where in the following domains this 

function fails to be defined. 


1. |z| < 1 2. | Z | < 1.1 3. | Z |<2 


4. 


Z - (1+0 2 


< 


71 

2 


For each of the following functions, find /(I + 2 i) in the form a + ib. If the function is 
undefined at 1 + 2i, state this fact. 

5. z 2 + 1 6. 7 . z+-+ Im(z) 8. --- 

zz — 5 z cos x -\-i sm y 



Plot of JA 
(a) 

Figure 2.1-3 
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Plot of Imtz 2 ) 

(c) 

Figure 2.1-3 (Continued) 


Write the following functions of z in the form u(x, y) + iv(x, y), where u(x, y) and v(x, y) 
are explicit real functions of x and y. 

9. 10. - + i 11. z + - 

Z + l z z 


12. z 3 + z 


13. z 3 + 1 
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Rewrite the following functions in terms of z and if necessary z as well as constants. Thus x 
and y must not appear in your answer. Simplify your answer as much as possible. 


14. .v + i2y 


15. - + T" 

x ty 


16. ix 2 + y 2 17. x + 


x 2 + y 2 


+ iy + 




x 2 + y 2 


For each of the following functions, tabulate the value of the function for these values of z: 1, 
I _|_ ^ _i _|_ -1. Indicate graphically the correspondence between values of w and values 

of z by means of a diagram like Fig. 2.1-2. 

18. w — i(z + i ) 19. w = i/z 20. vs = arg z principal value 21. w = z 3 


Let f(z) = ^ ■ Find the following. 

22. /(1/z) 23. /(/(z)) 24. /(l//(z)) 

25. f(z + i) in the form u(x, y) + iv(x, y) 


26. Consider Fig. 2.1-2. If we had to find the images of many points under a mapping, instead 
of just the four used here, we might write a simple computer program in MATLAB, or a 
comparable language, not only to find the images but to plot them in the tu-plane. 

a) Consider these 10 points that lie along a straight line connecting points B and C in 
Fig. 2.1-2: 1 + .If, 1 + .21, 1 + .31,..., (1 + i). Using a computer program, obtain 
the images of these points, again using w = z 2 + z, and plot them. Employ the same 
set of coordinate axes used in the ut-plane in Fig. 2.1-2. 

b) Repeat part (a) but use the points i, 0.1 + i, 0.2 + i, 0.3 + i, ..., 1 + i, which lie along 
a line connecting the points D and C. 

27. Using MATLAB obtain three-dimensional plots comparable to those in Fig. 2.1—3(a)—(c) 
but use the function /(z) = ( z _3 ; y 2 ) an( ^ a U° w z to assume values over a grid in the region 
of the complex plane defined by—1 <.r< 1,-1 < y 5 1. 


2.2 Limits and Continuity 

In elementary calculus, the reader learned what is meant when we say that a function 
has a limit or that a function is continuous. The definitions were framed to apply 
to real functions of real variables. These concepts apply with some modification to 
functions of a complex variable. Let us first briefly review the real case. 

The function f(x) has a limit / 0 as x tends to xq (written lim t_, l() f(x) = / 0 ) if 
the difference between f(x) and / 0 can be made as small as we wish, provided we 
c oose x sufficiently close to xq. In mathematical terms, given any positive number 
£, we have 

I/O) - /ol < £ (2.2-1) 


if x satisfies 


0 < |;t —xo| < <5, (2.2-2) 

where 5 is a positive number typically dependent upon e. Note that x never precisely 
e qua s xq in Eq. (2.2-2) and that /(xq) need not be defined for the limit to exist. 
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An obvious example of a limit is lim^_>i(l + lx) = 3. To demonstrate this 
rigorously note that Eq. (2.2-1) requires |1 + 2x — 3| < e, which is equivalent to 

\x-\\<e/2. ( 2 . 2 - 3 ) 

Since xo = 1, Eq. (2.2-2) becomes 

0 < \x - 1| < <5. (2.2—4) 

Thus Eq. (2.2-3) can be satisfied if we choose <5 = e/2 in Eq. (2.2—4). 

A more subtle example proved in elementary calculus is 


r->0 X 

An intuitive verification can be had from a plot of sin x/x as a function of x and the 
use of sin x ~ x for |x| 1. 

Let us consider two functions that fail to possess limits at certain points. The 
function f(x) = 1 /(x — l) 2 fails to possess a limit at x = 1 because this function 
becomes unbounded as x approaches 1. The expression \f — fo\ in Eq. (2.2-1) is 
unbounded for x satisfying Eq. (2.2-2) regardless of what value is assigned to / 0 . 

Now consider/(x) = u(x) , where ii(x) is the unit step function (see Fig. 2.2-1) 
defined by 

u{x) =0, x < 0, u(x) = 1, x > 0. 

We investigate the limit of f(x ) at x = 0. With xo = 0, Eq. (2.2-2) becomes 0 < 
|x| < <5. Notice x can lie to the right or to the left of 0. The left side of Eq. (2.2-1) is 
now either 11 — /o I or |/o | according to whether x is positive or negative. If e < 1/2, 
it is impossible to simultaneously satisfy the inequalities 11 — /o| < £ and |/o| < e, 
irrespective of the value of /o. We see that a function having a “jump” at xq cannot 
have a limit at xq. 

For fix) to be continuous at a point xo, f(x o) must be defined and lim t _, Xo fix) 
must exist. Furthermore, these two quantities must agree, that is, 

lim f(x) = f(xo)- (2.2-5) 

X-±XQ 

A function that fails to be continuous at xq is said to be discontinuous at xq. 




11 - 

The function u(x) 


-5 5 x 

Figure 2.2-1 
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The functions 1 /{x — l) 2 and u(x) fail to be continuous at x = 1 and x = 0 
respectively because they do not possess limits at these points. The function 


/O) = 


x ^ 0, 
x = 0, 


is discontinuous at * = 0. We have that lim. T _>o/0) = L and /(0) = 2; thus 
Eq. (2.2-5) is not satisfied. However, one can show that f(x ) is continuous for 

all x ^ 0. 

The concept of a limit can be extended to complex functions of a complex 
variable according to the following definition. 

DEFINITION (Limit) Let f(z) be a complex function of the complex variable 
z, and let /o be a complex constant. If for every real number e > 0 there exists a real 
number d > 0 such that 

l/(z)-/ol<£ (2.2-6) 

for all z satisfying 


then we say that 


0 < \z — zol < <5, 


lim f(z) =/o; 

Z~±Zo 


(2.2-7) 


that is, f(z) has a limit /o as z tends to zo- • 

The definition asserts that s, the upper bound on the magnitude of the difference 
between /(z) and its limit /o, can be made arbitrarily small, provided that we confine z 
to a deleted neighborhood of zo • The radius, <5, of this deleted neighborhood typically 
depends on e and becomes smaller with decreasing e. 

To employ the preceding definition we require that f(z) be defined in a deleted 
neighborhood of zo- The definition does not use /(zo)- Indeed, we might well have 
a function that is undefined at Zo but has a limit at zo- 

EXAMPLE 1 As a simple example of this definition, show that 

lim(z + i) = 2 i. 

z—>i 

Solution. We have f(z) =z + i,fo = 2i, z 0 = i. From (2.2-6) we need 

I Z + i — 2i\ < e 

or, equivalently, 


|Z — Z < E, 


( 2 . 2 - 8 ) 


Which according to (2.2-7) must hold for 

0 < |z — i\ < <5. (2.2-9) 

see'tf ^ aS ’ S£l ' V ’ B not 0nl y possible choice; e.g., e/2 will work), we 

Ho 1 (2-2-8) will be satisfied as long as z lies in the deleted neighborhood of i 
described in ( 2 . 2 - 9 ). 
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When we investigated the limit as .r -* xq of the real function f(x), we were 
concerned with values of x lying to the right and left of xq. If the limit /o exists, then 
as x approaches x () from either the right or left fix) must become increasingly close 
to /o. In the case of the step function u(x) previously considered, lim A _,o/(x) fails 
to exist because as x shrinks toward zero from the right (positive x). f(x) remains 
at 1; but if x shrinks toward zero from the left (negative x), f(x) remains at zero. 

In the complex plane, the concept of limit is more complicated because there are 
infinitely many paths, not just two directions, along which we can approach zq. Four 
such paths are shown in Fig. 2.2-2. If lim,-, Z() f(z) exists, f(z) must tend toward 
the same complex value no matter which of the infinite number of paths of approach 
to z o is selected. Fortunately, in Example 1 the precise nature of the path used did 
not figure in our calculation. This is not always the case, as for the following two 
functions that fail to have limits at certain points. We demonstrate this by considering 
particular paths. 

EXAMPLE 2 Let f(z) = arg z (principal value). Show that f(z) fails to possess 
a limit on the negative real axis. 

Solution. Consider a point zo on the negative real axis. Refer to Fig. 2.2-3. Every 
neighborhood of such a point contains values of f(z) (in the second quadrant) that 
are arbitrarily near to n and values of f(z) (in the third quadrant) that are arbitrar¬ 
ily near to — n. Approaching zo on two different paths such as C\ and C 2 , we see 
that arg z tends to two different values. Therefore, arg z fails to possess a limit at zo- 


EXAMPLE 3 Let 


f(z) = 


X 2 + X 


' + l 


Xy 2 + y) 


x+y ' x+y 

This function is undefined at z = 0. Show that lim,_,o f(z) fails to exist. 

Solution. Let us move toward the origin along the y-axis. With .r = 0 in f(z), we 
have 

i(y 2 + y) 


f(z) = 


y 


= Xy+ i)- 



Figure 2.2-2 
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Figure 2.2-3 


As the origin is approached, this expression becomes arbitrarily close to i. 

Next we move toward the origin along the x-axis. With y = 0, we have f(z) = 
x + 1. As the origin is approached, this expression becomes arbitrarily close to 1. 
Because our two results disagree, lim^o f(z) fails to exist. • 

Sometimes we are concerned with the limit of a function f(z) as z tends to 
infinity. This is treated with the following definition: 

DEFINITION (Limit at Infinity) Let f(z) be a complex function of the com¬ 
plex variable z, and let /o be a complex constant. If for every real number e there 
exists a real number r such that | f(z) — fo i < £ for all |z| > r, then we say that 
lim z _>oo f(z) = /o- • 

What the definition asserts is that the magnitude of the difference between 
f(z) and /o can be made smaller than any preassigned positive number s provided 
the point representing z lies more than the distance r from the origin. Usually r 
depends on e. Some typical limits that can be established with this definition are 
li m z->oo(l/z 2 ) = 0 and lim,_, oc (1 +z -1 ) = 1.Exercise 12 deals with the rigorous 
treatment of a limit at oo. 

Formulas pertaining to limits that the reader studied in elementary calculus 
have counterparts for functions of a complex variable. These counterparts, stated 
here without proof, can be established from the definition of a limit. 

THEOREM 1 Let f(z) have limit fo as z -> Zo and g(z) have limit go as z -> Zo- 
Then 


lim (f(z) + g(z)) = fo + go, 

z->zo 

lim [/(z)g(z)] = f 0 go, 
lim lf(z)/g(z)] = fo/go if go ^ 0. 

Z->Z0 

These limits can be applied at infinity. 


(2.2-10a) 
(2.2—10b) 
(2.2-10c) 
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When we speak of a function having a certain limit at a specific point (including 
infinity), that limit is generally presumed to be finite. Yet on some special occasions 
we might refer to a function having an infinite limit. This has a precise meaning, 
which is described in Exercise 18. 

The definition of continuity for complex functions of a complex variable is 
analogous to that for real functions of a real variable. 


DEFINITION (Continuity) A function w = f(z) is continuous at z = zo pro¬ 
vided the following conditions are both satisfied: 

a ) f(z o) is defined; 

b) lim z _> zo f(z) exists, and 

^/(z) =/(z 0 ). (2.2-11) 

• 

Generally we will be dealing with functions that fail to be continuous only at 
certain points or along some locus in the z-plane. We can usually recognize points 
of discontinuity as places where a function becomes infinite or undefined or exhibits 
an abrupt change in value. 

If a function is continuous at all points in a region, we say that it is continuous 

in the region. 

The principal value of arg z is discontinuous at all points on the negative real axis 
because it fails to have a limit at every such point. Moreover, arg z is undefined at 
z = 0, which means that arg z is discontinuous there as well. 


EXAMPLE 4 Investigate the continuity at z = i of the function 


f(z) = 


i z 2 + 1 

Z — i 

13/, 


z ^ /, 

Z = i. 


Solution. Because /(/) is defined, part (a) in our definition of continuity is satisfied. 
To investigate part (b), we must first determine lim z _ >i - f(z). Since the value of this 
limit does not depend on /(/), we first study f(z) for z i. We factor the numerator 
in the above quotient as follows, 


f(z) = 


z 2 + l 

Z - i 


{z-i)(z + i) 

-:-, Z^i, 


and cancel z — i common to both numerator and denominator. (Since z i, we are 
not dividing by zero.) Thus f(z) = z + / for z ^ i. From this we might conclude 
t at lim 7 _,,' f( z ) = 2/. This was, in fact, rigorously done in Example 1, to which the 
reader should now refer. 

Because /(/) = 3/ while lim z _, ( - f(z) = 2i, and these two results are not in 
agreement, condition (b) in our definition of continuity is not satisfied at z = /. Thus 
f(z) is discontinuous at z = i. It is not hard to show that f(z ) is continuous for all 
z ^ i. Notice too that a function identical to our given f(z ) but satisfying /(/) = 
2 i is continuous for all z. # 
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There are a number of important properties of continuous functions that we will 
be using. Although the truth of the following theorem may seem self-evident, in 
certain cases the proofs are not easy, and the reader is referred to a more advanced 
text for them. 1 


THEOREM 2 

a) Sums, differences, and products of continuous functions are themselves con¬ 
tinuous functions. The quotient of a pair of continuous functions is continuous 
except where the denominator equals zero. 

b) A continuous function of a continuous function is a continuous function. 

c) Let f(z) = u(x, y) + iv(x, y). The functions u(x, y) and v(x, y) are conti¬ 
nuous* at any point where f(z) is continuous. Conversely, at any point where 
u and v are continuous, /(z) is also. 

d) If f(z) is continuous in some region R, then \f(z)\ is also continuous in R. 

If R is bounded and closed there exists a positive real number, say, M, such 
that | f(z) | < M for all zinR. M can be chosen so that the equality holds for 
at least one value of z in R. • 


We can use part (a) of the theorem to investigate the continuity of the quotient 
(z 2 + z + 1)/( z 2 - 2z + 1). Since f(z) = z is obviously a continuous function of z 
(this is proved rigorously in Exercise 1), so is the products -z = z 2 . Any constant is a 
continuous function. Thus the sum z 2 + z + 1 is continuous for all z, and by similar 
reasoning so is z 2 — 2z + 1. The quotient of these two polynomials is therefore 
continuous except where z 2 - 2z + 1 = (z - l) 2 is zero. This occurs only at z = 1. 

A similar procedure applies to any rational function P(z)/Q(z), where P and 
Q are polynomials of any degree in z. Such an expression is continuous except for 
values of z satisfying Q(z) = 0. 

The usefulness of part (b) of the theorem will be more apparent in the next 
chapter, where we will study various transcendental functions of z. We will learn 
what is meant by f(z) = e z , where z is complex, § and we will find that this function 
is continuous for all z. Now, g(z) = 1/z 2 is continuous for all z A 0. Thus f(g(z)) = 
ex P(l/z ) is also continuous for z ^ 0. 

As an illustration of parts (c) and (d), consider /(z) = e* cos y + ie x sin y in 
the disc-shaped region R given by |z| < 1. Since u = e x cos y and v = e x smy 
are contin uous in R, /(z) is also. Thus |/(z)| must be continuous in R. Now, 

= -^ x P(2x)[cos 2 y + sin 2 y] = e x , which is indeed a continuous function. 
The maximum value achieved by |/(z) | in R will occur when e x is maximum, that 


ChTOte° r n eXamPle: Reinhold Remmert ’ Theor y °f Complex Functions (New York: Springer-Verlag, 1990), 
continuity' SeCti ° n 5 ™ S S3me SeCti ° n contains historical information on the concepts of functions and 

Contimuty for u(x, y), a real function of two real variables, is defined in a way analogous to continuity for 

for all r° r CCm , tmuity at ( x 0> ro) the difference | u(x, y) - u(x 0 , y 0 )l can be made smaller than any positive e 
g y) inside a circle of radius 3 centered at (xq, yo)* 

^ts also written exp( z ). 
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is, at x = l. Thus \f(z) \ < e in R, and the constant M in part (d) of the theorem here 
equals e. 


EXERCISES 

1. a) Let /(z) = z. Show by using an argument like that presented in Example 1 that 

lim z _+ zo f(z) = zq, where z 0 is an arbitrary complex number. 

b) Using the definition of continuity, explain why /(z) is continuous for any z 0 . 

2 . Let/(z) = c where c is an arbitrary constant. Using the definitions of limit and continuity, 

prove that /(z) is continuous for all z. 


Assuming the continuity of the functions /(z) = z and /(z) = c, where c is any constant 
(proved in Exercises 1 and 2), use various parts of Theorem 2 to prove the continuity of the 
following functions in the domain indicated. Take z = x + iy. 

3. /(z) = iz 3 + i, all z 4. ' , all z + ±3i 

z 2 + 9 

5 - z 4 + 2 , all z 7 ^- 1,-2 6 . /(z) = |z + i| + (1 + i)z, all z 

z z + 3z + 2 

7. /(z) = z 2 + x 2 - y 2 , all z 8 . /(z) = \—-, all z 7 ^ -i 

z — i 


9. The function (sin x + i sin y)j (x - iy) is obviously undefined at z = 0. Show that it fails 
to have a limit as z —>■ 0 by comparing the values assumed by this function as the origin is 
approached along the following three line segments: y = 0 , x > 0 ; x = 0 , y > 0 ; x = y, 
x > 0 . 

10 . Prove that the following function is continuous at z = i. Give an explanation like that 
provided in Example 4. 

/(z) = t Z / ~ z 7 - i and f(i ) = i. 
z — 3i — 2 

11 . a) Consider the function /(z) = defined for z 4 = ±2. How should this function 

be defined at z = 2 so that /(z) is continuous at z = 2? 

b) Consider the function /(z) = defined for z 7 ^ 3 i and z 7 ^ i. How should this 

function be defined at z = 3; and z = i so that /(z) is continuous everywhere? 

12 . In this problem we prove rigorously, using the definition of the limit at infinity, that 

lim —^ = 1 . 

1 +z 

a) Explain why, given e > 0, we must find a function r(e) such that | —^ | < e for all 

|z| > r. 

b) Using one of the triangle inequalities, show that the preceding inequality is satisfied 
if we take r > 1 + 1 /e. 

13 . The following problem refers to Theorem 2(d). Consider /(z) = z — i. 

a) In the region R described by |z| < 1, we have |/(z)l < M. Find M assuming |/(z)| = 
M for some z in R. State where in this closed region |/(z)| = M. 
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b) Repeat part (a) but take R as |z — 11 < 1. 

c ) Repeat part (a) but use as the function ^ and the region R as defined in part (b). 

14 a) Knowing that/(z) = z 2 is everywhere continuous, use Theorem 2(c) to explain why 

the real function xy is everywhere continuous, 
b) Explain why the function g(x,y) = xy + i(x + y) is everywhere continuous. 

15 Show by finding an example, that the sum of two functions, neither of which possesses 
a limit at a point zo, can have a limit at this point. 

16 . Show by finding an example, that the product of two functions, neither of which possesses 
a limit at a point zo, can have a limit at this point. 

17. Show that, in general, if g(z) has a limit as z tends to zo but h(z) does not have such a 
limit, then /(z) = g(z) + h(z) does not have a limit as z tends to zo either. 

18 . This problem deals with functions of a complex variable having a limit of infinity (or oo). 
We say that lim z -+ zo /(z) = cx 3 if, given p > 0, there exists a <5 > 0 such that |/(z) | > p 
for all 0 < [z — Zo I < <5. In other words, one can make the magnitude of /(z) exceed any 
preassigned positive real number p if one remains anywhere within a deleted neighbor¬ 
hood of zo- The radius of this neighborhood, <5, typically depends on p and shrinks as p 
increases. 

a) Using this definition, show that lim^o * = oo. What should we take as <5? 

b) Repeat the previous problem, but use the function as Z —>• i. 

c) Consult a textbook on real calculus concerning the subject of infinite limits and explain 
why one does not say that lim^o \ = oo. What is the correct statement? Contrast 
this to the result in (a). 

d) The definition used above and in parts (a) and (b) cannot be used for functions whose 
limits at infinity are infinite. Here we modify the definition as follows: We say that 
lim z ^oo/(z) = oo if, given p > 0 , there exists r > 0 such that |/(z)| > p for all 
r < |z|. In other words, one can make the magnitude of /(z) exceed any preassigned 
positive real number p if one is at any point at least a distance r from the origin. Using 
this definition, show that 1 im- >ot z 2 = oo. How should we choose rl 

2.3 The Complex Derivative 

Review 

Before discussing the derivative of a function of a complex variable, let us briefly 
review some facts concerning the derivative of a function of a real variable fix). The 
envative of f(x ) at xq, which is written f(x o), is given by 

/ Oo) = hm - -2 ———0 (2.3-1) 

Ax^O Ax 

If the limit in this expression fails to exist, f Oo) is undefined and fix') has no 
derivative (is not differentiable) at x 0 - 

■jj ^ ' s not continuous at xq, /'(xq) does not exist. However, a function can 

shri°t lnU ° US and S ‘ Ul HOt have a derivative - In Ec l- (2.3-1), Ax is a small increment, 
8*a D g P r °g ressive 'y to zero, in the argument of /(x). The increment can be either 
^ positive or a negative number. If f(x o) is to exist, identical finite results must be 
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Figure 2.3-1 


obtained from the right side of Eq. (2.3-1) for both the positive and negative choices. 
If two different numbers are obtained, f'(x o) does not exist. 

As an example of how this can occur, consider/(x) = 2|x| plotted in Fig. 2.3-1. 
It is not hard to show that f(x) is continuous for all x. Let us try to compute /'(0) by 
means of Eq. (2.3-1). With xq = 0, /(x o) = 0, and /(x o + Ax) = 2| Ax|, we have 


/'( 0 ) = 


lim 

Ax^>0 


2|Ax| 

Ax 


(2.3-2) 


Unfortunately, if Ax is positive, 2| Ax|/Ax has the value 2, whereas if Ax is negative, 
it has the value —2. The limit in Eq. (2.3-2) cannot exist, and neither does /'(0). Of 
course, the values 2 and —2 are the slopes of the curve to the right and left of x = 0. 

Computing the derivative of the above /(x) at any point xo ^ 0, we find that 
the limit on the right in Eq. (2.3-1) exists. It is independent of the sign of Ax; that 
is, the same value is obtained irrespective of whether we approach xo from the right 
(Ax > 0) or from the left (Ax < 0). The reader should do this simple exercise. 


Complex Case 

Given a function of a complex variable f(z), we now define its derivative. 


DEFINITION (Derivative) The derivative of a function of a complex variable 

f(z) at the point zo, which is written f'(zo) or (^f) , is defined by the following 

V az J zo 

expression, provided the limit exists: 


/'(zo) 


lim 

Az—>0 


/(zo + Az) - /(zq) 
Az 


(2.3-3) 


This definition is identical in form to Eq. (2.3-1), the corresponding expression 
for real variables.' 1 ' Like the derivatives for the function of a real variable, a function 


^Many texts contain this equivalent definition of the derivative: taking z = zo + Az, we have 
/ (zo) = hm z ->zo z=?o • 
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of a complex variable must be continuous at a point to possess a derivative there 
(see Exercise 19), but continuity by itself does not guarantee the existence of a 
derivative. 

Despite being like Eq. (2.3-1) in form, Eq. (2.3-3) is, in fact, more subtle. We 
saw that in Eq. (2.3-1) there were two directions from which we could approach 
xq. As Fig. 2.3-2 suggests, there are an infinite number of different directions along 
which zo + A z can approach z o in Eq. (2.3-3). Moreover, we need not approach 
Zo along a straight line but can choose some sort of arc or spiral. If the limit in 
Eq. (2.3-3) exists, that is, if f'(zo) exists, then the quotient in Eq. (2.3-3) must 
approach the same value irrespective of the direction or locus along which Az shrinks 
to zero. 

In the case of the function f(z) = z n (n = 0, 1,2,...), it is easy to verify 
the existence of the derivative and to obtain its value. Now f(zo ) = Zq, and 
/(zo + Az) = (zo + Az)”. This last expression can be expanded with the binomial 
theorem: 


(zo + Az)” = Zo + nz\ *(Az) + 


n(n — 1) 


(zo)"" 2 (Az)^ 


+ terms containing higher powers of Az. 


Thus 


f'(z o) = lim 

Az—>0 


= lim 

Az—>0 


/(zq + Az) — /(zq) 
Az 


n- 1 . , n(n - 1) 


z” + nzr x Az + 


(zo)” 2 (Az ) 2 + 


— 7 " 


= lim 

Az—>0 


Az 


«(*-!) 2 (££ + . 

2 Az 


BZ S ‘XI + 


= rc(zo) 


n -1 


We do not need to know the path along which Az shrinks to zero in order to obtain 


1 result. The result is independent of the way in which zo + Az approaches 


zo- 
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Dropping the subscript zero, we have 


d n 
—z = nz 
dz 


n— 1 


(2.3-4) 

Thus if n is a nonnegative integer, the derivative of z n exists for all z. When n 
is a negative integer, a similar derivation can be used to show that Eq. (2.3-4) 
holds for all z ^ 0. With n negative, z n is undefined at z = 0, and this value of 
z must be avoided. 


A more difficult problem occurs if we are given a function of z in the form f(z) — 
u(x, y) + iv(x, y ) and we wish to know whether its derivative exists. If the variables 
x and y change by incremental amounts Ax and Ay, the corresponding incremental 
change in z, called A z, is Ax + (Ay (see Fig. 2.3-3(a)). Suppose, however, that 
A z is constrained to lie along the horizontal line passing through zq depicted in 
Fig. 2.3-3(b). Then y is constant and A z = Ax. Now with Zq = x o + iyo, f(z ) = 
u(x, y) + iv(x, y), and f(zo) = u(x o, yo) + iv(x o, yo); we will assume that f'(zo) 
exists and apply Eq. (2.3-3): 


Azo) 


lim 

Ax—>0 


f(zo + Ax) - /(zo) 
Ax 


= lim 

Ax—>0 


i(xq + Ax, yo) + iv(x 0 + Ax, yo) - u(x o, yo) - iv(x o, yo) 

Ax 


We can rearrange the preceding expression to read 


f'(zo) = lim 

Ax—>0 


u(x 0 + Ax, yo) - u(xq, yo) v(xo + Ax, yo) - u(*o, yo) 

"T" ^ 


Ax 


Ax 


(2.3-5) 


We should recognize the definition of two partial derivatives in Eq. (2.3-5). Passing 
to the limit, we have 


Azo) 


du _8v 
dx dx 


xo-ro 


(2.3-6) 



x 0 x 0 + Ax 


z 0 +Az 

A 


Az 

zo 


Az 


• z 0 + Az 


x 0 x 0 + Ax 


(a) 


(N 


Figure 2.3-3 
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Instead of having zo + Az approach zo from the right, as was just done, we can 
allow zo + Az to approach zo from above. If Az is constrained to lie along the vertical 
line passing through zo in Fig. 2.3—3(b), Ax = 0 and Az = 'Ay. Thus proceeding 
much as before, we have 

.. /(zo + iky) - /(zo) 

f (zo) = lrm --- 

/ Ay ^ 0 iky 

u (x 0 , yo + Ay) + iv(x 0 , yo + Ay) - u(xq, y 0 ) - iv(x o, yo) 

= lrm - 77 - • 

Ay-^O L lAy 

(2.3-7) 


= lim 

Ay —>-0 


Passing to the limit and putting 1/i = — i, we get 

,, I du dv 
/ ( Z0 ) = (-/- + _ 


(2.3-8) 


Assuming /'(zo) exists, Eqs. (2.3-6) and (2.3-8) provide us with two methods 
for its computation. Equating these expressions, we obtain the result 


du .<3v\ 
dx dxj 


_du dv 
" dy dy 


(2.3-9) 


The real part on the left side of Eq. (2.3-9) must equal the real part on the right. 
A similar statement applies to the imaginaries. Thus we require at any point where 
f(z) exists the set of relationships shown below: 


(2.3-10a) 


CAUCHY—RIEMANN EQUATIONS 


Tx = ~Ty (2J - 10b) 

This set of important relationships is known as the Cauchy-Riemann (or C-R) 
equations/ They are named after the French mathematician Augustin Cauchy 
(1789-1857), who was widely thought to be their discoverer, and for the German 
mathematician George Friedrich Bernhard Riemann (1826-1866), who found early 
and important application for them in his work on functions of a complex variable. It 
is now known that another Frenchman, Jean D’Alembert (1717-1783), had arrived 
at these equations by 1752, ahead of Cauchy. 

We will encounter Cauchy again in connection with the Cauchy-Goursat 
theorem, the Cauchy Integral Formula, and the Cauchy Principal Value. His is 
^ most prevalent name in this text. One of the giants of 19th-century mathematics, 
della” an ^ l ° be the founder of com plex variable theory as well as the “epsilon- 
of th p n ' l ' 0n of a llmit that we are familiar with. Cauchy was born at the time 
fath 6 rench Revolution, and his family was forced to flee Paris for fear that his 
math 1 WOuld 1?ace 1116 guillotine. Interestingly, Cauchy’s original training was not in 
wr emadcs but in civil and military engineering. 


pronounced “coe-she ree-mahn equations.” 
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Riemann will reappear also in connection with his mapping theorem as well as 
his legendary zeta function, still a subject of great interest. In elementary calculus, 
the reader learned Riemann’s definition of the integral as the limit of a sum now 
referred to as the “Riemann Sum.” 

If the C-R equations fail to be satisfied for some value of z, say, zq, we know 
that /'(zo) cannot exist since our allowing A z to shrink to zero along two different 
paths (Fig. 2.3—3(b)) leads to two contradictory limiting values for the quotient in 
Eq. (2.3-3). Thus we have shown that satisfaction of the C-R equations at a point 
is a necessary condition for the existence of the derivative at that point. The mere 
fact that a function satisfies these equations does not guarantee that all paths along 
which z o + A z approaches zo will yield identical limiting values for the quotient in 
Eq. (2.3-3). In more advanced texts ^ the following theorem is proved for f(z) = 
u + iv. 

THEOREM 3 If u, v and their first partial derivatives ( du/dx, dv/dx, du/dy, 
dv/dy ) are continuous throughout some neighborhood of zo, then satisfaction of the 
Cauchy-Riemann equations at Zo is both a necessary and sufficient condition for the 
existence of /'(zo)- • 

With the conditions of this theorem fulfilled, the limit on the right in Eq. (2.3-3) 
exists; that is, all paths by which zo + Az approaches zo yield the same finite result 
in this expression. 

The following example, although simple, illustrates an important result which 
should be memorized. 

EXAMPLE 1 Using the Cauchy-Riemann equations, show that the function 
f(z) = z is not differentiable anywhere in the complex plane. 

Solution. We have f(z) = x — iy = u + iv. Thus u = x and v = —y. Let us see if 
Eq. (2.3—10a) is satisfied—we check whether du/dx = dv/dy. In the present prob¬ 
lem, du/dx = 1, while dv/dy = — 1. The first of the C-R equations is satisfied 
nowhere in the complex plane, and we can stop at this point. Although the other 
C-R equation, dv/dx = —du/dy is satisfied (verify that you get 0 = 0), this is 
immaterial. If the derivative is to exist, both equations must be satisfied. • 

Comment. In Exercise 3, you will obtain this same result for the derivative by the 
slightly more tedious method of direct application of Eq. (2.3-3). 

EXAMPLE 2 Investigate the differentiability of /(z) = z 2 = (x + iy) 2 = x 2 — 
y 2 + i2xy. 


^See J. Bak and D. J. Newman, Complex Analysis (New York: Springer-Verlag, 1982), Chapter 3. Other 
sufficient conditions for the existence of the derivative in a domain (treated in the next section) as well as some 
history of the problem of finding sufficient conditions are to be found in the article “When is a Function that 
Satisfies the Cauchy-Riemann Equations Analytic?” by J. D. Gray and S. A. Morris, American Mathematical 
Monthly , 85:4 (April 1978): 246-256. 
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Solution. We already know (see Eq. 2.3^4) that f (z) exists, but let us verify this 
result by means of the C-R equations. Here, u = x 2 - y 2 , v = 2xy, du/dx = 2x = 
dv/dy and dv/dx = 2y = —du/dy. Thus Eqs. (2.3-10) are satisfied for all z. Also, 
because u, v, du/8x, dv/dy, etc., are continuous in the z-plane, f(z) exists for all z. 


EXAMPLE 3 Investigate the differentiability of f(z) = zz = |z| 2 . 

Solution. Here the C-R equations are helpful. We have u + iv = |z| 2 = x 2 + y 2 . 
Hence, u = x 2 + y 2 and v = 0, therefore, du/dx = 2x, dv/dy = 0, du/dy = 2y, 
and dv/dx = 0. If these expressions are substituted into Eq. (2.3-10), we obtain 
2 X = 0 and 2y = 0. These equations are simultaneously satisfied only where x = 0 
and y = 0, that is, at the origin of the z-plane. Thus this function of z possesses a 
derivative only for z = 0. • 

Let us consider why the derivative of |z| 2 fails to exist except at one point. 
Consider the definition in Eq. (2.3-3) and refer to Fig. 2.3^4. At an arbi¬ 
trary point, zo = xo + iyo, we have f(z 0 ) = \zo\ 2 = l*o + «>ol 2 = x 2 + y 2 . With 
Az = Ax + /Ay then, f(zo + Az) = |zo + Az| 2 = |(x 0 + Ax) + /(y 0 + Ay)| 2 = 
x 2 + 2 x 0 Ax + (Ax) 2 + yl + 2y 0 Ay + (Ay) 2 . Thus 


lim 

Az—>0 


/(zo + A z) - /(zo) 
Az 


2x 0 Ax + 2y 0 Ay + (Ax) 2 + (Ay) 2 

lim --- — - 

Ax + lAy 


(2.3-11) 


Now, suppose we allow Az to shrink to zero along a straight line passing through 
zo with slope m. This means that Ay = m Ax. With this relationship in Eq. (2.3-11), 
we have 


^ 2xqAx + 2yomAx + (Ax) 2 + m 2 (Ax) 2 
A*-»-0 Ax(l+/m) 


= lim 

Ax—>0 


2xo + 2yom 
1 + im 


+ 


Ax 

1 + im 


m 2 Ax 
1 + im 


2xp + 2ypm 
1 + im 


Unless xo = 0 and yo = 0, this result is certainly a function of the slope m, that is, of 
the direction of approach to zo- For example, if we approach zo along a line parallel 
to the x-axis, we put m = 0 and find that the result is 2xq. However, if we approach 



Figure 2.3-4 
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zo along a line making a 45° angle with the horizontal, we have Ay = Ax, or m = 1 . 
The expression becomes (2;co + 2 vq) /(I + i). 

EXERCISES 


Sketch the following real functions /(x) over the indicated interval. A plot obtained from 
MATLAB or a graphing calculator is encouraged. In each case, find the one value of x where 
the derivative with respect to x fails to exist. State whether the function is continuous at this 
point. A rigorous justification is not required. 

1 . /(x) = sin \x\, 1 < x < 1 2. /(x) = (x — l ) 2 / 3 (use the real root) for 0 < x < 2 


3. In Example 1, we showed that f{z) = z is not differentiable. Obtain this conclusion by 
using the definition in Eq. (2.3-3) and show that this results in your having to evaluate 
limA z _>o 2 arg (Az). Why does this limit not exist? 

For what values of the complex variable z do the following functions have derivatives? 

4. c (a constant) 5. 1 + iy 6. z 6 7. z -5 8. y + ix 9. xy(l + i) 

10. x 2 + iy 11. x + i|y| 12. e* + ie 2y 13. y — 2xy + i(—x + x 2 — y 2 ) 

14. (x — l) 2 + iy 2 + z 2 15. /(z) = cos x — i sinh y 

16. /(z) = 1/z for |z| > 1 and /(z) = z for |z| < 1 


17. Find two functions of z, neither of which has a derivative anywhere in the complex plane, 
but whose nonconstant sum has a derivative everywhere. 

18. Let f(z) = u(x, y) + iv(x, y). Assume that the second derivative /"(z) exists. Show that 


f"(z) 


8 2 u ,8 2 v 

dx 2 5x 2 


and f"(z) 


8 2 u 8 2 v 

dy 2 8y 2 


Hint: See the derivation of Eqs. (2.3-6) and (2.3-8). 

19. Show that if /'(zo) exists, then /(z) must be continuous at zo- 
Hint: Let z = zo + Az. Consider 


lim 

Az-m 


/(zo + Az) - /(zp) 

Az 


lim Az. 

Az->0 


Refer to Eq. (2.2-10b) of Theorem 1 . 


2.4 The Derivative and Analyticity 
Finding the Derivative 

If we can establish that the derivative of f(z ) = u(x, y) + iv(x, y) exists for some z, 
it is a straightforward matter to find f'(z). In theory, we can work directly with the 
definition shown if Eq. (2.3-3) but this is generally tedious. 

If u(x, y) and v(x, y ) are stated explicitly, then we would probably use either 
Eq. (2.3-6), /'(z) = du/dx + idv/dx. Or Eq. ( 2 . 3 - 8 ), /'(z) = dv/dy - idu/dy. The 
method is illustrated in the example that follows. 
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EXAMPLE 1 Find the points where f(z) = -y + (x - l) 2 + i[x(y - l) 2 + x] 
has a derivative and evaluate the derivative there. 

Solution. Taking u(x, y) = -y+(x- l) 2 and v(x, y) = x(y - l) 2 + a, we apply 
the Cauchy-Riemann equations and quickly discover that they are satisfied only at 
the point x = l,y = 1 . The reader should verify this. To compute the derivative here, 
we can use either Eq. (2.3-6) or (2.3-8). Choosing the former, we have that 


, , du d v 

^ 1 + 0= s + 's 




— 2(x 1) + i(y 0 + i 




In section 2.3 we observed that dz n /dz = nz ” _1 , where n is any integer. This 
formula is identical in form to the corresponding expression in real variable calculus, 
dx n /dx = nx n ~ l . Thus to differentiate such expressions as z 2 , 1/z 3 , etc., the usual 
method applies and these derivatives are, respectively, 2 z and -3 z~ 4 . There is no point 
in writing functions like z " in the form u(x, y) + iv(x, y) in order to take a derivative. 

The reason that the procedure used in differentiating x n and z" is identical lies 
in the similarity of the expressions 


lim 

Az->0 


f(z + Az) - f(z) 
A z 


and 


lim 

Ax->0 


f(x + Ax) - f(x) 
Ax 


which define the derivatives of functions of complex and real variables. Thus we 
have the following: 


All the identities of real differential calculus that are obtained through direct 
manipulation of the definition of the derivative can be carried over to functions 
of a complex variable. 


THEOREM 4 Among the important identities satisfied when f(z) and g(z) are 
differentiable for some z are 


^(/(z) ± g(z)) = f(z) ± g'(z); 

-^(f(z)g(z)) = f'(z)g(z)+f(z)g'(zy, 

— lIQ) = f( z )8(z) ~ f(z)g’(z) 
d z\g(z)J [g(z)] 2 


provided g(z) A 0; 


(2.4-la) 

(2.4-lb) 

(2.4-lc) 


f- z f(8(z)) = (2.4-Id) 

The validity of the last formula requires not only that g'(z) exists but also that f(w) 
exists at the point w = g(z). • 

Thus a function formed by the addition, subtraction, multiplication, or division 
of differentiable functions is itself differentiable. Equations (2.4-la-c) provide a 
means for finding its derivative. 

Equation (2.4—la) is readily extended to the derivative of the sum of three or 
more functions. It should be obvious from this generalization and Eq. (2.3-4) that 
the polynomial/(z) = a n z n + a n -\z n ~ l + • • • + ao, where n > Ois an integer, has 
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derivative/'(z) = a n nz n ~ l + a n .~1 ( n ~ 1 )z n ~ 2 + ■ ■ ■ + ci\, which perfectly paral¬ 
lels a corresponding result in real calculus. Another useful formula is the “chain 
rule” (2.4—Id) for finding the derivative of a composite function. It is applied in the 
ways familiar to us from elementary calculus, for example, 

Uz 3 + z 2 + l) 10 = 10(z 3 + z 2 + l) 9 -^-(z 3 + z 2 + 1) 
dz dz 

= 10(z 3 + z 2 + 1) 9 (3z 2 + 2z). 

The equations contained in Eq. (2.4-1) are of no use in establishing the 
differentiability or in determining the derivative of any expression involving |z| 
or z. We can rewrite such functions in the form u(x, y) + iv(x, y) and then apply the 
Cauchy-Riemann equations to investigate differentiability. If the derivative exists, 
it can then be found from Eq. (2.3-6) or Eq. (2.3-8). These ideas are illustrated in 
the following. 

EXAMPLE 2 Find the derivative of the function /(z) = z 2 + z 2 + 2z wherever 
the derivative exists. 

Solution. The first term on the right, z 2 , has a derivative everywhere—it is just 2z. 
The derivative of z 2 + z 2 + 2z, which is the sum of the derivatives of z 2 and z 2 + 2z, 
can thus have a derivative only where z 2 + 2z has a derivative (see Exercise 11 in this 
connection). Now z 2 + 2z = x 2 — y 2 + 2x + i(—2xy — 2 y) = u(x, y) + iv(x, y). 
Applying the Cauchy-Riemann equations to u — x 2 — y 2 + 2x and v — (—2 xy — 
2y), we find that they are satisfied only at x = — 1, y = 0. The reader should 
verify this. Now from Eq. (2.3-6) we have, at this point, i(i 2 + 22)1^ = 
fx(x 2 -y 2 + 2x )\ x= -i,y =0 + - 2 >OL- 1,,=0 = 0. The derivative of/(z) 

at the one point where it exists is thus simply 2z evaluated at (—1, 0), namely —2. 


Using the definition of the derivative, we can obtain L’Hopital’s Rule for 
functions of a complex variable. The rule will be used at numerous places in later 
chapters. It states the following. 


L’HOPITAL’S RULE If g(z 0 ) = 0 and h(z 0 ) = 0, and if g(z) and h{z) are 
differentiable at zo with h'(zo) A 0, then 


zo h(z) 


g'(zo) 

h'(zo)' 


(2.4-2) 


The preceding rule is formally the same as that used in elementary calculus for 
evaluating indeterminate forms involving functions of a real variable. 

To prove (2.4-2) we observe that since g(zo) = 0, h(zo) = 0. then 

g(z) g(z) ~ g(zo) I Hz) ~ h(z 0 ) (2.4-3) 

Hz) z - zo / z - zo ’ °" 

Putting z = Zo + Az in the preceding, we have that 

s(z) g(z 0 + Az) — g(zo) IHzo + Az) - h(zp) 


(2.4-3) 


(2.4—4) 
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Taking the limit z -* Zo in Eq. (2.4-3) is equivalent to taking the limit Az -> 0 in 
p n 4 — 4 ). Now, recall from Eq. (2.2-10c) that the limit of the quotient of two func- 
, C| ' g - s t jje quotient of their limits (provided the denominator is nonzero). Applying 
this fact, letting Az -* 0 in Eq. (2.4-4), and using the definition of the derivative, 
we have the desired result: 


g(z) g(zo + Az) — g(z) 

1% h(z) Az->o Az 


lim 

Az->0 


h(zp + Az) - h(z) 
Az 


g'(zo) 
h'(zo) ’ 


EXAMPLE 3 Find 


Z - 2 i 

^^re¬ 


solution. Taking g(z) = z - 2i, h(z) = z 4 - 16, z 0 = 2i, we see that g(z 0 ) - 0, 
h(z 0 ) = 0, g'(zo) = 1, and A'(zo) = 4(2/) 3 = —32/. L’Hopital’s Rule can be applied 
since g(zo) = 0, h(zo) = 0 while h’(zo) ^ 0. The desired limit is l/(-32/). • 


Comment. If g(z 0 ) = 0 = h(z 0 ), h’(z 0 ) = 0 while g'(z 0 ) A 0, then L’Hopital’s 
Rule does not apply. In fact, one can show that lim z -+ zo (g(z)/h(x)) does not exist, 
and the magnitude of this quotient grows without bound as z -> Zo- 

On the other hand, if g(zo), h(zo), g'(zo). and h'(zo) are all zero, the limit may 
exist, but Eq. (2.4-2) cannot yield its value. An extension of L’Hopital’s Rule can be 
applied to these situations.1 It asserts that if g(z), h(z), and their first n derivatives 
vanish at zo and M" +1 )(zo) 9 ^ 0, then 


Hm gOO = g (n+1) (zo) 
z^zo h(z) h( n+1 )(zo) 


Analytic Functions 

The concept of an analytic function, although seemingly simple, is at the very core 
of complex variable theory, and a grasp of its meaning is essential. 

DEFINITION (Analyticity) A function f(z) is analytic at zo if f'(z) exists not 
only at zo but at every point belonging to some neighborhood of zo- • 

Thus for a function to be analytic at a point it must not only have a derivative 
at that point but must have a derivative everywhere within some circle of nonzero 
radius centered at the point. $ 

DEFINITION (Analyticity in a Domain) If a function is analytic at every point 
e onging to some domain, we say that the function is analytic in that domain. • 

It is quite possible for a function to possess a derivative at some point yet fail to 
analytic at that point. In Example 2 of section 2.3, we considered/(z) = |z| 2 and 
°und it to have a derivative only for z — 0. Every circle that we might draw about 

This is proved in Exercise 15 of section 6.2. 

terms holomorphic and regular are also used in place of analytic in other books. 
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the point z = 0 will contain points at which f(z) fails to exist. Hence, f(z) is not 
analytic at z = 0 (or anywhere else). 


EXAMPLE 4 For what values of z is the function f(z) = x 2 + iy 2 analytic? 


Solution. From the C-R equations, with u = x 2 , v= y 2 , we have 


du 

— =2x = 2y = 


dv 


and 


dv _ _ du 

dx dy‘ 


Thus f(z) is differentiable only for values of z that lie along the straight line x = y 
If zo lies on this line, any circle centered at zo will contain points for which f( z ) 
does not exist (see Fig. 2.4-1). Thus f(z) is nowhere analytic. V j 

Equations (2.4-1 a-d), which yield the derivatives of sums, products, and so 
forth, can be extended to give the following theorem on analyticity: 


THEOREM 5 If two functions are analytic in some domain, the sum, difference, 
and product of these functions are also analytic in the domain. The Quotient of these 
functions is analytic in the domain except where the denominator equals zero. An 
analytic function of an analytic function is analytic. # 


EXAMPLE 5 Using Theorem 5 prove that if f(z) is analytic at z 0 and g(z) is not 
analytic at zq, then h(z) = f(z) + g(z) is not analytic at Zo. 

Solution. Assume h{z) is analytic at zc>. Then h(z) - f(z) is the difference of two 
analytic functions and, by Theorem 5, must be analytic at z 0 - But we contradict 
ourselves since h(z) — f(z) is g(z) , which is not analytic at zo- Thus our assumption 
that h(z) is analytic at Zo is false. # 

Incidentally, the sum of two nonanalytic functions can be analytic (see 
Exercise 12), the product of an analytic function and a nonanalytic function cannot 
be analytic (see Exercise 13) and the product of two nonanalytic functions can be 
analytic (see Exercise 14). 


DEFINITION (Entire Function) A function that is analytic throughout the 
finite z-plane is called an entire function. • 

Any constant is entire. Its derivative exists for all z and is zero. The function 
f(z) = z n is entire if n is a nonnegative integer (see Eq. 2.3—4). Now a n z ”, where 



Figure 2.4-1 
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w 

is any constant, is the product of entire functions and is also entire. A polyno¬ 
mial expression a n z n + a n -iZ n ~ l -\ -+ ao is entire since it is a sum of entire 

functions. 

DEFINITION (Singularity) If a function is not analytic at zo but is analytic 
for at least one point in every neighborhood of Zq, then Zo is called a singularity (or 
singular point ) of that function. • 

A rational function 

( . _ a n z n + a n -iz n ~ l -\ -b ap 

nZ ~b m z m + b m - 1 z m ~ 1 + --- + b 0 ’ 

where m and n are nonnegative integers and a n ,b m , etc., are constants, is the quotient 
of two polynomials and thus the quotient of two entire functions. The function f(z) 

is analytic except for values of z satisfying b m z m + b m ~\z m ~ l H-1- b () = 0. The 

solutions of this equation are singular points of f(z). 


EXAMPLE 6 For what values of z does 


fail to be analytic? 


f(z) 


Z 3 + 2 

z 2 + 1 


Solution. For z satisfying z 2 + 1 = 0 or z = H. Thus f(z) has singularities at +/ 
and-i. 


In Chapter 3, we will be studying some transcendental functions of z. Here the 
portion of our theorem that deals with analytic functions of analytic functions will 
prove useful. For example, we will define sin z and learn that this is an entire function, 
ow \/z is analytic for all z ^ 0. Hence, sin(1 /z 2 ) is analytic for all z A 0. 

Equation (2.4-l(d)) which is the familiar “chain rule” for the derivative of a 
composite function, sometimes quickly tells us that a given function fails to be 
analytic, especially when z is involved, as illustrated in the following example. 


show m LE? In Cha P ter 3 ’ we wil1 define the function of a complex variable 

the e a 111S Cntire and never zero ’ and wil1 see that its derivative (as in the case of 
e corresponding real function) is eC Show that t* is nowhere analytic. 

lution. Assuming that e z is differentiable, we follow the chain rule and get 

llz dz . dz ■ ^he first term on the right is e z , while the second does not exist. 

dfiferelrilh'i 1 Example sect ion 2.3, that z is not differentiable.) Thus e z is not 
miable and is nowhere analytic. 


Analyticity Of Functions Expressed in Polar Variables 

1ST: . instead of ex P re ssing a function of z in the form f(z) = u(x, y) + 
■* ’ y> ’ 11 1S convenient to change to the polar system r, 9 so that x = r cos 9, 
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y — r sin 8. Thus f{z) = u(r, 6 ) + iv(r, 6). In Exercise 23, we show that the appro¬ 
priate form of the Cauchy-Riemann equation is now 


du 

dr 

dv 

dr 


1 dv 
r d9’ 

1 du 

~7d9' 


(2.4-5a) 


(2.4—5b) 


The equations can be used for all r, 0 except where r = 0. In the same problem, we 
show that if the derivative of f(z) exists it can be found from either of the following: 


j du <?u\ 

/ (z) = I Y r + ' Y r J ( C0S 9 ~ 1 sin ’ (2-4-6) 

/,(Z) = + *%) (t) (C0S 6 ~ 1 sin (2 - 4 ~ 7 ) 

Note that Theorem 5 applies equally well to analytic functions expressed in polar or 
Cartesian form. 


EXAMPLE 8 Investigate the analyticity of 

f(z) = r 2 cos 2 0 + ir 2 sin 2 0 

for z 0. 

Solution. Letting u= r 2 cos 2 0, v = r 2 sin 2 0, we find that (2.4-5a) and (2.4—5b) 
become, respectively, 

2rcos 2 0 = 2r sin 0cos 0, 

2rsin 2 0 — 2r sin 0cos 0 . 

If cos 0 = 0, the first equation will be satisfied, but the second cannot since it re¬ 
duces to sin 2 0=0, which is not satisfied when cos 0 = 0. Thus cos 0 ^ 0. Simi¬ 
larly, although sin 0 = 0 solves the second equation, it will not solve the first. Thus 
sin 0^0. Canceling r ^0 from both sides of the above equations, dividing the first 
by cos 0 and the second by sin 0, we find that both equations reduce to sin 0 = cos 0, 
or tan 0 = 1. Thus 0 = %/A and 5%/A, while r may have any value except zero. 
Sketching the rays 0 = %/A and 0 = 5%/A, we find that f(z) has derivatives only on 
the fine x = y. Our polar Cauchy-Riemann equations cannot establish whether 
the derivative exists at the origin. Because there is no domain throughout which 
f(z) has a derivative, f(z) is nowhere analytic. Note that the present example is 
really the same as Example 4 but f(z) has been recast in polar form. The conclusion 
is the same. • 


exercises 

1. The function f(z) = xy + i(xy + x) has a derivative at exacdy one point. After locating 
this point, find the derivative there and give the numerical value. Is the function analytic 
at this point? 
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2 a) Find the derivative of /(z) = 1/z + (x - l ) 2 + ixy at any points where the derivative 
exists. Give the numerical value, 
b) Where is this function analytic? 

3. a) Where is the function /(z) = z 3 + z 2 + 1 analytic? 

b) Find an expression for f'(z) and give the derivative at 1 + i. 

4 a) where does the function /(z) = z 2 + 0 - l ) 2 + i(y - l ) 2 have a derivative? 

b) Where is this function analytic? Explain. 

c) Derive a formula that will yield the derivative of this expression at points where the 
derivative exists, and use this formula to find the numerical value of the derivative at 
the point z = 1 + i- 

5 . a) Show that /(z) = is ™ entire function. Pay attention to the possi¬ 

bility of a vanishing denominator. 

b) Obtain an explicit expression for the derivative of this function and find the numerical 
value of the derivative at 1 + in/4. 

6 . a) Show that z [cos x cosh y — i sin x sinh y] is an entire function. 

b) Find an explicit expression for the derivative of this function and give the numerical 
value of the derivative at z = i- 

7. Find the derivative at z = n + 2i of the function [sin x cosh y + i cos x sinh y] 5 . 

Hint: Do not raise the expression in the brackets to the 5th power—show that the function 
in the brackets is entire and then use part (d) of Theorem 4. 

8 . a) Where is the function /(z) = analytic? 

b) Find 


Use L’Hopital’s Rule to establish these limits: 


9. 


(z - i) + (z 2 + 1 ) 
z 2 - 3 iz — 2 


as z 


10 . 


(z + 0 

(z 2 + l)z 


as z 


11 * ^ g(z) has a derivative at zo and h(z) does not have a derivative at zo, explain why 
g(z) + h(z) cannot have a derivative at zo- 

12. Find two functions, each of which is nowhere analytic, but whose sum is an entire function. 
Thus the sum of two nonanalytic functions can be analytic. 

13. a) Assume g(z) is analytic and nonzero at zo and that h(z) is not analytic at the same 

point. Show that /(z) = g(z)h(z) cannot be analytic at this point. 

Hint: Assume that /(z) is analytic and show, with the aid of Theorem 5, that a con¬ 
tradiction is obtained. 

b) Using the above result, you can immediately argue that the function z 2 z cannot be 
analytic for z /= 0. Using the definition of analyticity, how can you conclude that this 
function is not analytic at z = 0 as well? 

14. Consider.functions g(z) and h(z) where neither function is analytic anywhere in the 
complex plane. Find g and h such that their product is an entire function. 

Hint: Express one function as the quotient of a simple entire function and a function that 
is nowhere analytic. Choose for the second function something nowhere analytic. 
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15. a) Let </>(*, y) be a function whose partial derivatives with respect to x and y exist 

throughout a domain D. Assume 8 <f>/8x = 0, 8 <f>/8y = 0 throughout D. Prove that 
4>{x, y) is constant in D. 

Hint: Let xo.yo be a point in D. Suppose you move from this point to another 
point xi_yo which is to the right or left of the original point. Assume that these 
points are sufficiently close together that the horizontal straight-line path connecting 
them lies within D. Argue that the values of </>(x, y) assumed at these two points 
must be the same. Observe that the same kind of argument works if you move 
from xo,yo to a point above or below, while you remain in D. Now notice that any 
two points in D can be connected by a curve consisting of small steps parallel to 
the x and y axes (a staircase). Argue that </>(x, y) would not change along such a 
path—therefore the value of </>(x, y) is the same for any two points in D and is thus 
constant. 

b) Using the preceding and the C-R equations, prove that if an analytic function is purely 
real in a domain D, then the function must be constant in D. Explain why the preceding 
statement is true if we substitute the word “imaginary” for “real.” 

16. Suppose fz) = u + iv is analytic. Under what circumstances will g(z) = u — iv be 
analytic? 

Hint: Consider the functions/(z) + g(z) and/(z) — g(z). Then refer to Exercise 15. You 
may also use Theorem 5. 

17. Consider an analytic function /(z) = u + iv whose modulus |/(z) | is equal to a constant 
k throughout some domain. Show that this can occur only if /(z) is constant throughout 
the domain. 

Hint: The case k = 0 is trivial. Assuming k /= 0, we have u 2 + v 2 = k 2 or k 2 /(u + iv) = 
u — iv. Now refer to Exercise 16. 

18. a) Assume that both /(z) and fz) are defined in a domain D and that /(z) is analytic in 

D. Assume that/(z) = /(z) in D. Show that fz) cannot be analytic in D unless /(z) 
is a constant. 

Hint: fz) + fz) is real. Why? Now use the result of Exercise 15. 
b) Use the preceding result to argue in a few lines that (z ) 3 + z is nowhere analytic. 

19. Using an argument like that presented in Example 7, show that the following functions 
are nowhere analytic: 

a) (z + l ) 2 b) z 3 

20. This problem introduces us to complex functions of a real variable. They will usually 

appear in the form ft) = u(t) + iv(t), where wand rare real functions ofthe real variable 
t (a letter chosen to suggest time). The rule for differentiating ft) is identical to that used 
in real calculus. We use Eq. (2.3-1), rewritten here as /'(to) = lim^-^o —. 

As ft) is defined only for a real variable, the concept of analyticity does not pertain. 
All of the rules learned in elementary calculus for differentiating areal function of areal 
variable apply to ft), with the additional obvious statement that fit) = u'{t) + iv'(t). 
We can plot in the complex plane (the u, u-plane) the locus assumed by fit) as the 
parameter t varies through some interval. 

a) Consider f{t) = cos t + i sin t. Draw the locus in the complex plane describing fit) 
as t advances from 0 to 2 n. 

b) For the function of part (a), find fit) and show that for any t the vector representation 
of fit) is perpendicular to that of ft). 



i 


Exercises 79 


, We can think of the vector for f{t) as giving the position of a moving particle as 

C ' a function of time t, and the vector for f(t) as specifying the velocity (the time 
derivative of the position). Explain with the aid of the figure found in (a) why the 
position and velocity vectors are at right angles for the given function of time, for this 
particular function. Show that the vector for the acceleration f"(t) is perpendicular to 

the velocity. 

d) If the path describing fit) in the complex plane, as t varies, is complicated, we might 
’ wish to use a computer to generate this locus. Using MATLAB, or comparable soft¬ 
ware, display the locus in the complex plane of /(f) = 1 + , 5 (c ^ s 4 ~ s int) as t goes from 
0 to 2n. Label the path with a sufficient number of values of t so that you can easily 
trace progression along the path with increasing t. 

e) If we regard f(t) in the above as the position of a particle as a function of time, 
find a corresponding expression for the velocity of the particle and make a computer 
generated plot of this velocity over the time interval used in (d); indicate times on the 
plot. Verify by visual inspection of the plots in this part and part (d) that the velocity 
vector appears tangent to the path taken by the particle at any time t; this result is 
exactly true in general. 


Where in the complex plane are the following functions analytic? The origin need not be 
considered. Use the polar form of the Cauchy-Riemann equations. 

21. r cos 9 + ir 22. r A sin 4 9 — ir A cos 49 


23. Polar form of the C-R equations. 

a) Suppose, for the analytic function /(z) = u(x, y) + iv(x, y),thatweexpressxandy in 
terms of the polar variables r and 9, where x = r cos 9 and y = r sin 9{r = v/x 2 + y 2 , 
9 = tan -1 (y/x)). Then /(z) = u(r, 9) + iv(r, 9). We want to rewrite the C-R equa¬ 
tions entirely in the polar variables. From the chain rule for partial differentiation, we 
have 

du ldu\ ldr\ ldu\ ld9\ 

8x \drj 9 \8xj y + \89j r \8xj y ' 

Give the corresponding expressions for 8 u/8y, dv/dx, dv/dy. 

b) Show that 

= cos 9, 



89\ — sin0 


I dxj y r 

and find corresponding expressions for (3r/fiy) x and ( 89/8y) x . Use these four 
expressions in the equations for du/dx, 8 u/ 8 y, dv/dx, and dv/dy found in part (a). 
Show that u and v satisfy the equations 


8 h dh 
T- = -T- cos 9 ■ 
Bx dr 


1 dh 
"rT9 


sin 9, 


dh dh . . I dh 

— = — sin 0 + - — cos 0 , 
oy dr r 89 


where h can equal u or v. 
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c) Rewrite the C-R equations (2.3-10a,b) using the two equations from part (b) of this 
exercise. Multiply the first C-R equation by cos 9, multiply the second by sin 9, and 
add to show that 


du 1 dv 

Tr~~rW (2.4-5a) 

Now multiply the first C-R equation by — sin 9, the second by cos 9, and add to show 
that 


dv — 1 du 
dr r 89 


(2.4—5b) 


The relationships of Eqs. (2.4—5a,b) are the polar form of the C-R equations. 
If the first partial derivatives of u and v are continuous at some point whose polar 
coordinates are r, 9{r fz 0), then Eqs. (2.4—5a,b) provide a necessary and sufficient 
condition for the existence of the derivative at this point. 

d) Use Eq. (2.3-6) and the C-R equations in polar form to show that if the derivative of 
f(r, 9) exists, it can be found from 


or from 


Az) = 


du .dv 
dr 'dr 


[cos 9 — i sin 0] 


Az) = 


du .dv 
89 +l ~89 



isin 0], 


(2.4-6) 


(2.4-7) 


2.5 Harmonic Functions 

Suppose we are given a real function (f>(x, y). How can we tell if there is an analytic 
function whose real part is 4>(x, y) ? If we can establish that (f>(x, y) is the real part 
of an analytic function, how might we determine the imaginary part? Restating the 
preceding mathematically: does there exist an analytic function f(z) = u(x, y) + 
iv(x, v), defined in some domain, such that u(x, y) is equal to the given function 
<p(x, y) in this domain? How does one then find v(x, y)? These are questions we will 
be answering in this section. We will also deal with an equivalent problem—finding 
out if a given function can be the imaginary part of an analytic function. Assuming 
the answer is affirmative, we can then see how to determine the real part of that 
analytic function. 

Consider an analytic function f(z) = u + iv. Then the Cauchy-Riemann 
equations 


du dv 
dx dy’ 
du dv 

dy dx 


(2.5-la) 


(2.5-lb) 
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satisfied by u and v. Now let us assume that we can differentiate Eq. (2.5-la) 
with respect to x and Eq. (2.5-lb) with respect to y. We obtain 


d 2 u 8 dv 

8x 2 dx dy ’ 

d 2 u 8 dv 

dy 2 dy dx 


(2.5-2a) 

(2.5-2b) 


It can be shown" that if the second partial derivatives of a function are continuous, 
then the order of differentiation in the cross partial derivatives is immaterial. Thus 
d 2 v/dxdy = 8 2 v/dydx. With this assumption we add Eqs. (2.5-2a) and (2.5-2b). 
The right-hand sides cancel, leaving 


d 2 u d 2 u 
dx 2 dy 2 


(2.5-3) 


Alternatively, we might have differentiated Eq. (2.5-la) with respect to y and 
Eq. (2.5-lb) with respect to x. Assuming that the second partial derivatives of u 
are continuous, we add the resulting equations and obtain 


d 2 v 

dx 2 


d 2 v 

+ v =a 


(2.5-4) 


Thus both the real and imaginary parts of an analytic function must satisfy a differ¬ 
ential equation of the form shown below: 


LAPLACE’S EQUATION* 


d 2 (j> d 2 (j) 

dx 2 dy 2 


(2.5-5) 


Laplace’s equation for functions of the polar variables /• and 0 is derived in 
Exercise 20 of the present section. 

In some books, Laplace’s equation is written V 2 <fi{x, y) = 0, where V 2 = + 

g ~2 is called the Laplacian operator. There is also a three-dimensional Laplacian 

operator, again written V 2 , but which contains an additional derivative with respect 
to a coordinate perpendicular to the xy-plane. This usage will not appear in this book. 


DEFINITION (Harmonic Function) Functions satisfying Laplace’s equation 
rn a domain are said to be harmonic in that domain. • 

a harmonic function is r/>(x, y) = x 2 —y 2 since d 2 (f>/dx 2 = 2, 
<p/8y = -2 and Laplace’s equation is satisfied throughout the z-plane. A function 


*L, 


ee w. Kaplan , Advanced Calculus (Reading, MA: Addison-Wesley, 1991), section 2.15. 


obtain^ 68 eqUation was der i ve d by the French mathematician Pierre Simon Laplace (1749-1827), who 
Celes 6d ^ stud ymg gravitation and its relation to planetary motion. His five-volume treatise Mecanique 
este (1799—1825) is considered the greatest work on motion in the solar system to follow Newton’s. He 
^t°nged to the French Senate and, thanks to an appointment by Napoleon, was briefly the Minister of the 
nor, but was replaced when his capacity for administration was found to be markedly inferior to his talents 

|S a mathematician. 
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satisfying Laplace’s equation only for some set of points that does not constitute a 
domain is not harmonic. An example of this is presented in Exercise 1 of this section 
A number of common physical quantities such as voltage and temperature 
are described by harmonic functions and we explore several such examples in th* 
following section. 1 ine 

Equations (2.5-3) and (2.5^t) can be summarized as follows: 

THEOREM 6 If a function is analytic in some domain, its real and imaemarv 
parts are harmonic in that domain. 5 y 

• 

A converse to the preceding theorem can be established, provided we limit 
ourselves to simply connected domains.! 1 


THEOREM 7 Given a real function </>(*, y) which is harmonic in a simply 
connected domain D, there exists in D an analytic function whose real part equals 
</>(■*, >')• There also exists in D an analytic function whose imaginary part is 

Given a harmonic function </>(*, y), we may wish to find the corresponding 
harmonic function v{x, y) such that ([>(x, y) + iv(x, y) is analytic. Or, given <b{x y) 
we might seek u(x, y) such that u(x, y) + i(f){x, y) is analytic. In either case, we 
can determine the unknown function up to an additive constant. The method is best 
illustrated with an example. 


EXAMPLE 1 Show that </> — x 3 - 3.ry 2 + 2y can be the real part of an analytic 
function. Find the imaginary part of the analytic function. 

Solution. We have 



and 


8 2 4> 

dy 2 


— 6x, 


which sums to zero throughout the z-plane. Thus 0 is harmonic. To find v(x, y) 
use the C-R equations and take w(x, y) = </>(*, y) : 


we 


du 


2 .2 


= 3x — 3y z = — 
dx dy 


du 

Ty =6Xy 


dv 

2 = Yx 


Let us solve Eq. (2.5-6) for v by integrating on y: 


(2.5-6) 

(2.5-7) 


v = J(3x 2 ~ 3y 2 ) dy or v = 3x 2 y-y 3 + C(x). (2.5-8) 

It I s important to recognize that the “constant” C, although independent of y, 
r? n " PCnd 0n dle ^triable x. The reader can verify this by substituting v from 

% (2.5-8) into Eq. (2.5-6). 


f R. Boas, Invitation to Complex Analysis (New York: Random House, 1987), section 19. 
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To evaluate C(x), we substitute v from Eq. (2.5-8) into Eq. (2.5-7) and get 
6 x y — 2 = 6xy + dC/dx. Obviously, dC/dx = —2. We integrate and obtain C = 
-2x + D, where D is a true constant, independent of x and y. Putting this value of 
C into Eq. (2.5-8), we finally have 

v = 3x 2 y - y 3 - 2x + D. (2.5-9) 


Since v is a real function, D must be a real constant. Its value cannot be determined 
if we are given only u. However, if we are told the value of v at some point in 
the complex plane, the value of D can be found. For example, given v = —2 at 
x = -1, y = 1, we substitute these quantities into Eq. (2.5-9) and find that D = - 6. 




DEFINITION (Harmonic Conjugate) Given a harmonic function u(x, y), we 
call v(x, y) the harmonic conjugate of u{x, y) if u(x, y) + iv(x, y) is analytic. ’ • 


This definition is not related to the notion of the conjugate of a complex num¬ 
ber. In Example 1, just given, 3x 2 y - y 3 - 2x + D is the harmonic conjugate of 
x 3 - 3xy 2 + 2y since f( z ) = x 3 - 3xy 2 + 2y + i(3x 2 y - y 3 - 2x + D) is analytic. 
However, x — 3xy + 2 y is not the harmonic conjugate of 3x 2 y — y 3 — 2x + D 
since f(z) = 3x 2 y - y 3 - 2x + D + i(x 3 - 3xy 2 + 2y) is not analytic. This matter 
is explored more fully in Exercises 9(d) and 10. 

Conjugate functions have an interesting geometrical property. Given a harmonic 
function u{x, y) and a real constant C u we find that the equation u(x, y) = C, is 
satisfied along some locus, typically a curve, in the xy-plane. Given a collection of 
such constants, C x , C 2 , C 3 ,..., we can plot a family of curves by using the equations 

u(x, y) Ci u(x, y) = C 2 , etc. A typical family for some u(x, y) is shown in solid 
lines in Fig. 2.5-L 


Suppose v(x, y) is the harmonic conjugate of u(x, y), and K x , K 2 K-i are 
real constants. We can plot on the same figure the family of curves given by v(x y) = 

’ y) ~ Kl ’ etC ” WWch are indicated b y dashed lines. We will now prove the 
Jlowing important theorem pertaining to the two families of curves 


C^ 01 ^ r ^ ~ >! ^ + iv ( x ' >! i be an analytic function and C U C 2 , 

4’plane^W ’ J’u " '' U be real constan ts. Then the family of curves in the 
V | WhlCh “ ■“ Cl ’ “ - C 2> etc., is orthogonal to the family given by 

that of another 2 ! x ’ ’ , at 1S ’ 1116 lntersectl °n of a member of one family with 
f{z) = 0 S PlaCe at a 9 °° angl6 ’ exCe P l P° ssib ly ^ any point where 

v = ^Tin EkV? 7 1116 intersection of the curve « = C, with the curve 

l ig. 2.5 1. Recall the total differential 

, 8u 8u 
du — ~yy~dx + —dy. 

Onth 5y 

e curve u = C\, u is constant, so that du = 0. Thus 

du du 

0 = Tx dx+ Y, dy ' 


(2.5-10) 
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Let us use Eq. (2.5-10) to determine dy/dx at the point of intersection X ], vj. We 
then have 

dy I du/dx 

dx Xl ,yi \ du/dy 

This is merely the slope of the curve u = C\ at the point being considered. Similarly, 
the slope of v = K\ at x \, yi is 



dy 

dx 




dv/dx\ 

dv /dy) Xl , yi 


(2.5-12) 


With the C-R equations 


dv du dv du 

dx dy dy dx ’ 


we can rewrite Eq. (2.5-12) as 


dy / du/dy\ 

dx x u yi \ 8u / dx )x uyi 


(2.5-13) 


Comparing Eqs. (2.5-11) and (2.5-13), we observe that the slopes of the curves 
u = C\ and v = K\ at the point of intersection x \, > ! ] are negative reciprocals of one 
another. Hence, the intersection takes place at a 90° angle. An identical procedure 
applies at any other intersection involving the families of curves. Notice that if 
f'(z) = 0 at some point, then according to Eqs. (2.3-6) and (2.3-8) the first partial 
derivatives of u and v vanish. The slope of the curves cannot now be found from 
Eqs. (2.5-11) and (2.5-12). The proof breaks down at such a point. 


EXAMPLE 2 Consider the function 

f(z) = ~Log(x 2 + y 2 ) + i arg z (natural log). 
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Figure 2.5-2 


where we use the principal value of arg z. Thus, —71 < arg z < n. Show that this 
function satisfies the Cauchy-Riemann equations in any domain not containing the 
origin and/or points on the negative real axis (where arg z is discontinuous), and that 
Theorem 8 holds for this function. 


Solution. We let u = 1 /2 Log(x 2 + y 2 ) and v = arg z. To apply the C-R equa¬ 
tions, we need v in terms of x and y. We may use either v = arg z = tan -1 (y/x) or 
v = arg z = cot -1 (x/y). The multivalued functions tan -1 (y/x) and cot -1 (x/y) are 
evaluated so that v will be the principal value of arg z. 

At most points we can use either the tan -1 or cot -1 expressions in the 
C-R equations. However, when x = 0 we employ the cot -1 formula, while when 
y = 0 we employ tan -1 . In this way we avoid having to differentiate functions whose 
arguments are infinite. Differentiating both u and v, we observe that the C-R equa¬ 
tions are satisfied. The reader should verify that the formulas for the derivatives of 
v produced by the expressions employing tan -1 and cot -1 are identical. Thus 


du 

8x 


+ y 2 


dv 

dy 


du 

and — = 


dy x 2 + y 2 


dv 

dx' 


Loci along which u is constant are merely the circles along which x 2 + y 2 assumes 
constant values, for example, x 2 + y 2 = 1, x 2 + y 2 = 2 2 , x 2 + y 2 = 3 2 , etc. 

Since v = arg z, the curves along which v assumes constant values are merely 
rays extending outward from the origin of the z- plane. Families of curves of the form 
an d v = K are shown in Fig. 2.5-2. The orthogonality of the intersections 

should be apparent. , 


EXERCISES 

B l* Where in the complex plane will the function </>(x, y) = x 2 — y 4 satisfy Laplace’s equa- 
/ tton? Why isn’t this a harmonic function? 
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2. Where in the complex plane will the function </>(x, y) = sin(xy) satisfy Laplace’s 
equation? Is this a harmonic function? 

3. Consider the function </> (x, y) = e ky sin(m.x). Assumingthisfunctionisharmonicthrough 
out the complex plane, what must be the relationship between the real constants k and 
ml Assume that ra^O. 

4. Find the value of the integer n if x n — y n is harmonic. 


Putting z = x + iy, show the following by direct calculation. 

5. Im(l/z) is harmonic throughout any domain not containing z = 0. 

6 . Re(z 3 ) is harmonic in any domain. 


7. Find two values of k such that cos.v[e y + e*- v ] is harmonic. 

8. If g(x)[e 2y - e~ 2y ] is harmonic, g(0) = 0, g'(O) = 1, find g(x ). 

9. a) Consider </>(x, y) = x 3 y — y 3 x + y 2 — x 2 + x. Show that this can be the real part or 

the imaginary part of an analytic function. 

b) Assuming the preceding is the real part of an analytic function, find the imaginary 
part. 

c) Assuming that </>(.v, y) is the imaginary part of an analytic function find the real part. 
Compare your answer to that in part (b). 

d) If </>(x, y) + iv(x, y) is an analytic function and if u(x, y) + i<f>(x, y) is also analytic, 
where </>(x, y) is an arbitrary harmonic function, prove that, neglecting constants, 
u(x, y) and v(x, y) must be negatives of each other. Is this confirmed by your answers 
to parts (b) and (c)? 

10. Suppose that f(z) — u + iv is analytic and that g(z) = v + iu is also. Show that v and u 
must both be constants. 

Hint: —if(z) = v — iu is analytic (the product of analytic functions). Thus g(z ) ± if(z) 
is analytic and must satisfy the C-R equations. Now refer to Exercise 15 of section 2.4. 

11. Find the harmonic conjugate of e x cos y + e y cos x + xy. 

12. Find the harmonic conjugate of tan ~ l (x/y) where —n < tan _1 (x/y) < n. 

13. Show, if u(x, y) and u(.v, y) are harmonic functions, that u + v must be a harmonic 
function but that uv need not be a harmonic function. Is e u e° a harmonic function? 


If v(x, y) is the harmonic conjugate of u(x,y ) show that the following are harmonic functions. 

14. uv 15. e“ cos v 16. sin u cosh v 


17. Consider f(z) = z 2 = u + iv. 

a) Find the equation describing the curve along which u = 1 in the xy-plane. Repeat for 
v ~ 2 . 

b) Find the point of intersection, in the first quadrant, of the two curves found in part (a). 

c) Find the numerical value of the slope of each curve at the point of intersection, which 
was found in part (b), and verify that the slopes are negative reciprocals. 

18. a) Show that f(z) = e x cos y + ie x sin y = u + iv is entire. 
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b) Consider the curve in the xy plane along which u = 1. Using MATLAB, generate the 
portion of this curve lying in the first quadrant. Restrict y to satisfy 0 < y < tt/ 2 and 
place the same restriction on x. Repeat the preceding but consider u = 1/2. Make 
both plots on a single set of coordinates. 

c) Repeat part (b) but generate the curves for which v = 1 and 1/2. Make the plots on the 
coordinate systems of part (a) so that the orthogonality of the intersections is apparent. 

d) Find mathematically the point of intersection of the curves u = 1 and v= 1/2. Verify 
this from your plot. 

e) Taking derivatives, find the slopes of the curves u = 1 and v = 1/2 at their point 
of intersection and verify that they are negative reciprocals. Confirm your result by 
inspecting the plot. Note that the curves in the plot will not appear to intersect orthog¬ 
onally unless you have used the same scale for the horizontal and vertical axes. 

19. Consider f(z) = z 3 = u + iv. 

a) Find the equation describing the curve along which u = 1 in the xy-plane. Repeat for 
v = 1. In each case, sketch the curves in the first quadrant. 

b) Find mathematically the point of intersection (xq, yo) in the first quadrant of the two 
curves. This is most easily done if you let z = r cis 9. First find the intersection in 
polar coordinates. 

c) Find the slope of each curve at the point of intersection. Verify that these are negative 
reciprocals of each other. 

20. a) Let x = r cos 9 and y = r sin 9, where r and 9 are the usual polar coordinate variables. 

Let f(z) = u(r, 9) + iv(r, 9) be a function that is analytic in some domain that does 
not include z = 0. Use Eqs. (2.4-5a,b) and an assumed continuity of second partial 
derivatives to show that in this domain u and v satisfy the differential equation 

d 2 4> 1 3 2 </> 1 dtp 

^2+/2 W- + ~rTr = °- (2.5-i4) 

This is Laplace’s equation in the polar variables r and 9. 

b) Show that u(r, 9) = r 2 cos 29 is a harmonic function. 

c) Find v(r, 9), the harmonic conjugate of u(r, 9), and show that it too satisfies Laplace’s 
equation everywhere. 

2.6 Some Physical Applications of Harmonic Functions 

A number of interesting cases of natural phenomena that are described to a high 

degree of accuracy by harmonic functions will be discussed in this section. 

Steady-State Heat Conduction^ 

Heat is said to move through a material by conduction when energy is transferred by 

collisions involving adjacent molecules and electrons. For conduction, the time rate 

° w heat energy at each point within the material can be specified by means of 
vector. Typically this vector will vary in both magnitude and direction throughout 
e material. In general, a variation with time must also be considered. However, we 

cp 0t fi detailed discussion of this subject, see F. Kreith and M. Bohn, Principles of Heat Transfer , 6th ed., 

gracthc Grove, CA: Brooks Cole, 2001). 
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Figure 2.6-1 

shall limit ourselves to steady-state problems where this will be unnecessary. Thus 
the intensity of heat conduction within a material is given by a vector function of 
spatial coordinates. Such a function is often known as a vector field. In the present 
case the vector field is called the heat flux density and is given the symbol Q. 

Because of their close connection with complex variable theory, we will consider 
here only two-dimensional heat flow problems. The flow of heat takes place within 
a plate that we will regard as being parallel to the complex plane. The broad faces 
of the plate are assumed perfectly insulated. No heat can be absorbed or emitted by 
the insulation. 

As shown in Fig. 2.6-1, some of the edge surfaces of the plate are connected to 
heat sources (which send out thermal energy) or heat sinks (which absorb thermal 
energy). The remaining edge surfaces are insulated. Heat energy cannot flow into or 
out of any perfectly insulated surface. Thus the heat flux density vector Q will be 
assumed tangent to any insulated boundary. Since the properties of the heat sources 
and sinks are assumed independent of the coordinate £, which lies perpendicular to 
the .ry-plane, the vector field Q within the plate depends on only the two variables x 
and y. The insulation on the broad faces of the plate ensures that Q has components 
along the x- and y-axes only; that is, Q has components Q x (x, y) and Q y (x, y). In 
conventional vector analysis we would write 

Q = Qx(x,y)a x +Q y (x,y)a y , (2.6-1) 

where a x and a v are unit vectors along the x- and y-axes. 

One must be careful not to confuse the vector that locates a particular point in 
a two-dimensional configuration with the vector representing Q at that point. For 
instance, if Q x = y + 1, Q y = x, then at the point x = 1, y = 1, we have Q x = 2, 
Qy = 1. 

The direction of Q, at a particular point, is the direction in which thermal energy 

is being transported most rapidly. 

Now consider a flat “small” surface of area AS (see Fig. 2.6-2). ’ The heat flux / 
through any surface is the flow of thermal energy through that surface per unit time. 


^ A S will be used as both the name of the small surface as well as the size of its area. By “small’' we mean that 
the surface has been chosen sufficiently tiny that Q may be considered constant over the surface to any degree 
of approximation. An engineer might say that this is a “differential surface” and call it dS, but a mathematician 
would avoid this terminology. 




Figure 2.6-2 


For AS, a flux of heat A/ passes through the surface given by 

Af = Q n AS, (2.6-2) 


where Q n is that component of Q normal to AS. The tangential component Q t , 
which is parallel to AS, carries no heat through the surface. 

To obtain the heat flux / crossing a surface that is not flat and not of small size, 
we must integrate the normal component of Q over the surface. The heat flux entering 
a volume is the total heat flux traversing inward through the surface bounding the 
volume. 

Under steady-state conditions, the temperature in a conducting material is 
independent of time. The net flux of heat into any volume of the conductor is zero; 
otherwise, the volume would get hotter or colder depending on whether the entering 
flux was positive or negative. By requiring that the net flux entering a differential 
volume centered at x, y be zero, one can show that the components of Q satisfy 


3Q X dQ y 

dx dy 


(2.6-3) 


The equation is satisfied in the steady state by the two-dimensional heat flux density 
vector at any point where there are no heat sources or sinks. Equation (2.6-3) is the 
local or point form of the law of conservation of heat. The reader may recognize 
3Qx/dx + dQy/dy as the divergence of Q. 

It is a familiar fact that the rate at which heat energy is conducted through 
a material is related to the temperature differences occurring within the material 
and also to the distances over which these differences occur, that is, to the rate of 
change of temperature with distance. Let us continue to assume two-dimensional 
heat flow, where the heat flow vector Q (x, y) has components Q x and Q y . Let <fi (x, y) 
e the temperature in the heat conducting medium. Then it can be shown that the 
components of the vector Q are related to cj)(x, y) by 

Qx = >')’ (2.6-4a) 


fe- 


Qy = ~k^(x,y). 


(2.6-4b) 
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Here k is a constant called thermal conductivity. Its value depends on the material 
being considered. The reader may recognize Eqs. (2.6-4a,b) as being equivalent 
to the statement that Q is “minus k times the gradient of the temperature <-/>”. The 
temperature (f> serves as a “potential function” from which the heat flux density vector 
can be calculated by means of Eqs. (2.6—4a,b). With the aid of these equations, we 
can rewrite Eq. (2.6-3) in terms of temperature: 


5*2 5y2 


= 0 


or 


d 2 (j> 8 2 (f> 

dx 2 dy 2 


(2.6-5) 


Thus under steady-state conditions, and where there are no sources or sinks, the 
temperature inside a conductor is a harmonic function. 

Because the temperature 4>(x,y) is a harmonic function, it can be regarded as the 
real part of a function that is analytic within a domain of the xy-plane corresponding 
to the interior of the conducting plate. This analytic function, which we call d?(x, y) 
is known as the complex temperature. We then have 


<&(*, y) = 4>{x, y) + i\j/{x, y). (2.6-6) 

Thus the real part of the complex temperature d?(x, y) is the actual temperature 
cj)(x, y). The imaginary part of the complex temperature, namely f(x, y), we will 
call the stream function because of its analogy with a function describing streams 
along which particles flow in a fluid. 

The curves along which <fi(x, y) assumes constant values are called isotherms 
or equipotentials. These curves are just the edges of the surfaces along which the 
temperature is equal to a specific value. Several examples are represented by solid 
lines in Fig. 2.6-3. 

From Theorem 8 we realize that the family of curves along which y) is 
constant must be perpendicular to the isotherms. The i jj = constant curves are called 
streamlines. Several are depicted by dashed lines in Fig. 2.6-3. 

The slope of a curve along which i j/(x, y) is constant is of interest. If we refer 
back to the derivation of Eq. (2.5-13) and replace u with cj> and v with i j/, we find 



Figure 2.6-3 
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W 

Ibat the slope of a streamline passing through a, y is given by 

dy = ( d<j>/dy \ 
dx \d(j)/dxj 


(2.6-7) 


suppose we draw, at the same point, the local value of the heat flux density 
vector Q From Eqs. (2.6^1a, b) we see that the slope of this vector is 


Q !> _ d4>/dy 
Qx 8<j)/dx' 


( 2 . 6 - 8 ) 


Comparing Eqs. (2.6-7) and (2.6-8) and noting the identical slopes, we can now see 
the basis for the following theorem. 


THEOREM 9 The heat flux density vector at a given point within a heat conduc¬ 
ting medium is tangent to the streamline passing through that point. • 

We have illustrated this theorem by drawing Q at one point in Fig. 2.6-3. Note 
that the streamline establishes the slope of Q but not the actual direction of the 
vector. The direction is established by our realizing that the direction of heat flow is 
from a warmer to a colder isotherm. 

A diagram of the family of curves along which i jj(x, y) assumes constant values 
provides us with a picture of the paths along which heat is flowing. Moreover, since 
these streamlines are orthogonal to the isotherms, we conclude the following: 

The heat flux density vector, calculated at some point, is perpendicular to the 
isotherm passing through that point. 

It is often convenient to introduce a function called the complex heat flux density, 
which is defined by 

q{z) = Qx(x, y) + iQy(x, y). (2.6-9) 

Since 

Re (7) = Qx and Im(g) = Q y , (2.6-10) 

•file vector associated with this function at any point x, y is precisely the heat flux 
ensity vector Q at that point. With the aid of Eqs. (2.6^1a, b), we rewrite q in terms 
of the temperature: 


~ k \dx +l dy 


( 2 . 6 - 11 ) 


jf e corn P' ex temperature Tfiz) = cflx, y) + iijj(x, y) is an analytic function, 
m Wanl t0 J <n0w its derivative with respect to z, there are two convenient for- 
’ s j 10wn ' n Eqs. 2.3-6 and 2.3-8, at our disposal. Choosing the former (with 

P> = «,</' = u),wehave 


d(f> _d\jj 
dx + i dx 


( 2 . 6 - 12 ) 
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Now 4> and i/t satisfy the C-R equations 

d(f> d\ji dijj d(f> 

dx dy dx 8y 

With the second of these equations used in the imaginary part of Eq. (2.6-12) we 
obtain 

dd? dcj) _d(f> 

dz dx dy 

Now, note that 

(d(/)\ d(j) _dcj) 

(lLcj = +l ~fy' (2-6-13) 

Comparing Eqs. (2.6-13) and (2.6-11), we obtain the following convenient formula 
for the complex heat flux density: 



The real and imaginary parts of this expression then yield Q x and Q y . Of course, 
Q x and Q y are also obtainable if we find the temperature <fi = Red? and then apply 
Eqs. (2.6-4a,b). 

Fluid Flow 

Because many of the concepts applying to heat conduction carry over directly to 
fluid mechanics, we can be a bit briefer about this topic. 

Let us assume we are dealing with an “ideal fluid,” that is, one that is 
incompressible (its mass density does not alter) and nonviscous (there are no losses 
due to internal friction). We assume a steady state, which means that the velocity 
of flow at any point of the fluid is independent of time. Like heat flow, fluid flow 
originates in sources and terminates in sinks. 

If a rigid impermeable obstruction is placed in the moving fluid, the fluid will 
move tangent to the surface of the object much as heat flows parallel to an insulated 
boundary. 

Earlier, we restricted ourselves to two-dimensional heat flow configurations. 
Heat conduction was parallel to the xy-plane and depended on only the variables 
x and y. Here we restrict ourselves to two-dimensional fluid flow parallel to the 
-ry-plane. The fluid velocity V will be a vector field dependent in general on the 
coordinates x and y. It is analogous to the heat flux density Q. The components of 
Falong the coordinate axes are V x and V y . The velocity Vis the vector associated 
with the complex velocity defined by 

v = V x (x, y) + iV y (x, y). (2.6-15) 

This expression is analogous to the complex heat flux density q = Qx(x, >’) + 
iQy(x, y). 

Under certain conditions, there is a fluid mechanical analogue of 
Eqs. (2.6-4a,b). There exists a real function of x and y, the velocity potential <p(x, y)> 
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fuch that 


dd> 

ox 

dd> 

Vy ~ dy‘ 


(2.6-16a) 

(2.6-l6b) 


'iiiis condition is described by saying that the velocity is the gradient of the velo¬ 
city potential. For V x and V y to be derivable from (f>, as stated in Eq. (2.6-16), it 
is necessary that the fluid flow be what is called irrotational. Irrotational flow is 
^jproximated in many physical problems.^ It is characterized by the absence of 
(vortices (whirlpools). 

Under steady-state conditions the total mass of fluid contained within any 
volume of space remains constant in time. For any volume not containing sources or 
sinks as much fluid flows in during any time interval as flows out. This should remind 
us of the steady-state conservation of heat. In fact, for an incompressible fluid, the 
ivelocity components V x and V y satisfy the same conservation equation (2.6-3) as 
do the corresponding components Q x and Q y of the heat flux density vector. Using 
Eq. (2.6-16) to eliminate V x and V y from the conservation equation satisfied by the 
velocity vector, we have 


3 2 (/> 3 2 (/> 

dx 1 riy 2 


(2.6-17) 


Thus the velocity potential is a harmonic function. 

An analytic function ( lHz) that has real part 4>(x, y) can now be defined. Its 
imaginary part \j/(x, y) is called the stream function. Thus 




<&(z) = 4>(x, y) + i\j/(x, y). (2.6-18) 


We call <p the complex velocity potential, or simply the complex potential. The 
^curves along which fix, y) assumes constant values are called equipotentials, and, 

•|f, before, the curves of constant ^ are called streamlines. The two families of curves 
re orthogonal. 


4 < ^e heat flux density vector the fluid velocity vector at every point is tangent 

Sf 10 the streamline passing through that point. 

Sithif 0ll ? W lh< r pr0gress of some specific moving droplet of fluid, we find that its 
leaninnf S , re , ine ' The fluid veloclt y vector at a given point is perpendicular to the 

ISqurpotentml passing through that point. 

SreJorinfp ^ a T sim P le relationship between the complex potential and the fluid 
Prom Eqs. (2.6-13) and (2.6-16), we have 


d<P\ 

~fo)-V X + iV y = v. 


(2.6-19) 


jeMirf 'u a .'i >ei i Sky 61 a1 '’ Fluid Flow > A First Course in Fluid Mechanics, 4th ed„ (Upper Saddle River 
| iidce-Hall, 1999), Chapters 1-6. 
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Electrostatics^ 

In the theory of electrostatics it is stationary (nonmoving) electric charge that plays 
the role of the sources and sinks we mentioned when discussing heat conduction and 
fluid flow. 

According to the theory there are two kinds of charge: positive and negative 
Charge is often measured in coulombs. Positive charge acts as a source of electric 
flux, negative charge acts as a sink. In other words, electric flux emanates outward 
from positive charge and is absorbed into negative charge. 

The concentration of electric flux at a point in space is described by the 
electric flux density vector D. Although the notion of electric flux is something 
of a mathematical abstraction, we can make a physical measurement to determine D 
at any location. This is accomplished by our putting a point-sized test charge of q (] 
coulombs at the spot in question. The test charge will experience a force because of 
its interaction with the source and (and sink) charges.^ The vector force F is given by 

D 

F = qo — ■ (2.6-20) 

£ 

Here, £ is a positive constant, called the permittivity. Its numerical value depends 
on the medium in which the test charge is embedded. 

Often, instead of using the vector D directly, we employ the electric field vector 
E, which is defined by 

eE = D. (2.6-21) 

Thus Eq. (2.6-20) becomes 

F = qoE or F/qo = E. 

We see that the vector force on a test charge divided by the size of the charge yields 
the electric field E. Then Eq. (2.6-21) tells us the vector flux density D at the test 
charge. 

We will be considering two-dimensional problems in electrostatics. This 
requires some explanation. All the electric charges involved in the creation of the 
electric flux are assumed to exist along lines, or cylinders, of infinite extent that lie 
perpendicular to the xy-plane. Let 4 be the coordinate perpendicular to the xy-plane. 
We assume that the distribution of charge along these sources or sinks of flux is 
independent of £. Any obstructions (for example, metallic conductors) placed within 
the electric flux must also be of infinite length, and perpendicular to the .ry-plane. 
For this sort of configuration the electric flux density vector D is parallel to the 
.ry-plane. Its components D x and D y depend, in general, on the variables x and y but 
are independent of £. Maxwell’s equations show that the electric flux density vector 
created by static charges can be derived from a scalar potential. This electrostatic 
potential (/>, usually measured in volts, bears much the same relation to the electric 
flux density, as does the temperature to the heat flux density or the velocity potential 
to the fluid velocity. 


+ See W. H. Hayt and J. Buck, Engineering Electromagnetics, 6th ed. (New York: McGraw-Hill, 2001). 
Ahis is an example of a field force that acts at a distance from its source, even through vacuum. Gravity is 
another example of such a force. 
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F 


The components of the electric flux density vector are obtained from cj>(x, y) as 
follows : 


D x = -e 


dx ’ 


( 2 . 6 - 22 ) 


These equations are analogous to Eqs. (2.6-4a, b) for the heat flux density. If E x 
and E are the components of the electric field, then from Eq. (2.6-21), we have 
n = sE x and D y = eE y . 

A glance at Eq. (2.6-22) then shows that for the electric field, 


E x = 


d(f> 

dx ’ 

d<j> 

3y' 


(2.6-23) 


One can define the electric flux crossing a surface in much the same way as 
one defines the heat flux crossing that surface. The amount of electric flux A/ that 
passes through a flat surface AS is obtained from Eq. (2.6-2) with D n , the normal 
component of the electric flux density vector, substituted for Q n . Thus A/ = D n AS. 
The flux crossing any surface is obtained by an integration of the normal component 
of D over that surface. 

According to Maxwell’s first equation, the total electric flux entering any volume 
that contains no net electric charge is zero. This reminds us of an identical condition 
obeyed by the heat flux for a source-free volume. In fact, at any point in space 
where there is no electric charge, the electric flux density vector satisfies the same 
conservation equation (2.6-3) as does the heat flux density vector. If the components 
of D are eliminated from this conservation equation by means of Eq. (2.6-22), a 
familiar result is found: 

d 2 (fi d 2 f> 

- dx 2 + dy 2 

Hence, the electrostatic potential is a harmonic function in any charge-free region. 

As expected, we define an analytic function, the complex electrostatic potential 
~ 4> + h//, whose real part is the actual electrostatic potential. As before, the 
imaginary part is called the stream function. 

The electric flux density vector is tangent to the streamlines generated from \j/. 

The electric flux density D and electric field vector E are the vectors corre¬ 
sponding to the following complex functions: 


d(z) = D x (x, y) + iD y (x, y), 
e(z) = E x (x, y) + iE y (x, y). 

irpu 

ese are called the complex electric flux density and the complex electric field, 
Respectively, and they satisfy 


—(f) 


and e = — - 


dz 
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b) Find the components V x and V y , at the same point, by finding and using the velocity 
potential </>(x, y). 

c) Show that the equation of the equipotential that passes through x = 1, y = j j s 
(x — l) 2 + y 2 = 1. Plot this curve. 

d) Find the equation of the streamline passing through x = 1, y = 1. Plot this curve. 

3- Suppose that <F(z) = e x cos y + ie x sin y represents the complex potential, in volts, for 

some electrostatic configuration. 

a) Use the complex potential to find the complex electric field at x = 1, y = 1/2 (meter) 

b) Obtain the complex electric field at the same point by first finding and using the 
electrostatic potential <f>(x, y). 

c) Assuming the configuration lies within a vacuum, find the components D x and D y of 
the electric flux density vector at x = 1, y = 1/2. In m.k.s. units, e = 8.85 x 10~ 12 
for vacuum. 

d) What is the value of cp at x = 1, y = 1/2? Using MATLAB, plot the equipotential 
surface passing through this point. 

e) What is the value of \j/ at x = l,y= l/2?UsingMATLAB,plotthestreamline passing 
through this point. 

4. a) Explain why d(x, y) = y + ix can be the complex electric flux density in acharge-free 

region, but d(x, y) = x + iy cannot. 

b) Assume that the complex electric flux density y + ix exists in a medium for which 
e = 9 x 10 -12 . Find the electrostatic potential <p(x, y). Assume cf>( 0, 0) = 0. Sketch 
the equipotentials <f>(x, y) = 0, <f>(x, y) = 1/e. 

c) Find the stream function t/r(x, y). Assume >j/(0, 0) = 0. 

d) Find the complex potential <t> and express it explicitly in terms of z. 

e) Find the components of the electric field at x = 1, y = 1 by three different methods: 
from d, from <t>(z), and from cp(x, y). Show with a sketch the vector for this field and 
the equipotential passing through x = 1, y = 1. 

5. a) Fluid flow is described by the complex potential <t>(z) = (cos a — i sin a)z, 

a > 0. Sketch the associated equipotentials and give their equations. 

b) Sketch the streamlines and give their equations. 

c) Find the components V x and V y of the velocity vector at (x, y). What angle does the 
velocity vector make with the positive x-axis? 



;r 


3 


The Basic 
Transcendental 
Functions 


So far, the only functions of a complex variable that we have studied are the algebraic 
ones: expressions defined by sums, differences, products and quotients of the com¬ 
plex variable z, or z raised to arational power as in z m/n . We recall that when it comes 
to areal variable, say, x, we know not only the algebraic functions but transcendental 
functions as well—functions like sin x, e x , and log x. In the present chapter, we rem¬ 
edy this asymmetry; we will see not only how to define functions like sin z, e z , log z, 
3nd a collections of others, but will observe that these definitions are consistent with 
e corresponding real function—they reduce to the definition of the real function if 
j appens to be real. Even better, our definitions of these transcendental functions 
0 a cor nplex variable will be such that the functions are analytic. 

Sfc 

The Exponential Function 

P 0 w should we define the function e z l We would like this function to have the 
Igitowmg properties: 
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a) e z reduces to our known e x if z happens to assume real values.^ 

b) e z is an analytic function of z. 

The function e x cos y + ie x sin y will be our definition of e 7 (or exp z). Thus 

_ g x+iy _ e *[cosy + isiny], ( 3 . 1 - 1 ) 

Equation (3.1-1) clearly satisfies condition (a). (Put y = 0.) Observe that as in the 
real case, e° = 1. To verify condition (b), we have 

u + iv — e x cos y + ie x sin y, (3 

where 


u = Re e z — e x cos y, v = Im e z = e x sin y. (3-1-3) 

The pair of functions u and v have first partial derivatives: 
du dv 

— = e cos y, — = eX cos y, and so on, 
ox dy 

which are continuous everywhere in the xy-planc. Furthermore, u and v satisfy the 
Cauchy-Riemann equations, 

du dv dv du 

dx dy ’ dx dy ’ 


everywhere in this plane. Thus e z is analytic for all z and is therefore an entire 
function. Condition (b) is clearly satisfied. 

One must be careful in using Eq. (3.1-1). For example, to evaluate g( 1 / 2 )+ 1 ' it 
is necessary to determine e 1 / 2 (cos 1 + i sin 1). Here e l/2 is to be taken as the value 
produced by a calculator or table: a/2.71828... = 1.6487.... One does not use 
the multivalued expression Eq. (1.4-12), which would yield not only the preceding 
number but also its negative. In short, in using Eq. (3.1-1) one must, by definition, 
take e x as a positive real number. However, an expression such as has two 

values—because of the two possible values of i l/2 . 

The derivative d(e z )/dz is easily found from Eqs. (2.3-6) and (3.1-3). Thus 
d d x .3 

T e = zr e cosy + j — e smy = e cosy + ie siny, 
dz dx dx 


or 



This is a reassuring result, since we already knew that e x satisfies 



Note that if g(z) is an analytic function, then by the chain rule of differentiation (see 
Eq. (2.4-ld)), we have 


d_ 

dz 


gg(z) _ e g ^g'(z)- 


^Recall that e x can be defined as the sum of the series 1 + x + x 2 /2\ + .. w here x is any real quantity. 
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Hhe function e z shares another property with e x . We know that if x\ and X 2 are 
dien e xl e X2 = e^ xx+X2) ■ We can show that if zi = x\ + iy\ and Z2 = x 2 + iy 2 
a pair of complex numbers, then e zl e Z2 = e zl+Z2 . Observe that 

i g zi = e *i [cos yi + i sin yi] and e z2 = e x2 [cos y 2 + i sin y 2 ], 

Qirfj U 

so that 

e zi/2 = e xi e X2 [cos yi + isinyi][cosy 2 + isiny 2 ] 

_ e x \+ X2 [(cosyi cosy 2 - sinyi siny 2 ) + i(sinyi cosy 2 + cosyi siny 2 )]. 

■phe real part of the expression in the brackets is, from elementary trigonometry, 
cos ('- yi + y 2 ). Similarly, the imaginary part is sinfy, + y 2 ). Hence, 

e zl e Z2 _ gXi+^ 2 [ cos [-y 1 + -y 2 ) + f s in(yi + y 2 )]. (3.1-4) 

‘ Now with the help of Eq. (3.1-1), we have 

e z\+Z2 — e (xi+x 2 )+i(yi+y2) 

= e^ 1+X2) [cos(yi + y 2 ) + isin(yi + y 2 )]. 

Since the right side of the preceding equation is identical to the right side of 
Eq, (3.1-4), it is obvious that 

e zi e z2 = e zl+Z2 . (3.1-5) 

'Letting z\ = z 2 = z in the preceding relationship, we have (e z ) 2 = e 2z , which is 
easily generalized to 


(e z ) m = e mz . 


(3.1-6) 


where m > 0 is an integer. Just as e X] / e X2 = e x 1 X2 , we can easily show that 


j ^£2 ^21 Z 2 


(3.1-7a) 


If Zi — 0 and z 2 = z in the preceding equation, we obtain 


-=c z . (3.1-7b) 

We can use this result to show that Eq. (3.1-6) holds when m is a negative integer. 
Now observe that Eq. (3.1-1) is equivalent to the polar form 


e z = e x cis y = e x /y. 

^ng the magnitude of both sides of the preceding, we have 


(3.1-8) 


le z l=e x . (3.1-9) 

g|* of e z is determined entirely by the real part of z. Since e* is never 

H EcT Can assert that gZ IS never zero ’ >e., e z = 0 has no solution. 

Sfenm?H atl ° n ^ 31_8 ) 21180 sa ys th at one value for arg(e z ) is y. Because of the mul- 
^ess of the polar angle, we have, in general, 

■■fe arg(e z ) = y + 2kn, k = 0, ±1, ±2, 


(3.1-10) 
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which shows that the argument of e z is determined up to an additive constant 2ku 
by the imaginary part of z- 

Although e x is not a periodic function of x, e z varies periodically as we move 
in the z-plane along any straight line parallel to the y-axis. Consider e zo and e z <>+^ 
where zn = x 0 + iyo- The points zo and zo + f2 tx are separated a distance 2tz on the 
line Rez = xq. From our definition (see Eq. 3.1-1), we have 

e zo = e*°(cos y 0 + i sin yo), 

e zo + i2n __ e x 0 + i ( y 0 + 27 i ) _ ^^0 [ cos (-y Q -f 2 7 t) + i sin(yo + 2 tc)]. 

Since cos yo = cos(yo + 2n) (and similarly for the sine), then e zo = e Z0+l2n . 

Thus e z is periodic with imaginary period 2ni. 


To illustrate the preceding properties of the exponential, we have made plots in 
Fio. 3.1-1. In Fig. 3.1—1(a), we have a three-dimensional display of \e z \ as a function 
of * and y. As expected, the magnitude of this function depends only on the variable 
x, and it is e x . The real and imaginary parts of e z are e x cos y and e x sin y, respec¬ 
tively. These display oscillations as a function of y, and the amplitude of oscillation 
is e* as shown in Figs. 3.1—1(b) and (c). As * increases, the oscillations become 


unbounded. 

Of particular interest is the behavior of e ,e when 6 is a real variable. 


In Eq. (3.1-8) 


we put x = 0, y = 6 to get 


e w = 1/0 = cos 6 + i sin 0. 


(3.1-11) 


Thus if 0 is real, e w is a complex number of modulus 1, which lies at an angle 0 with 
respect to the positive real axis (see Fig. 3.1-2). As 0 increases, the complex number 
1/0 progresses counterclockwise around the unit circle. Observe, in particular, that 

e t0 = l , e i,l/2 = i, e ln = — 1, =-i = e~ i7l/2 ■ 



(a) Magnitude of exp(z) 

Figure 3.1-1 













































1 -6 

(b) Re (exp z) 



Figure 3.1-1 (Continued) 


The relationship e lS = cos 0 + i sin 6 is known as Euler’s identity and is named 
^®r the 18th-century Swiss mathematician mentioned in Chapter 1 as the inventor 
g^-ithe i notation. He is also credited with the popularization of e to mean the base 
BT natu ral logarithms. 1 ' 

||: One consequence of the identity is that our definition of the exponential in 
K isr^) * S state h succinctly as e z = e x e ,y . 

0 = ti in Eq. (3.1-11) and a slight rearrangement of the equation, we obtain 
B||Wegendaiy formula 


Published *^ e formula in 1748. It can be argued that credit for its first discovery might belong to Roger 
■gP published an identity involving the log of both sides of the equation, in 1714. See pp. 165-166 of 
mentioned in the Introduction. 
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Figure 3.1-2 


which neatly and unexpectedly relates the five most important numbers (0, l, i,e, n) 
in mathematics. There is such fascination surrounding this equation that some college 
bookstores sell shirts emblazoned with the identity. In 1933, fifteen-year-old Richard 
Feynman, a future Nobel laureate in physics, entered the equation in his mathematics 
notebooks together with the annotation “The most remarkable formula in math.” 
Two of his pages are reproduced here. Several of the entries will be encountered in 
this book. 




Courtesy of the Archives, California, Institute of Technology. 

Figure 3.1-3 Pages From Feynmann’s Notebooks. 


Recalling DeMoivre’s Theorem (cos 9 + i sin 9) n = cos nO + i sin n9, we see 
that with the aid of Euler’s identity this can be equivalently expressed as 

_ e in0 

This is a special case of Eq. (3.1-6). 
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t- xpon ential notation e w is often used in lieu of cis 9 or 1 [9 when we represent 

^^ble z in polar coordinates. Thus z — r cis 0 becomes z = re lB . Using this 
He'-vana f ^ following multipliction as an example. Consider 

eprescntauun, w 


1 + i j3 = 2l-=2e”“ 


“• /3 and l + i = V2P = 


(1 + iJ 3)(1 + i) = 2^2e i{n l 2+n l A) . 

i v With the aid of Eq. (3.1-11), the right side of this equation can be rewritten as 

; I, r- (% n\ . . (71 

i : 2 ^H5 + 4) + ,sln l3 + 4, 


1 The function e u , if t is real, is an example of a complex function of a real 
^variable. Such functions were studied briefly in Exercise 20 of section 2.4. Putting 
complex functions of a real variable in the form f(t) = u(t ) + iv(t), where u(t) and 
ju(r) are real, we differentiate and obtain f(t) = u\t) + iv'(t). From this it should 
ibe apparent, if we recall the following definition of the derivative with respect to a 
jreal variable, that: 


LEMMA The derivative of the real part of a complex function of a real variable 
is’the real part of the derivative of the function. A corresponding statement holds 
for the imaginary parts. The preceding can be applied to derivatives of any order, as 
long as they exist. • 

Note that the above does not hold in general for functions of a complex variable. 

The statement is useful in some calculations, as in the following. 

fd 


EXAMPLE 1 

l&v. 


Find rfV^C 2 ')). 

dt 1 


Solution. We could of course differentiate the given function seven times, but 
this is unpleasant and will be avoided. Notice that e 2t cos(2t) = Re(e 2 ( 1+I h). We 
gipw differentiate seven times the quantity fit) = g 2 ( 1+I ) ? and take the real part 
of the result. Using the chain rule of differentiation and the fact that ^ = e z . 


fWeh ave / 7 (f) = 2 7 (1 + i) 7 e 2 ( 1+! fi. Now (1 + i) 1 = — 8i(l + i). Thus dl ^y — — 

i + 0e 2(1+/)i ' = —2 10 /(1 + i)e 2t {cos It + i sin 2 1) = 2 10 e 2f [sin 2 1+ cos 2 1+ 

~ c °s2/)]. The real part of this result is the desired answer. Hence, 

s-fe 2 = 2 u>j „ 


df — z-“g^‘(sin2r +cos2r). • 

■ Complex exponentials are used extensively in engineering. Indeed, the whole 
( - n ject of alternating electrical currents is vastly simplified with these functions. 
Physical applications of complex exponentials are given in the appendix 



RCISES 
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Express each of the following in the form a+ ib where a and b are real numbers. If the result 
is multivalued, be sure to state all the values. Use MATLAB as an aid to checking your work. 

2 . e l/2+2i 3 . e x ! 2 ~ 2i 4 . e~‘ 5 . e i/2+2< e -i/2-2i 6 . e (-h 7 7 . ( e -*y 

8 . 9. e e ~‘ 10. e iarctanl 11 . e (~ 2 ) I/2 12 . (e -2 ) 1/2 


13. Find all solutions of e z = e by 
both sides of the equation. 


equating corresponding parts (reals and imaginaries) on 


Recalling that an analytic function of an analytic function is analytic, state the domain of 
analyticity of each of the following functions. Find the real and imaginary parts u(x,y) and 
v(x, y) of the function, show that these satisfy the Cauchy-Riemann equations, and find f'(z) 
in terms of z. 

14 . f( z ) = e iz 15. e l / z 16. e e " 


Using L’Hopital’s Rule, evaluate the following: 


17. lim ■ 


1 + e i0 

18. lim-—, where 8 is real 

e^K 1 - e 2lB 


19. Consider the identity e zl+Z2 = e zl e zz , which we proved somewhat tediously in this sec¬ 
tion. Here is an elegant proof which relies on our knowing that ^ = e" and e () = i. 

a) Taking a as a constant, show that - L -^—- = 0 by using the usual formula for the 
derivative of a product, as well as the derivative of e : , and the chain rule. Note that 
you cannot combine the exponents, as this has not been justified. 

b) Since e z e a ~ z has just been shown to be a constant, which we will call k, evaluate k in 
terms of a by using the fact that e° = 1. 

c) Using e z e a ~ z — k as well as k found above, and z = zi, a = z\ + zz, show that 

e Zl+Z2 _ e ZlgZ2^ 

20. Using a method similar to that in Example 1, find the fifth derivative of e 1 sin t. 

21. In Example 1, we evaluated the seventh derivative of e 2t cos 2 1. Check this result by using 
the function diff in the Symbolic Mathematics Toolbox of MATLAB. 


For the following closed bounded regions, R, where does the given |/(z)[ achieve its maximum 
and minimum values, and what are these values? 

22. R is |z — 1 — < 2 and f(z) = e z 23. R is |z| < 1 and f(z) = e^ z 1 


24. a) Suppose we want the nth derivative, with respect to t, of f(t) = N°ti ce that 

f(t) — Re(^) and that the nth derivative of the function in the brackets is eas¬ 
ily taken. Using the method of Example 1, as well as the binomial theorem (which 
perhaps should be reviewed), show that 

= (“W + 1)! ( "V /2 {-V k t n+1 - 2k 

1 W (l 2 + l)"+i Zj (2kY.(n+ 1 ~2kV. 


( 2 k)!(n+ 1 — 2 k)! 


for n odd, 
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/ (n) (0 = 


nl(n + 1 )! 


n/2 

z 


(-i) k t n + l ~ 2k 


(. t 2 + l ) n+1 ^ ( 2 k)!(n + 1 - 2k)\ 


for n even. 


b) Using the method of part (a), find similar expressions for the nth derivative of ^ 
Note that this function is identical to Im ( 7 ^ 7 ). 

25. The absolute magnitude of the expression 


+ 1 ' 


At—1 

p _ j + g i>l> _|_ _ + e i(N-l)>l/ _ z e in * 

n=0 

is of interest in many problems involving radiation from N identical physical elements 
(e.g., antennas, loudspeakers). Here 1 // is a real quantity that depends on the separation of 
the elements and the position of an observer of the radiation. |P| can tell us the strength 
of the radiation observed. 

a) Using the formula for the sum of a finite geometric series (see Exercise 27, section 1.4), 
show that 


W)l = 


sinNi^/2 

sini ^/2 


b) Find lim^o |F(i//)|. 

c) Use a calculator or a simple computer program to plot |P(i/')[ for 0 < < 2n when 

N = 3. 

26. Let z = re lB , where r and 8 are the usual polar variables. 

a) Show that Re[( 1 + z)/( 1 - z)] = (1 - r 2 )/(l + r 2 - 2r cos 9). Why must this func¬ 
tion satisfy Eq. (2.5-14) throughout any domain not containing z = 1? 

b) Find Im[( 1 + z)/(l — z)] in a form similar to the result given in (a). 

27. Fluid flow is described by the complex potential <F(z) = <£(x, y) + y) = e z . 

a) Find the velocity potential 4>(x, y) and the stream function \jj(x, y) explicitly in terms 
of x and y. Review the Appendix to Chapter 3 if necessary. 

b) In the strip |Imz[ < n/2, sketch the equipotentials (j> = 0, +1/2, +1, +2 and the 
streamlines ^ = 0, ±1/2, ±1, ±2. 

c) What is the fluid velocity vector at x = 1, y = 71/4? 


3-2 Trigonometric Functions 

t do we mean by the sine or cosine of a complex number? In complex variable 
hehrfN f XpreSS10ns such as sin ( 2 0 or cos(3 - 2 i) have meaning, although it is not 
defi 1 h ° f thC argUmenl in these funct ions as being an angle. To intelligently 
“ thC S ’ ne ’ cosine ’ and other trigonometric functions when the argument is a 
plex variable, we proceed as follows: 

behave 11 ^ EuIer ' dentit y (Eq. (3.1-11)), we know that when 6 is a real number, 


e i6 = 


L 


cos 6 + i sin 6. 


(3.2-1) 
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Now, if we alter the sign preceding 0 in the above, we have 

e~ lB = cos(— 0) + i sin(— 0) = cos 0 — i sin 0. (3.2-2) 

The addition of Eq. (3.2-2) to Eq. (3.2-1) results in the purely real expression 

e iB + e~ iB = 2 cos 0, 


or, finally, 


e w e -w 

cos0 = -2-‘ (3.2-3) 

If, instead, we had subtracted Eq. (3.2-2) from Eq. (3.2-1), we would have obtained 

e' B — e~ lB = 2 i sin 0, 


or 


sin 0 = 


e w - e~ iB 


2 i 


(3.2-4) 


Equations (3.2-3) and (3.2—4) serve to define the sine and cosine of real numbers 
in terms of complex exponentials. 

It is natural to define sin z and cos z, where z is complex, as follows: 


e iz — e~ lz 

sinz =-, (3.2-5) 

2 i 

_L ^ 

cos z = ---. (3.2-6) 

These definitions make sense for several reasons: 

a) When z is a real number, the definitions shown in Eqs. (3.2-5) and (3.2-6) 
reduce to the conventional definitions shown in Eqs. (3.2—3) and (3.2^1) for 
the sine and cosine of real arguments. 

b) e‘ z and e~ lz are analytic throughout the "-plane. Therefore, sin z and cos z, 
which are defined by the sums and differences of these functions, are also. 

c) d sin z/dz = i[e lz + e~ lz ]/2i = cosz. Also, d cos z/dz = — sinz. 

It is easy to show that sin 2 z + cos 2 z = 1 and that the identities satisfied by the sine 
and cosine of real arguments apply here too, for example, 

sin(zi ± Z2) = sinzi COSZ2 icoszi sinz2, 
cos(zi ± Z2) = coszi COSZ2 =F sinzi sinz 2 , 

and so on. 

With the aid of Eqs. (3.2-5) and (3.2-6) one proves easily that Euler’s identity, 
Eq. (3.1-11), can be extended to a complex argument, i.e., 

e lz = cos z + i sin z- 

However, one should not make the mistake of equating the real and imaginary parts 
of e lz to cos z and sin z, respectively, since with z complex the cosine and sine are 
in general not real. 
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Figure 3.2-1 

Using Eqs. (3.2-5) and (3.2-6), we can compute the numerical value of the 
sine and cosine of any complex number we please. A somewhat more convenient 
procedure exists, however. Recall the hyperbolic sine and cosine of real argument 9 
illustrated in Fig. 3.2-1 and defined by the following equations: 


sinh 9 = 


(3.2-7) 


cosh 9 


e° + e~ 


(3.2-8) 


Consider now the expression in Eq. (3.2-5): 

e i(x+iy) _ e -i( x +iy) e i*—y _ e ~ix+y 




sin z = 


The Euler identity (Eq. 3.2-1 or 3.2-2) can now be used to rewrite e lx and 
the preceding equation. We then have 


sinz = 


e > (cos x + i sin x) e y (cos x - i sin x) 


. (e y + e~y) ( e y - e ~y) 

= sin x -b i cos x - 

2 2 


ex P ress ' or| s involving y in the last equation are compared with the hyper- 
1 olic functions in Eqs. (3.2-7) and (3.2-8), we see that 

sin z = sin x cosh y + i cos x sinh y. (3.2-9) 

pee most calculators are equipped with the trigonometric and hyperbolic func- 
ns °f real arguments, the evaluation of sin z becomes a simple matter. A similar 
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expression can be found for cos z‘ 


cos z — cos x cosh y — i sin x sinh y. 

The other trigonometric functions of complex argument 
analogy with real argument functions, that is, 


(3.2-10) 
are easily defined by 


sinz 1 

tanz =-=- 

cos z cot z ’ 

The derivatives of these functions 


1 

sec z =-, 

cosz 

are as follows: 


u 9 

— tanz = sec z, 
dz 

d 

— secz = tanz secz, 
dz 


1 

cosec z = -, 

sinz’ 


d 

— cosec z = — cot z cosec z. 
dz 


Expressions for tan (x + iy ) and cot (x + fy) in terms of trigonometric and hyper¬ 
bolic functions of real arguments are available. They are derived in the exercises and 
given by Eqs. (3.2-13) and (3.2-14) in Exercises 28 and 29. 

The sine or cosine of a real number is a real number whose magnitude is less 
than or equal to 1. Not only is the sine or cosine of a complex number, in general, 
a complex number, but the magnitude of a sine or cosine of a complex number can 
exceed 1. Such behavior is shown in Exercises 1 and 2, where the magnitudes of the 
required sine and cosine exceed 1. 

Figure 3.2—2 shows a three-dimensional plot of |cosz| in the upper half-plane. 
Note the oscillatory behavior of the function with respect to the variable x. As 



|cos z| for;y 5 0 

Figure 3.2-2 
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pr . jjcates, all of the zeros of cos z lie along the real axis at the points 
/2 This is proven in Example 2 below. The magnitude of the 
W. Qf cos z grows with y. A plot using the lower half-plane also shows 
agnitode to grow as y becomes increasingly negative. 


/tpt F 1 Express sin(id), where 9 is a real number, in the form a + ib, and 

Solution. We use Eq. (3.2-9) with x = 0 and y = 0. The result is 
sin(i0) = sin 0 cosh 6 + i cos 0 sinh 6 , 


wi¬ 


ll' 


sin(id) = i sinh i 


(3.2-11) 


'Similarly, with the aid of Eq. (3.2-10), we have 

:f "\ coslid) = cos 0 cosh 0 — i sin 0 sinh i 


or 


cos (id) = cosh ( 


(3.2-12) 


The cosine of a pure imaginary number is always a real number while the sine of a 
.pure imaginary is always pure imaginary. 

(EXAMPLE 2 Show that all zeros of cos z in the z-plane lie along the x-axis. 

\ Solution. Consider the equation cos z = 0, where z = x + iy. From Eq. (3.2-10) 
'this becomes cos x cosh y — i sin x sinh y = 0. Both the real and imaginary part of 
-the left-hand side of this equation must equal zero. We thus have 

cos x cosh y = 0 and sin x sinh y = 0. 

Consider the first equation. Since cosh y is never zero for a real number y (see 
Fig. 3.2-1) evidently cos x = 0. This means x = ±7t/2, ±3tt/ 2, ..., etc.; in other 
words, x = ±(2n + 1)7 t/ 2, where n = 0, 1, 2, .... Now consider the second equa- 
3ion. The first equation dictated that x be an odd multiple of ±n/2; therefore, sin x 
3n the second equation is ±1. Thus sin x sinh y = 0 is only satisfied if sinh y = 0. 

glance at Fig. 3.2-1 shows this to be possible only when y = 0. 
te* We see that cos z = 0 only at those points that simultaneously satisfy y = 0, 
^(2 n + 1)tt/ 2. The first condition places all these points on the x-axis while 
e second spaces them at intervals of n. The values of z that solve cos z = 0 are 
Precisely the same as the solutions of cos x = 0. A similar statement applies to sin x 
s m z and is derived in one of the exercises below. • 

^XERCISES 

Hgl’j 11 ® (3.2-9) and (3.2-10), find the numerical values of the following in the form 
where a and b are real numbers. If there is more than one numerical value, state 
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(i continued) 

all of them. Use MATLAB to check your result where possible. Note that MATLAB yields 
only one value. 

1. sin(2 + 3f) 2. cos(—2 + 3i) 3. tan(2 + 3i) 4. (sini) 1 / 2 5. sin(i 1 / 2 ) 

6. sin(e') 7. cos(2i arg(2/)) 8. sin(cos(l + 0) 9. tan(i arg(l + V3i)) 

10 . arg(tani) 11 . e ,cos ' + e _,cos ' 

12. Prove the identity sin 2 z + cos 2 z = 1 by the following two methods: 

a) Use the definitions of sine and cosine contained in Eqs. (3.2-5) and (3.2-6). 

b) Use cos 2 z + sin 2 z = (cos z + i sin z)(cos z — i sin z) as well as Euler’s identity gen¬ 
eralized to complex z. 


Using the definitions of the sine and cosine, Eqs. (3.2-5) and (3.2-6), prove the following. 

d , d 7 1 1 

13. — sin z = cos z and — cos z = — sin z 14. cos^ z = —I— cos 2 z 
dz dz 2 2 

15. sin(z + 2 n) = sin z and cos(z + 2 n) = cos z 


16. Show that the equation sin z = 0 has solutions in the complex z-plane only where z = nn 
and n = 0, ± 1 , ±2, .... Thus like cos z, sin z has zeros only on the real axis. 

17. Show that sin z — cosz = 0 has solutions only for real values of z. What are the solutions? 


Where in the complex plane do each of the following functions fail to be analytic? 

1 - 1 -.1 


18. tan z 19. 


cos(iz) 


20 . 


sinz sin[(l + i)z] 


21 . 


V3 sin z — cos; 


22. Let f(z) = sin(j). 

a) Express this function in the form u(x, y ) + iv(x, y). Where in the complex plane is 
this function analytic? 


b) What is the derivative of /(z)? Where in the complex plane is f'iz) analytic? 

23. Using MATLAB, obtain a three-dimensional plot like Fig. 3.2-2 for | sin z|. Verify that the 
plot shows that sin z = 0 for z = nn, n = 0, ± 1, ±2, ..., as is proven in Exercise 16. 

24. Using MATLAB, obtain a three-dimensional plot like Fig. 3.2-2 for the real and 
imaginary parts of cosz. Verify that plots satisfy Re(cosz) = 0 and Im(cosz) = 0 for 
Z = ±7t/2, ±37t/2, ..., as Example 2 demonstrates. 


25. Show that |cosz| = -^sinh 2 y + cos 2 x. 
Hint: Recall that cosh 2 9 — sinh 2 0=1. 


26. Show that | sin z | = yj sinh 2 y + sin 2 x. 

27. Show that |sin z | 2 + |cos z | 2 = sinh 2 y + cosh 2 y. 

28. Show that 


sin( 2 r) + i sinh( 2 y) 
cos( 2 x) + cosh( 2 y) 


(3.2-13) 
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H'show that 


sin(2x) — i sinh(2y) 
cosh(2y) — cos(2x) 


(3.2-14) 


a) Since sin z = sin x cosh y + i cos x sinhy (see Eq. (3.2-9)) and |sinhy|< coshy 
(seeFig- 3.2-1), show that |sinhy| < |sinz| < coshy. 

■ , b) Derive a comparable double inequality for | cos z \. 


Hyperbolic Functions 


In the previous section, we used definitions of sin z and cos z that we constructed by 
studying the definitions of the sine and cosine functions of real arguments. A similar 
procedure will work in the case of sinh z and cosh z, the hyperbolic functions of 
complex argument. 

Equations (3.2-7) and (3.2-8), which define sinh 6 and cosh 6 for a real number 
6, suggest the following definitions for complex z: 


e*- — e z 

sinhz =---, (3.3-1) 

6 Z 4 ” 6~ Z 

coshz =---. (3.3-2) 


If z is a real number, these definitions reduce to those we know for the hyperbolic 
functions of real arguments. We see that sinh z and cosh z are composed of sums or 
differences of the functions e z and e~ z , which are analytic in the z-plane. Thus sinh z 
and cosh z are analytic for all z. It is easy to verify that d (sinh z)/dz — cosh z and 
that d(cosh z)/dz = sinhz. From Eqs. (3.2-5), (3.2-6), (3.3-1), and (3.3-2), one 
easily verifies that 


and 


sinh(iz) = i sinz 


cosh (iz) = cos z. 

All the identities that pertain to the hyperbolic functions of real variables carry 
over to these functions, for example, we may prove with Eqs. (3.3-1) and (3.3-2) 


cosh 2 z - sinh 2 z — 1, 


, cosh(zi ± Z 2 ) = cosh z \ cosh Z 2 ± sinh z\ sinh Z 2 , 

sinh(zj ± Z 2 ) — sinh z \ cosh Z 2 ± cosh z\ sinhz 2 - 

an 4 x P ress ' ons for sinh z and cosh z, involving real functions of real 
°S° us to Eqs. (3.2-9) and (3.2-10), are easily derived. They are 


sinh z — sinh x cos y + i cosh x sin y, 
cosh z — cosh x cos y + i sinh x sin y. 


(3.3-3) 
(3.3-4) 
(3.3-5) 
variables and 


(3.3-6) 

(3.3-7) 
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Other hyperbolic functions are readily defined in terms of the hyperbolic sine and 
cosine: 


tanhz = 


sinh z 


sech z = 


cosech z 


coth z = 

sinhz 


c oshz coshz sum z tanhz’ 

The hyperbolic functions differ significantly from their trigonometric counter¬ 
parts. Although all the roots of sin z — 0 and cos z — 0 lie along the real axis in the 
z-plane, it is shown in the exercises that all the roots of sinh 7=0 and cosh z = 0 
lie along the imaginary axis. The trigonometric functions are periodic, with period 
2 n (see Exercise 15, section 3.2) but the hyperbolic functions have period 2 ni, that 
is, sinh(z + 2ni) = sinhz, cosh(z + 2%i) = coshz. As shown in Exercises 12 and 
13, the zeros of sinh z and cosh z are uniformly spaced at intervals of n along the 
imaginary axis of the complex plane. 


EXERCISES 


Use Eqs. (3.3-1) and (3.3-2) to prove the following. 

1. sinh z = sinh x cos y + i cosh x sin y 

2. cosh z = cosh x cos y + i sinh x sin y 

3. cosh 2 z — sinh 2 z = 1 

4. sinh(z + 2ni) = sinhz and cosh(z + 2ni) = coshz 

5. sinh(i'0) = i sin 9 and cosh(id) = cos 9. Thus the hyperbolic sine of a pure imag¬ 
inary number is a pure imaginary number while the hyperbolic cosine of a pure 
imaginary number is a real number. 


With the aid of Eqs. (3.3-6) and (3.3-7), express the following in the form a + ib, where a 
and b are real. Check your answers by using MATLAB. 

6. sinh(l + 2i) 7. sinh |l + 8. tanh |exp 

9. cos(i Log n) (natural log) 


Find the numerical value of the following derivatives. 

10. — sinh (sin z) at z = i 11. — sin(sinh z) at z = i 
dz dz 


12. Consider the equation sinh(x + iy) = 0. Use Eq. (3.3-6) to equate the real and imaginary 
parts of sinhz to zero. Show that this pair of equations can be satisfied if and only if 

Z = inn, where n = 0, ±1, ±2.Thus the zeros of sinhz all lie along the imaginary 

axis in the z-plane. 

13. a) Carry out an argument similar to that in the previous problem to show that the zeros 

of cosh z must satisfy z = ±(2 n + l)ni/2, where n = 0, 1, 2, 3. 

b) Where in the z-plane is tanh z analytic? 
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^7 Show that the equation sinh z — sin z = 0 has no solution on the line x = 1. 
tErove the following. 

S'18. | sinh z | 2 = sinh 2 x + sin 2 y 

^ 9 :' | cosh z I 2 = sinh 2 x + cos 2 y = cosh 2 x - sin 2 y 

' 20 . a) Where on the line x = y is the equation sin z + i sinh z = 0 satisfied? 

' b) Using MATLAB, obtain a three-dimensional plot of |sinz + i sinhzl and verify that 
the surface obtained has zero height at points found in part(a). Include z = 0 and at 
least one other solution, on the line, of the given equation. 


3l4 The Logarithmic Function 

fe is a positive real number, then, as the reader knows, e log 1 = x. The logarithm" of 
-X is easily found from calculator or numerical tables, and the result is a real number. 
f We should recall that log 0 is undefined. 

In this section, we will learn how to obtain the logarithm of a complex number 
z. We must anticipate that the logarithm of z may itself be a complex number. Our 
■log z will have the property 

- e logz = z. (3.4-1) 

Suppose we are given z and we find log z satisfying the preceding equation. Recall- 
^jPg the property Eq. (3.1-5), e Zl+Z2 = e zl e Z2 , as well as e 2m = 1 , we see that the 
relationship 


' e log z+i2n =z 

is also satisfied. In fact, the preceding equation is also valid if we replace 2% with 
% (w ere k is any integer). Since we have found an infinite number of quantities 
the f ’ W ^ en em P lo y ed as the exponent of e, will yield z, we must anticipate that 
oganthm of a number, even a positive real number, is multivalued, 
fgq ( 34 ^^ P res ently show that the following definition of log z will satisfy 

logz = Log Iz| + i argz, z ^ 0. (3.4-2) 

I " \on ° Wil ^ remain undefined. In the preceding equation, note the capital 

listinctf n u SidC and thC Sma11 1 ° n 1116 le{t ' Th ' s w ' 11 prove to be an important 
on. Here Log |z| is the familiar natural (i.e., base e) log of the positive real 




s book are base e (natural) logarithms. 
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|z| found from calculators or tables. Its value is a real number. We see that log 7 
be complex. 

If z is expressed in polar variables, z = re' 0 , we know that r — | z| and 0 — arg^ 
Hence Eq. (3.4-2) becomes 

log Z = Log r + id, r/0. (3.4-3) 

In this equation, the imaginary part on the right, 9, is by convention always expressed 
in radians. 

As anticipated, we see that e log z is z because 

glogz = glog r+W = e log r e i& = glogr^ Q + j sin 

= r[cos 9 + i sin 6] = .r + iy = z. (3-4-4) 

Here we have used Euler’s identity Eq. (3.2-1) to rewrite e 10 and have replaced e lo s r 
by r, which is obviously valid for r > 0 . 

The chief difficulty with Eq. (3.4-2) or (3.4-3) is that 9 = arg z is not uniquely 
defined. We know that if 9 1 is some valid value for 0 , then so is 0\ + 2 kn, where 
k = 0, ±1, ±2,.... Thus the numerical value of the imaginary part of logz is di¬ 
rectly affected by our particular choice of the argument of z. We thus say that the 
logarithm of z, as defined by Eq. (3.4-2) or (3.4-3), is a multivalued function of z. 
Each value of log z satisfies e log : ' = z. 

Even the logarithm of a positive real number, which we have been thinking is 
uniquely defined, has, according to Eq. (3.4-3), more than one value. However, when 
we consider all the possible logarithms of a positive real number, there is only one 
that is real; the others are complex. It is the real value that we find in numerical tables. 

The principal value of the logarithm of z, denoted by Log z, is obtained when we 
use the principal argument of z in Eqs. (3.4-2) and (3.4-3). Recall (see section 1.3) 
that the principal argument of z, which we will designate 0 p , is the argument of z 
satisfying —%< 0 p < %. Thus we have 

Logz = Logr + iO p , r = |z| > 0, 9 p = argz, -n < 9 p < n. (3.4-5) 

Note that we put Log r (instead of log r) in the above equation since the natural loga¬ 
rithms of positive real numbers, obtained from tables or calculators, are principal 
values. 

Any value of arg z can be obtained from the principal value 0 P by means of the 
formula arg z = 9 = 9 p + 2kn, where k has a suitable integer value. Thus all values 
of log 7 are obtainable from the expression 

logz = Log r + i{9 p + 2kn), k = 0 , ±1,±2, .... ( 3 . 4 - 6 ) 

With k = 0 in this expression we obtain the principal value, Log 7 . 

Observe that if we choose to use some nonprincipal value of arg Z, instead of 
9 p , in Eq. (3.4-6), then Eq. (3.4-6) would still yield all possible values of logZ* 
although the principal value would not be generated by our putting k = 0. Thus we 
can assert that all values of log 7 are given by 

log z = Log r + i(9 + 2kn), k = 0, ±1, ±2,.. 

where 0 is any valid value for arg(z). 


• > 
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_J|lie fact that we can find the logarithm of any number in the complex plane 
1 0 + iO, and that we are not restricted to finding the logarithm of positive 
■■ Xt |s was first described by Euler in the mid-19th century. ^ We have mentioned him 
fore in connection with complex exponentials. He also was the first to assert that 
. ^logarithm of any number is multivalued. 

' f L " The various notations used in specifying logarithms may cause some confusion 
lo the reader. The function key labeled In (or LN) on most simple calculators yields 
llidreal value of the natural (base e) logarithm of positive real numbers. Thus, In r of 
-fb,e calculator is identical to our Log r when r is a positive real. However, calculators 
[topically also have a function key designated log (or LOG). Use of this key yields 
base 10 logarithms of positive reals; its use does not give the logarithms employed 
bere, and it will be of no help in solving the exercises of this book. 

W To further complicate matters, if one is using MATLAB on a personal computer, 
<lhe logarithm of z is obtained from the command log(z). Note the lowercase letters 
ik the function. What is returned to the user is the principal value of the natural 
-logarithm, in other words, we get (in the notation of this book) Log(z). The common 
Vbase 10) logarithm can also be obtained from MATLAB by means of a different 
’cbmmand, log 10 (z). 


: EXAMPLE 1 Lind Log(—1 — i) and find all values of log(—1 — i). 


Solution. The complex number — 1 — r is illustrated graphically in Pig. 1.3-13. The 
principal argument 0 p of this number is -3n/4, while r, the absolute magnitude, 
Ss V2. Prom Eq. (3.4-5), 


IT- Log(—1 — i) = LogV2 + i(— ^ == 0.34657 — i —. 


n- ~ V 4 / 4 

4*1 va ^ ues of log(—1 — i) are easily written down with the aid of Eq. (3.4-6): 
(fV 

log(-l - i) = Log V2 + ihkn - ^ 


3 % 


= 0.34657 + i 2kn —— , k = 0, ±1,±2,_ 


^XAMPLE 2 PindLog(— 10 ) and all values of log(—10). 

The Principal argument of any negative real number is n. Hence, from 
jj|te; ’ Log(—10) = Log 10 + in = 2,303 + in. Prom Eq. (3.4-6) we have 

log(—10) = Log 10 + i(n + 2kn). 

Can c heck this result as follows: 



) _ e Logio+i(7r+2te) _ e L °g 10 [cos( 7 r + 2k7i) + isin( 7 t + 2kn)\ = -10. 


' tQry is nicely described in William Dunham, Euler: The Master of Us All (Washington, DC: 
l hcal Association of America, 1999), pp. 98-101. 
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In elementary calculus, one learns the identity log(ri.r 2 ) = logrj + logxj, 
where x\ and xi are positive real numbers. The statement 

log(ziZ2) = log Zi + log Z2, (3.4-7) 

where zi and z 2 are complex numbers and where we allow for the multiple values 
of the logarithms, requires some interpretation. The expressions logzi and log^ 2 
are multivalued. So is their sum, logzi + log z 2 - If we choose particular values of 
each of these logarithms and add them, we will obtain one of the possible values 
oflog(ziz 2 ) To establish this, let zi = ne Wl andz 2 = r 2 e‘ 02 . Thus log zi = Logn + 
i{Qi + 2mn) and log z 2 = Log r 2 + i(0 2 + 2nn). Specific integer values are assigned 
to m and n. By adding the logarithms, we obtain 

log z\ + log Z 2 = Log n + Log r 2 + i(6 1 + 0 2 + 2%(m + n)). ( 3 . 4 _g) 

Now Log ri + Log r 2 = Log(rir 2 ) since r\ and r 2 are positive real numbers. Thus 
Eq. (3.4-8) becomes 

log z\ + log Z 2 = Log(ri r 2 ) + i(6i + 0 2 + 2%{m + n )). (3.4-9) 

Notice that r\r 2 = |ziz 2 | while Q\ +9 2 + 2n(m + n) is one bf the values of 
arg(ziz 2 ). Thus Eq. (3.4-9) is one of the possible values of log(ziz 2 ). 

Suppose zi = i and z 2 — — L Then if we take log(zi) = in/2 and logz 2 = in 
(principal values), we have log zi + log z 2 = i3n/2. Now Z 1 Z 2 = -i, and, if we use 
the principal value, log(ziz 2 ) = -in/2. Note that here log zi + log z 2 ^ log(ziz 2 ). 
However, log Zi + log z 2 = iin/2 is a valid value of log(— i). It just happens not 
to be the value we first computed. The statement log(zi /zi) = log zi - log z 2 must 
also be interpreted in a manner similar to that of Eq. (3.4-7). 

Putting z = Zi = Z 2 in (3.4-7), we have log z 2 = 2 log z, which like Eq. (3.4-7) 
can be satisfied for appropriate choices of the logarithms on each side of the equation. 
An extension, 

logz" = nlogz, n any integer, (3.4-10) 

will also be valid for certain values of the logarithms. The same statement applies 
to log z n/m = £ log z, where n and m are any integers, except we exclude m = 0. 

We are, of course, familiar with an identity from elementary calculus, log e x — x, 
where x is a real number. The corresponding complex statement is 

log e z = z + i2kn, k = 0, ±1, ±2,..., (3.4-11) 

and requires a comment. The expression e z is, in general, a complex number. Its 
logarithm is multivalued. One of these values will correspond to z, and the others 
will not. We should not think that the principal value of the logarithm of e z must 
equal z- There is nothing sacred about the principal value. 

EXAMPLE 3 Let z = 1 + 3ni. Find all values of log e z and state which one is the 
same as z. 

Solution. We have e z = e 1+3ni = e[cos 3n + i sin 3 n] = —e. Thus 
log e 1+3m = log(-e) = Log \—e\ + i(arg(-e)). 
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w 

rNow L°g \ ~ e \ ~ Log e = 1 while the principal argument of — e (a negative real 
''number) is n. Thus arg(-e) = Jt + 2kn. Therefore, 

loge 1+3m = 1 + i(jc + 2kn), k = 0, ±1, ±2,- 

The choice k= 1 will yield log e 1+3771 = 1 + 3ni. However, the principal value of 
log e 1+3m is obtained with k = 0 and yields Log e 1+3771 = 1 + ni. • 


exercises 

Find all values of the logarithm of each of the following numbers and state in each case the 
principal value. Put answers in the form a + ib. 

l.e 2. 1 -i 3. —ie 2 4. -V3 + i 5. e l 6 . e 1+4i 7. (-V3 + i ) 4 

8 . e lo g (, Mnlll) 9. e e ‘ 10. Log(Logi) 


11. For what values of z is the equation Log z = Log z true? 


Give solutions to the following equations in Cartesian form. 
12. Log z = 1 + i 13. (Log z ) 2 + Log z = -1 


Use logarithms to find all solutions of the following equations. 

14. e z = e IS. e z = e~ z 16. e z = e iz 17. ( e z — l ) 2 = e 2z 

18. {e z - l) 2 = e z 19. (e z - l) 3 = 1 20. e 4z + e 2z + 1 = 0 21. e el - 1 

22. Is the set of values of log i 2 the same as the set of values of 2 log i? Explain. 


Prove that if 9 is real, then 
23. Re[log(l + e i6 )] = Log 


2 cos 9 1 - 
2 


ife w -1 


24. Re[log(re 10 -!)] = _ Log(l - 2r cos + r 1 ) if r > 0 and re w ^ 1 . 


25 - a) Consider the identity logzi + logZ 2 = log(ziZ 2 )- If zi = -ie and Z 2 = -2, find 
specific values for log zi, log Z2 , and log(ziZ2) that satisfy the identity. 

b) Fw 2 , 1 “f Z2 . given in part (a) find specific values of lo S zi , log Z2, and log(zi/z 2 ) so 
^ ^ the ldenti ty log(zi/z 2 ) = log zi - log Z 2 is satisfied. 

' dW Slder F 16 ld6ntlt y lo S z" = n log z, where n is an integer, which is valid for appropriate 
ices of the logarithms on each side of the equation. Let z = 1 + i and n = 5. 


a ) Find values of log 


z" and log z that satisfy n log z = log z". 


if,'.^ Por Ibe given z and n is nLogz = Log z" satisfied? 

K ^ Suppose n = 2 and z is unchanged. Is n Log z = Log z" then satisfied? 
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27. What is wrong with this? 1 2 = (-1) 2 andsolog l 2 = log(-l) 2 .Thus21og 1 = 21og(-i) 
and so log 1 =log(-l). Since a possible value of log 1 is zero, we conclude that 
log(-l) = 0. Describe the first invalid step. 

28. This problem considers the relationship between log(8i)^ 3 and (1/3) log(8i). 

a) Show that (l/3)log(8i) = Log2 + 7(71/6 + (2/3)kn), where k = 0, ±1, ±2,_ 

b) Show that log( 8 i)U 3 = Log2 + 1 ( 71/6 + (2/3)mn + 2nn), where m = 0, 1, 2 and 
n = 0, ±1, ±2, .... Thus there are three distinct sets (corresponding to m = 0, 1,2) 
of values of log^i) 1 / 3 . Each set has an infinity of members. 

c) Show that the set of possible values of log(8i)L 3 is identical to the set of possible 
values of (1/3)log(8i). This discussion can be generalized to apply to (l/p)logz 
(where p is an integer) and log/z 1 ^). 

29. Using MATLAB, find the logarithms of the numbers — 1 + ilO -4 and — 1 — il(D 4 . For 
best accuracy, use the “long format.” Explain why the two results are quite different 
even though the points representing these numbers are “near” one another in the complex 
plane. 


3.5 Analyticity of the Logarithmic Function 

To investigate the analyticity of log z, let us first study the analyticity of the single¬ 
valued function Log z, that is, the function created from the principal values.^ We 
have 


Log z = Log r + id, r > 0, ~n < 9 < n. (3-5-1) 

Obviously, this function is not continuous at z = 0 since it is not defined there; 
it is also not continuous along the negative real axis because 9 does not possess a 
limit at any point along this axis (see Fig. 3.5-1). 

Observe that any point on the negative real axis has an argument 0 = n. On 
the other hand, points in the third quadrant, which are taken arbitrarily close to the 



Figure 3.5-1 


fThe modifier “single-valued’’ in the phrase “single-valued function” is, strictly speaking, redundant since, by 
definition, a function is single valued. 
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. five axis, have an argument tending toward — 71 . The principal argument of z 
-*** though a “jump” of 2n as we cross the negative real axis. 

§ oe p reC eding properties of Log z can be visualized from three-dimensional 
of the real and imaginary parts of this function in the complex plane. In 
p. re 3.5-2(a), we have the surface Re(Logz) = Log r = Log yjx 2 + y 2 . Notice 
the discontinuity at z = 0. In Fig. 3.5—2(b), we have Im(Logz) = argz, where 
< arg z < Jt. Observe the cliff-like behaviour in the surface as we cross the 



1 -1 

(a) Re(Log z) 
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negative real axis; the height of the surface changes abruptly from — n to % if vve 
move in the direction of increasing y. 

However, Log z is single valued and continuous in the domain D, which consists 
of the z-plane with the points on the negative real axis and origin “cut out.” The 
troublesome points of discontinuity have been removed. Using the polar system 
with z = re‘ e , we could describe D with the inequalities r > 0, —n < 9 < n. 

Continuity is a prerequisite for analyticity. Having discovered a domain D 
in which Logz is continuous, we can now ask whether this function is analytic 
in that domain. This has already been answered affirmatively in Example 2 of 
section 2.5. The function investigated there is precisely that in Eq. (3.5-1) since 
Log r = Log y/x 2 + y 2 = (1/2) Log(x 2 + y 2 ), and 0 = argz. However, it is conve¬ 
nient in this section to repeat the same discussion in polar coordinates. 

Let us write Logz as u(r, 9) + iv(r, 9). From Eq. (3.5-1), we find 

u = Log r, v = 9. (3.5-2) 

These functions are both defined and continuous in D. From Eq. (2.4-5), we obtain 
the Cauchy-Riemann equations in polar form: 

du 1 dv dv 1 du 

dr r d9’ dr r d9' ' 

For u and v defined in Eq. (3.5-2), we have 

du 1 1 dv l dv 1 du 

dr r’ r d9 r’ dr ’ r d9 
Obviously, u and v do satisfy the Cauchy-Riemann equations. Moreover, the partial 
derivatives du/dr, dv/d9, etc. are continuous in domain D. Thus the derivative of 
Log z must exist everywhere in this domain, and Log z is analytic there. The situation 
is illustrated in Fig. 3.5-3. We can readily find the derivative of Log z within this 
domain of analyticity. 

If f(z(r, 9)) = u(r, 9) + iv(r, 9) is analytic, then Eq. (2.4-6) provides us with 
a formula for f(z). Using this equation with the substitution e~' e = cos 9 — i sin 6, 
we have 

il+# 


y 


x 


Domain of analyticity of Log z (shaded) 

Figure 3.5-3 
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'Thus 


with u and v defined by Eq. (3.5-2), we obtain 


d 

— L °gz 
dz 


r 


1 


re‘ 


w 


1 

z 


(3.5-4) 


in the domain D. An alternative derivation involving u(x, y) and v(x, y) is given in 
Exercise 1 of this section. 

Equation (3.5-4) reminds us that d(\ogx)/dx = 1 jx in real variable calculus. 
Note that Eq. (3.5-4) is inapplicable along the negative real axis and the origin, 
which are outside D. 

The single-valued function w(z) = Log z for which z is restricted to the domain 
D is said to be a branch of logz. 


DEFINITION (Branch) A branch of a multivalued function is a single-valued 
function analytic in some domain. At every point of the domain, the single-valued 
function must assume exactly one of the various possible values that the multi¬ 
valued function can assume. • 

Thus, to specify a branch of a multivalued function, we must have at our disposal 
a means for selecting one of the possible values of this function and we must also 
state the domain of analyticity of the resulting single-valued function. 

We have used the notation Log z to mean the principal value of logz. The prin¬ 
cipal value is defined for all z except z = 0. We will also use Log z to mean the 
principal branch of the logarithmic function. This function is defined for all z except 
z — 0 and values of z on the negative real axis. We have called its domain of analyt¬ 
icity D. Whether Log z refers to the principal value or the principal branch should 
be clear from the context. 

Both the principal value and the principal branch yield the same values, except 
if z is a negative real number. Then the principal branch cannot be evaluated, but the 
principal value can. 

There are other branches of logz that are analytic in the domain D of 
Fig. 3.5-3. If we put k = 1 in Eq. (3.4-6), we obtain /(z) = Log r + id, where 
n.< 0 < 2n. If z is allowed to assume any value in the complex plane, we find that 
this function is discontinuous at the origin and at all points on the negative real axis. 
However, none of these points is present in D. When z is confined to D, we have 
r > 0 and n < 6 < 3n, and, as before, df/dz = 1/z. 

th t ' oma ' n D was created by removing the semiinfinite line y = 0, x < 0 from 
e Ay-plane. This line is an example of a branch cut. 


(Branch Cut) A line used to create a domain of analyticity is 
ailed a branch line or branch cut. • 

tiii P oss 'Fle to create other branches of logz that are analytic in domains other 
fian D. Consider 



f(z) = Log r + i6, where - 3n/2 < 6 < n/2. 

the principal value Logz, this function is defined throughout the complex 
"ft SX ? e P t at the origin. It is discontinuous at the origin and at all points on the 
| f Ve imaginary axis. As it stands, it is not a branch of logz. However, when 
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Figure 3.5-4 


z is restricted to the domain D\ shown in Fig. 3.5—4, it becomes a branch. £) 1 i s 
created by removing the origin and the positive imaginary axis from the complex 
plane. When z is restricted to D\ we require that r > 0 and —3 tt/2 < 0 < n/2. As in 
the discussion of the principal branch, we can show that the derivative of this branch 
exists everywhere in D\ and equals 1 /z. 

The reader can readily verify that the logarithmic functions 

3jt % 

f(z ) = Log r + /0, — — + 2kn < 9 < — + 2 kn, k = 0, ± 1, ±2, ..., 

are, for each k, analytic branches, provided z is confined to the domain D\. 

The domains D and D\ are just two of the infinite number of possible domains 
in which we can find branches of log z. Both of these domains were created by using 
a branch cut (or branch line) in the xy-plane. 

As we will see in section 3.8, the branches of some multivalued functions that 
are more complicated than log z require the use of more than one branch cut in order 
to be defined. This leads us to the following definition. 

DEFINITION (Branch Point) Any point that must lie on a branch cut—no 
matter what branch is used—is called a branch point of a multivalued function. • 

In the case of log z, the origin is a branch point. Indeed, the two branch cuts 
that we investigated for this function passed through z = 0. Procedures for finding 
branch points of other functions are given in section 3.8. 

EXAMPLE 1 Consider the logarithmic function 

n 3 n 

logz = Logr + i6, — — < 6 < —. 

a) What is the “largest” domain in the complex plane in which this function 
defines an analytic branch of the logarithmic function?^ 

b) With this choice of branch what is the numerical value of log(—1 — ()? 


+ Wc have used quotation marks in “largest” because there is no way we can say that one domain is larger 
than another. Every domain contains an infinite number of points. By saying that we have found the ‘ larg e )j 
domain in which this function defines an analytic branch of the log, we mean that there are no points outst e 
this domain at which the function will be analytic. 
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Figure 3.5-6 


Solution. Part (a): The function obviously fails to be continuous at the origin since 
Mgr is undefined there. In addition, 0 fails to be continuous along the negative 
imaginary axis. For points on this axis 0 — 3n/2, while points in the fourth quad¬ 
rant, which are taken arbitrarily close to this axis, have a value of 0 near to -%/ 2, 
as Fig. 3.5-5 indicates. A branch cut in the xy-plane, extending from the origin 
outward along the negative imaginary axis, will eliminate all the singular points of 
the given function. Thus, the given function will yield an analytic branch of the loga¬ 
rithmic function in a domain consisting of the xy -plane with the origin and negative 
imaginary axis removed. 

Part (b): An analytic function varies continuously within its domain of analyt- 
igity. Thus to reach — 1 — i from a point on the positive x-axis, we must use the 
counterclockwise path shown in Fig. 3.5-6. The argument 0 at a point on the pos¬ 
itive x-axis must be 2kn (where k is an integer). Since in the domain of analyt- 
ijcity we have —n/2 < 6 < 3n/2, evidently k — 0. Thus the argument 0 begins at 
0 radians and reaches the value 5 tx/ 4 at — 1 — i. It is not possible to use the broken 
clockwise path shown in Fig. 3.5-6 to reach the same point. In so doing we would 
strike the branch cut and thereby leave the domain of analyticity. Thus to answer 
the question, 

lo g(-l — i) — Log | —1 — i | + i— — Log V2 + i— = 0.3466 + i— . • 

fb' 4 4 4 

^EXAMPLE 2 


a ) Find the largest domain of analyticity of f(z) = Log[z — (3 + 4/') j. 

b) Find the numerical value of /(0). 

'lution. Part (a): The function Log w is analytic in the domain consisting of the 
itire uj-plane with the semiinfinite line Im w = 0, Re w < 0 removed. If w = z — 
+ 4f), we ensure analyticity in the z-plane by removing the points that simultane¬ 
ity satisfy Im(z — (3 + 4f)) = 0 andRe(z — (3 + 4/)) < 0. These two conditions 
11 be rewritten 

Im((x + iy) — (3 + 40) = 0 or y — 4, 

Re((x + iy) — (3 + 4/)) <0 or x < 3. 

P domain of analyticity is shown in Fig. 3.5-7. 
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Figure 3.5-8 


Part (b): /(0) = Log(—3 — 4i) = Log5 + i arg(—3 — 4 i). Since we are deal¬ 
ing with the principal branch, we require in the domain of analyticity that —% < 
3 — 4 i) < n. From Fig. 3.5-8 we find this value of arg(—3 — 4 i) to be 
approximately -2.214. Thus /(0) = Log 5 - (2.214. • 

EXERCISES 

1. Use Log z = (1/2) Log(x 2 + y 2 ) + i arg z, where arg z = tan -1 (y/x) or, where appro¬ 
priate (x = 0), argz = 7i/2 - tan _1 (x/y), and Eq. (2.3-6) or (2.3-8) to show that 
d(Logz)/dz = l/z in the domain of Fig. 3.5-3. The inverse functions are here eval¬ 
uated so that arg z is the principal value. 

2 . Suppose that 

/(z) = logz = Log r + ie, 0 <6 < 2n. 

a) Find the largest domain of analyticity of this function. 

b) Find the numerical value of /(—e 2 ). 

c) Explain why we cannot determine fie 2 ) within the domain of analyticity. 

Consider a branch of log z analytic in the domain created with the branch cut x = 0, y > 0. 

If for this branch, log(-l) = -in, find the following 

3.log! 4. log(-/ e ) 5. log(—e + /e) 6. log(-V3 +/) 7. log(cis(3?i/4)) 
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f %ider a branch of log z analytic in the domain created with the branch cut x = 
\ jf f or this branch, log 1 = -2ni, find the following. 

B-; 8 . lo g i 9. log(V3 + 0 10. log(-te)_ 


11. Consider the function /(z) = Log(z - i). 

i- ' a) Describe the branch cut that must be used to create the largest domain of analyticity 
for this function. 

!«fcb) Find the numerical value of /(-»'). 

o' c) Explain why g(z) = [Log(z - i)]/(z - 2 i) has a singularity in the domain found in 
part (a), but h(z) = [Log(z - i)]/(z + 2 - i) is analytic throughout the domain. 

j 2 a ) Show that - Log z = Log( 1 /z) is valid throughout the domain of analyticity of Log z- 

0 b) Find a nonprincipal branch of log z such that - log z = log( 1 /z) is not satisfied some¬ 
where in your domain of analyticity of log z. Prove your result. 

13. Show that Log[(z - l)/z] is analytic throughout the domain consisting of the z-plane 

,n w ith the line y = 0, 0 < x < 1 removed. Thus a branch cut is not always infinitely long. 

14. Show that/(z) = Log(z 2 + 1) is analytic in the domain shown in Fig. 3.5-9. 

Hint: Points satisfying Re(z 2 + 1) < 0 and Im(z 2 + 1) = 0 must not appear in the 
domain of analyticity. This requires a branch cut (or cuts) described by Re((x + iy) 2 + 

,f 1) < 0, Im((x + iy) 2 + 1) = 0. Find the locus that satisfies both these equations. 


j,5. a) Show that Log(Log z) is analytic in the domain consisting of the z-plane with a branch 
cut along the line y = 0, x < 1 (see Fig. 3.5-10). 

Hint: Where will the inner function, Logz, be analytic? What restrictions must be 
j placed on Logz to render the outer logarithm an analytic function? 

V, b) Find d(Log(Log z)) jdz within the domain of analyticity found in part (a). 



Figure 3.5-10 
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c) What branch cut should be used to create the maximum domain of analyticity f 0r 
Log (Log (Log z))? 

16. The complex electrostatic potential 4>(x, y) = </> + i\jj = Log(l/z), where z A 0, can be 
created by an electric line charge located at z - 0 and lying perpendicular to the xy-pi aile 

a) Sketch the streamlines for this potential. 

b) Sketch the equipotentials for 0 = -1,0, 1, and 2. 

c) Find the components of the electric field at an arbitrary point x, y. 

17. Consider the function Log(z — 1 — i). Obtain three-dimensional plots of the surfaces 
for the real and imaginary parts of this function. The plots should be comparable to 
those in Fig. 3.5-2 and should display the discontinuities at the branch point and branch 
cuts. Check your result by confirming that the plots agree with the numerical value of 
Log(— 1 — i) when z = 0. 

3.6 Complex Exponentials 

What is the numerical value of the expression (1 + i) 3+4 ' ? With what we know so far, 
this question is unanswerable; we have not defined the meaning of a number raised 
to a complex power (with the exception of e z ). However, the procedure used to raise 
a positive real number to a real power should suggest the definition to be introduced 
for an arbitrary complex number raised to an arbitrary complex power. Recall that 
7 1-43 is calculated from (e Log7 ) '- 43 = g 1 -43 Log 7. j n a b S ence of a calculator, we 
can, if we have a mathematical handbook, find the Log of 7. From the same book we 
get our answer by finding the antilog of 1.43 Log 7. This procedure should suggest a 
definition for general expressions of the form z c , where z and c are complex numbers. 
We use, for 0, 

z c = e c (l°gz). (3.6-1) 

We evaluate g c Q°gz) by means of Eq. (3.1-1). As we well know, the logarithm of z 
is multivalued. For this reason, depending on the value of c, z c may have more than 
one numerical value. The matter is fully explored in Exercise 14 of this section. It is 
not hard to show that if c is a rational number n/m, then Eq. (3.6-1) yields numerical 
values identical to those obtained for z n i m in Eq. (1.4-13). 

The definition in Eq. (3.6-1) is not only consistent with exponentiation in the 
positive real number system, but has the reassuring consequence that a complex 
number, when raised to a complex power, yields a number still in the complex system- 
A real number raised to a real power does not necessarily give a real result, as m 
the case of (—l) 1 / 2 . That a complex number raised to a complex power produces 
a complex number, and not a quantity requiring a new system of numbers, was 
apparently first stated by Leonhard Euler in 1749. 

EXAMPLE 1 Compute 9 1/2 by means of Eq. (3.6-1). 

1 /2 

Solution. We, of course, already know the two possible numerical values of 9 
Pretending otherwise, from Eq. (3.6-1) we have 

9 1/2 _ g (l/2)log9 _ l/2[Log9+/(2L0] _ g (l/2)Log 9+ikn 

= ef 1 / 2 ) Lo § 9 [cos(fc7i) + f sin(fcrr)], k — 0, ±1, ±2, .... 
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P e s over all integers, the expression in the brackets yields only two possible 
if ers _|_i and — 1. The term gt 1 / 2 ) 1 - 0 ® 9 equals e Log3 = 3. Thus 9 1 / 2 = ±3, and 


^fSar results obtained 


computing the value of z c by means ofEq. (3.6-1) we employ the principal 
ue of the logarithm, we obtain what is called the principal value of z c ■ In the 
eding example, we can put k = 0 and see that the principal value of 9 1 /2 is 3. 
Readers should now convince themselves that the principal value of 1 r is always 1, 
after what value is chosen for c. 


,ev 


^SAMPLE 2 Compute 9 71 by means of Eq. (3.6-1). Here we are raising a number 
tcTareal, but irrational, power. Although we know there is exactly one distinct value 
z n , where n is an integer, we have not yet determined the number of values that 
will occur if n is irrational. 


Solution- From Eq. (3.6-1), we have 

g7i _ e ?tlog9 _ e ?t[Log9+r2fot] _ e % Log9+i'21:jt 2 


f = e ,cLog9 [cos(2fc7t 2 ) + i sin(2fc7t 2 )] 

tr A e 6 ' 903 [cos(2fc7i 2 ) + isin(2fc7t 2 )] 

;)■ = 995.04[cos(2fc7i 2 ) + /sin(2fc7i 2 )], k = 0, ±1, ±2,_ 

With k = 0, we have that the principal value of 9 71 is approximately 995.04. By 
allowing k to vary, we generate other, complex, values of 9 71 . All these values are 
numerically distinct; that is, there are no repetitions as k assumes new values. To 
gee that this must be so, assume that integers k\ and k 2 yield identical values of 9 71 . 
Jshen we would require 


cos(2ki% 2 ) + i sin(2fci7i 2 ) = cos( 2 k 2 % 2 ) + i sin(2fc 2 ^ 2 )- 

®his equality can only hold if 
u ; 

,. 2k\% — 2 k 2 n 2 = m%, where m is an even integer, 

or if 


&•; m 

^jf,. 2ki - 2k 2 

mce n is irrational, it cannot be expressed as the ratio 
- Umpll0n that there are two identical roots must be false. 


of integers. Thus our 


"f^ues C f L q/ reV ' 0US exarn P le ’ we generate an infinite set of numerically distinct 
M? °. y , when we allow k to range over all the integers. This result is generalized 
erc,se 14 of this section and shows the following: 

if . 

C is any irrational number, then z r possesses an infinite set of different values. 
|jetus now consider examples in which c is complex. 

PLE 3 Find all values of i l , and show that they are all real. 
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Solution. Taking z = i and c = i in (3.6-1), we obtain 

i 1 = e ‘log‘ = g i[i(’t/2+2 Fje)] _ e -[?c/2+2fa] ; fc = 0, ±1, ±2, .... 

What is curious is that by beginning with two purely imaginary numbers, we have 
obtained an infinite set of purely real numbers. This result, which is counterintuitiv 
seems first to have been derived by Euler around 1746. Note that with k = f) » ’ 
obtain the principal value i‘ = e~ % ' . 

In Exercise 2 you will find all the values of i~‘ or equivalently / 1 /'. The precedin 
can be thought of as the ith root of i . The principal value is found to be ■sfe™. In I925 
a former student of the American mathematician B.O. Peirce recalled that in the 
mid-19th century his teacher had told a class of Harvard students, concerning this 
intriguing result: “Gentlemen, that is surely true, it is absolutely paradoxical; we 
cannot understand it, and we don’t know what it means. But we have proved it and 
therefore it must be the truth.” See “Benjamin Peirce” by C. Eliot et al., American 
Mathematical Monthly, 32:1 (Jan. 1925): 1-31. # 


EXAMPLE 4 Find (1 + i) 3+4i . 

Solution. Our formula in Eq. (3.6-1) yields 

(1 + /)3+4/ __ g(3 +4i) (log(1 + /)) 

__ e (3+4i)[Log V2+;(jt/4+2£7i)] 

__ g 3Log ~Jl—n— 8fot+i(4Log y/2+3%/A+6k%) 

With the aid of Eq. (3.1-1), this becomes 

gSLogv^-K-gfcK^Qg^LQg ^ + 3^/4 + + / s in (4 Log V2 + 3%/A + 6kn)\ 

= {\+i) 3+A \ k = 0,±1,±2 ,.... 

Note that 6k% can be deleted in the preceding equation. As k ranges over the 
integers, an infinite number of complex, numerically distinct values are obtained for 
(1 + i) 3+Al . The principal value, with k = 0, is 

^3 Log ~j 2 —% |^ cos (4 Log V2 + 3 ti/4) + i sin(4 LogV2 + 3 tt/4)] . • 

Examples 1-4 are specific demonstrations of the following general statement 
for z^O: 

z c has an infinite set of possible values except ifc is a rational number. 

There is one case in which the rule does not apply: If z = e, then by definition, 
we compute e c by means of Eq. (3.1-1) and obtain just one value. Otherwise, we 
would no longer have, for example, such familiar results as e 171 = — 1- , 

If z is regarded as a variable and c is not an integer, then z c is a multivalue 
function of 2 . This function possesses various branches whose derivatives can 
found. The principal branch, for example, is obtained with the use of the princip^ 
branch of logz in Eq. (3.6-1). This branch of z c is analytic in the same domain aS 
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YVe find the derivative of any branch as follows: 


z c = e clogz , 


xlogz _ 


= ceic-Vlogz = cz c-\ 


dz dz Z 

ich is a familiar-looking result from real calculus. We can rewrite this as 



(3.6-2) 


ire should be taken to employ the same branch of z c on both sides of this equation 
and also to not apply this fomula along a branch cut of z c ■ For example, we define 
tliC'principal branch of z 1 /2 by using e (l / 2 > Logz . The latter function has a branch cut 
'along the negative real z axis arising from the branch cut for Log z. This is the branch 
cut for the principal branch of z 1 /2 . We cannot differentiate Log z at, for example, 
—1. nor can we differentiate z 1 /2 at the same point since this function approaches 
±z just above and below z = — 1, and is discontinuous. 

A careful reader might be troubled by something at this point. If n is an integer, 
tfren z" is an entire function if n > 0. If n < 0, this same function is analytic except 
'af z = 0. Yet the expression z” = e nlogz , obtained from Eq. (3.6-1), would seem to 
indicate the presence of singularities of z n along the branch cut for the branch of 
ithe log chosen here. However, this is not the case, as is shown in Exercise 27; i.e., 
there is no inconsistency between z" and e nlogz . More information on branch cuts 
for multivalued functions is given in section 3.8. 

.^EXAMPLE 5 Find ( d/dz)z 2 ^ 3 at z = —8 i when the principal branch is used. 

pollution. Using (3.6-2) with c = 2/3, we see that we must evaluate (2/3 )z 2 ^ 3 /z 
.gt -8 i. Using the principal branch, we have, from (3.6-1), 


g(2/3) Log(—8Z) 


= (2/3) 


„(2/3)[Log(8)+i(-rc/2)] 


= (1/3) cis(7i/6). 


The expression c z , where c is a constant and z a variable, is equal to e zlogc . 
^g c h° sen a valid value for log c, we find that we now have a single-valued 
jg 2 ana| y lic in the entire z-plane. The derivative of this expression is found 


T/ Z = = e zlogc (logc) = c z logc. 


(3.6-3) 


Find (d/dz)i z . 

f° n - We wil1 us « Eq. (3.6-3) taking log« = Log « = in/2. Thus 


d . z _ 
dz 1 1 


gfivalued function g{z ) h W is defined as e^WW). Such functions are 
life ln . xerc ises 19-21 of this section. Their principal branch is obtained if 
Principal branch of the logarithm. 
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EXERCISES 


Find all values of the following in the form a + ib and state the principal value. It should 
be possible to check the principal value by means of a computer equipped with a numerical 
software package like MATLAB. 

1. 1 2/ 2. r l 3. (V3 + i) l ~ 2i 4. (e 1 ) 1 5. e^ 6. (l.l) 11 

7. 7t ! / 2 8. (Log i) 71 / 2 9. (1 + itanl)' 72 10. (V2) 1+itanl 


11. Show that all possible values of z‘ are real if |z| = e nn , where n is any integer. 

Using Eq. (3.1-5) or Eq. (3.1-7) and the definition in Eq. (3.6-1), prove that for any complex 
values a, fi, and z, we have the following. 

12. The values of 1/z^ are identical to the values of z~^. 

13. The values of z“z^ are identical to the values of z a+ ^ . 

14. Use Eq. (3.6-1) to show that 

a) if n is an integer, then z" has only one value and it is the same as the one given by 

Eq. (1.4-2); ! 

b) if n and m are integers and n/m is an irreducible fraction, then z n ! m has just m values 
and they are identical to those given by Eq. (1.4-13); 

c) if c is an irrational number, then z c has an infinity of different values; 

d) if c is complex with Im c / 0, then z c has an infinity of different values. 

15. The following puzzle appeared without attribution in the Spring 1989 Newsletter of the 
Northeastern Section of the Mathematical Association of America. What is the flaw in 
this argument? 

Euler’s identity? 

e W = f e i6 ) ln /' ln — (e 271 ') 0 / 271 = (i) 0 / 271 = 1 . 


Using the principal branch of the function, evaluate the following. 
16- /'(O if /(z) = z 2+l 17. /'(-128t) if /(z) = z 8 / 7 
18. /'(-Si) if /(z)=z 1 / 3 + f 


Let f(z) = z z , where the principal branch is used. Evaluate the following. 

19. f(z) 20, /'(;') __ 

21. Let /(z) = z sin z , where the principal branch is used. Find f'(i). 

22. Find (d/dz) 2 coshz using principal values. Where in the complex z-plane is 2 
analytic? 

23. Find f(i) if /(z) = and principal values are used. 

24. Let /(z) = lO^ 3 - 1 . This function is evaluated such that f(z) is real when z = 1- 
f{ 1 + i). Where in the complex plane is f(z) analytic? 
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10 (« z ) This function is evaluated such that \f(in/2) \ = e~ 2% . Find/'(z) and 

: i An for n = 


gS. Let f(z) ■■ 

f (in/2). 

26 a) Let 711 = Al = '' = iM ’ and 713 = ' Al s0 that ’ in S eneral A n+i 
•. ' 12 , _The principal value is used throughout. Write a computer program that will 

generate the values of A„ when n = 1, 2, ..., 50. With the aid of the computer, plot 
each of these values in the complex plane. 


b) The procedure used here is analyzed in an article “Complex Power Iteration” by 
Greg Packer and Steve Abbott (The Mathematical Gazette , 81:492 (Nov. 1997): 
431 _^ 434 ). They prove that the limit of this sequence as n tends to infinity is app¬ 
roximately 0.4383 + (0.3606. How close is A 50 to this value? They prove that the 
plotted values of A n each lie on one of three spirals all of which intersect at the point 
just described. Do the plots found in (a) support this finding? More advanced work 
on this subject of iteration can be found in “A Beautiful New Playground-Further 
Investigations into i to the Power i” by Greg Packer and Steve Roberts in the same 
journal cited above (82:493 (March 1998): 19-25). 

c) Explain why your values of A„ should, as n—r 00 , have a limit A satisfying A = e I7tA / 2 . 
Does the approximate result given in (b) come close to satisfying this equation? 


27. a) Consider the equation z n = e nlogz , z / 0. Suppose n is an integer and we choose to 
use the principal branch of the log. Assuming z / 0, explain why, even though the Log 
function is discontinuous on the negative real axis, that e nLogz , like z", is continuous 
on the negative real axis. 

Hint: Put Logz = Log r + id. By how much does 6 change as the branch cut is 
crossed? Note that this can be generalized to any branch of the log that might be 
used in the preceding equation, i.e., there is no discontinuity in e nlogz at the branch 
cut. Since z" = e nlogz holds in the neighborhood of any point (except z = 0), both 
on and off the branch cut, it follows, since z n is analytic at any such point that e n logz 
is also analytic. 

b) Assume that n is a positive integer. Show that lim^o e n logz =0 for any branch of the 
log. Explain why the function defined as f(z) = e n log L z / 0 , /( 0 ) = 0 is continuous 
and differentiable at z = 0 and is an entire function. A function such as e niogz , which 
is undefined at apoint but which can be redefined at the point so as to create an analytic 
function, is said to have a removable singularity. This topic is treated in section 6.2. 
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If we know the logarithm of a complex number w, we can find the number itself by 
.tneans of the identity e log w = w. We have used the fact that the exponential function 
s he inverse of the logarithmic function. 

- Suppose we know the sine of a complex number w. Let us see whether we can 
■ n w and whether w is uniquely determined. 

comnf 1 ^ ~ Sm W ' The value of w is referred t0 as arc sin z, or sin -1 z, that is, the 
m Plex number whose sine is z. To find w note that 



P w with p = : 


,iw _ 


and 1 Ip = e lw inEq. (3.7-1), we have 

p- 1 Ip 


(3.7-1) 


z = 


2 i 
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Multiplying the above by 2 ip and doing some rearranging, we find that 

2 izp = p 2 — 1 or p 2 — 2izp —1 = 0. 

With the quadratic formula, we solve this equation for p: 

p = zi+ (1 — z 2 ) 1 / 2 or e ,w = zi + (1 — z 2 ) 1 ^ 2 . 

We now take the logarithm of both sides of this last equation and divide the result 
by i to obtain 

W = T log(zi + (1 - z 2 ) l/2 ) 

l 

and, since w = sin -1 z, 

sin -1 z = -ilog(zi + (1 - z 2 ) l/2 ). (3.7-2) 

We thus, apparently, have an explicit formula for the complex number whose 
sine equals any given number z. The matter is not quite so simple, however, since 
the result is multivalued. There are two equally valid choices for the square root in 
Eq. (3.7-2). Having selected one such value, there are then an infinite number of 
possible values of the logarithm of z i + (1 - z 2 ) ,/2 . Altogether, we see that because 
of the square root and logarithm, there are two different sets of values for sin' 1 z, 
and each set has an infinity of members. An exception occurs when z = ± 1; then the 
two infinite sets become identical to each other and there is one infinite set. To assure 
ourselves of the validity of Eq. (3.7-2), let us use it to compute a familiar result. 


EXAMPLE 1 Find sin" 1 (1 /2). 

Solution. We see from Eq. (3.7-2) that 

With the positive square root of 3/4, we have 

. _, /1 \ 73 i 1 / / n\ n 

S .n- (_j = _ilog| T + -j= -+2t». 

k = 0, il, i2, ..., 


whereas with the negative square root of 3/4, we have 


sin + i = —ilogfll 


5n 

= -1- 2kn, 

6 


fc = 0,±l,±2, .... 


To make these answers look more familiar, let us convert them to degrees. The first 
result says that angles with the sines of 1/2 are 30°, 390°, 750°, etc., while the 
second states that they are 150°, 510°, 870°, etc. We, of course, knew these results 
already from elementary trigonometry. • 

In a high school trigonometry class, where one uses only real numbers, the 
following example would not have a solution. 
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]yIpLE 2 Find all the numbers whose sine is 2. 

i station From Eq ‘ ( 3 ' 7 " 2 )’ we have sin_1 2 = — i log(2/ + (-3) 1/2 ). The two 
» (_3)!/2 are ±iV3. With the positive sign, our results are 

«sw sin -1 2 = —i log[2i + ix/3] = — i |Log(2 + a/3) + i ^ — + 2fc7rj 

t'* = ^—+ 2fc7rj — il.317, k = 0, ±1,±2, 

^hereas with the negative sign, we obtain 

& sin" 1 2 = -i log(2/ - iV3) = —i Log(2 - a/3) + i + 2kiz^ 
=^+2jk7t)+il.3l7. 

T 0 verify these two sets of results, we use Eq. (3.2-9) and have 

jj« 

sin ^ + 2k-nj ± r 1.317 = sin + 2fc7rjcosh(1.317) 

' ± icos^— + 2fc7rj sinh(1.317) 

.p = cosh(l.317) = 2.000 (to four figures). • 

Not only can we find the “angles” whose sines are real numbers with magnitudes 
exceeding one, we can find the complex angles whose sines are complex, as in this 
example. 

EXAMPLE 3 Find the numbers whose sine is i. 

Solution. Employing Eq. (3.7-2), we have sin -1 i = — flog(i 2 + (2) 1 / 2 ) = 
Kp( log(— 1 ± V2). Choosing the plus sign before the square root, we take the log of a 
f&sitive real and obtain the set of values sin" 1 i = — i(Log(v / 2 — 1) + i2kn) = 
f>kn — i Log (a/2 — 1), where k is any integer. Choosing the minus sign instead of the 
plus, we take the log of a negative real and get the values sin" 1 i = -i(Log(l + a/2)+ 

tX 2kn)) = 71 + 2 ^' 7r " 1 F °g(l + \/2). The reader should check these results 
y taking their sine and verifying that i is obtained. MATLAB can also be used for 

verification. 

The equation z = cos w can be solved for w, which we call arc cos z or cos" 1 z. 
6 proce<3ure is similar to the one just given for sin" 1 z. Thus 

||l cos" 1 z = — i log(z + i(l - z 2 ) 1/2 ). (3.7-3) 

■| 0 ’ z = ten w can be solved for w (or for tan" 1 z), with the following result: 


(3.7-4) 


tan z = - log -- 

2 \i — z 


I 1 , is not hard to show that the expressions for cos 1 z and sin" 1 z just derived 
|l ely real numbers if and only if z is a real number and — 1 < z < 1. Thus 
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z = sin w and z = cos w have real number solutions w only for z satisfying -i ^ 
z < 1. Otherwise, w is a complex number. 

Using Eqs. (3.2-9) and (3.2-10) we readily verify that sin(in) ^ 
cos(2kn + n/2 — w), where k is any integer. This is a generalization of a result 
learned in elementary trigonometry. Thus if z = sin w = cos(2kn + n/2 — w), We 
can say that sin -1 z = w and cos -1 z = 2kn + n/2 — w, from which we derive 

sin -1 z + cos -1 z = 2kn + n/2. 

Since sin -1 z and cos -1 z are multivalued functions, we can assert that there must 
exist values of these functions such that the previous equation will be satisfied. Not all 
values of the inverse trigonometric functions will satisfy the above equation, how¬ 
ever. Suppose, for example, we take z = 1/V2, sin -1 z = n/4, cos -1 z = - 7 r/ 4 . 
The equation is not satisfied. Using instead cos -1 z = rc/4, we see that it is satisfied 
for k = 0. In Exercise 3 we verify that if identical branches of (z 2 — 1) 1 /2 are used 
in Eqs. (3.7-2) and (3.7-3), then sin -1 z + cos -1 z = 2kn + n/2 is satisfied for all 
choices of the logarithm. 

The functions appearing on the right in Eqs. (3.7-2), (3.7-3), and (3.7-4) are 
examples of inverse trigonometric functions. The inverse hyperbolic functions are 
similarly established. Thus ' 


sinh 1 z = log(z + (z 2 + 1) 1/2 ), 

(3.7-5) 

cosh -1 z = log(z + (z 2 - 1) 1/2 ), 

(3.7-6) 

,anh ' Z= 2 108 (i- Z )' 

(3.7-7) 


All the inverse functions we have derived in this section are multivalued. 
Analytic branches exist for all these functions. For example, a branch of sin 1 z 
can be obtained from Eq. (3.7-2) if we first specify a branch of (1 — z 2 ) 1//2 and then 
a branch of the logarithm. Having done this, we can differentiate our branch within 
its domain of analyticity. The subject of branches in general is given more attention 
in the next section. Differentiating Eq. (3.7-2), we have 

I sin-' * = 4 (-ilog[zi + (1 - + ,/2 l) = J^yTz- <^ } 

For this identity to hold, we must use the same branch of (1 — z 2 )^ 2 in defining 
sin -1 z and in the expression for its derivative. Other formulas that are derive 
through the differentiation of branches are 


d _j 

— cos z = 
dz 

-1 

(3.7-9) 

(1-z 2 ) 1 / 2 ’ 

d , 

— tan z = 
dz 

1 

(3.7-1°) 

(1 + Z 2 )’ 

d . 

— sinh z = 
dz 

1 

(3.7-H) 

(1+Z 2 ) 1 / 2 ’ 
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U i — 1 

— cosh z = 
dz 


1 

(z 2 — l) 1 / 2 ’ 


u , -1 
— tanh z = 
dz 


1 

(1 -z 2 )’ 


(3.7-12) 

(3.7-13) 


tux 1 

EXERCISES 

a) Derive Eq. (3.7-3). b) Derive Eq. (3.7^4). c) Derive Eq. (3.7-5). 

2 a) Show that if we differentiate a branch of arccos z, we obtain Eq. (3.7-9). 

b) Obtain Eq. (3.7-8) by noting that 

z 2 = sin 2 w = (1 — cos 2 w) = 1 — 

f T > 

can be solved for dw/dz. 

' <ri . c) Obtain Eq. (3.7-11) directly from Eq. (3.7-5); obtain it also by a procedure similar to 
.* part (b) of this exercise. 

,; : 3. Show that if we use identical branches of (z 2 — l) 1 / 2 in Eqs. (3.7-2) and (3.7-3), 
, we obtain sin -1 z + cos -1 z = 2kn + n/2 for all choices of the logarithm in those 
equations. 



Find all solutions to the following equations. 

■" 4. cos w = 3 5. sinh w = i 6. cos w = 1 + i 7. sinh w = i*/2 

, 8. cosh 2 ui=—1 9. tan z — 2i 10. sin(cos w) = 0 

lb ■ 

jjll. sinh(cosui) = 0 12. sin -1 w = —i 


V, 


13. Explain whether or not the following two equations are true in general. 

(! a ) tan Hlanz) = z b) tan (tan -1 z) = z 

•jl4. Explain why the values of sinh -1 x that are given by tables or a pocket calculator are the 

same as those given by Log(x + a/x 2 + 1). Note the branches used for the functions in 

»St Eq- (3-7-5). 


15. a) Show that if 


z is real, i.e., z = x, then from (3.7-5) we have sinh 1 x *=« Log(2x) if 


^ x > 1 and sinh 1 x » — Log(2|x|) if x <$; — 1. Begin with the result in Exercise 14. 
r., b) Using a computer and a numerical software package such as MATLAB, obtain plots 
; ™ at com pare sinh -1 x and Log(2x) over the interval 1 /2 < x < 4. 
ty- Show that tanh -1 {e w ) = (l/2)log(icot(0/2)). 

•lii" 3 ^ 0rmu ^ a slmi l ar 10 the one above for tan -1 (e i0 ). 

J ^^Eq- (3.7-2) and the definition of the cosine to show that cos(sin -1 z) = (1 — z 2 ) 1 / 2 . 

^irmh der the multivalued function for sin -1 z given in Eq. (3.7-2). Show that if z is a real 
Eft*, salls fying —1 < z < 1, then all possible branches of this function yield a real 
If aiuc f° r the inverse sine of z. 


© Using MATLAB plot against y the real and imaginary parts of sin l (.9 + iy ) for 



y — 1. Use at least 100 data points 
part (a), but use sin -1 (l.l + iy). 


138 Chapter 3 The Basic Transcendental Functions 

c) Your result in part (b) should reveal a discontinuity in the imaginary part, but the resui t 
in (a) should exhibit no such discontinuity. Confirm these results by creating a three- 
dimensional plot of both the real and imaginary parts of w = sin -1 z over the regio n 
-2 < x < 2, -l < y < 1. Observe the discontinuity in Im w along the line segments 
y — 0, x > 1 and y = 0, x < — 1. 

d) MATLAB must create a single-valued function for sin -1 z from the multivalued 
expression -/log(zi + (1 — z 2 ) 1 / 2 ). Using the results of parts (a), (b), and(c), explain 
how this is accomplished. Refer to the branch cuts and branch points. Additional 
information on the branches of multivalued functions is given in the following section 


3.8 More on Branch Points and Branch Cuts 

We first learned what is meant by an analytic branch of a multivalued function in 
section 3.5. The subject is sufficiently difficult and important that we return to it 
here again. The selection of an appropriate branch frequently arises in problems in 
physics and engineering; selection of an incorrect branch can have embarrassing 
consequences. A notable example occurs in the work of the distinguished German 
mathematical physicist Arnold Sommerfeld (1868-1951). He published a paper in 
1909 that analyzed the weakening of radio waves leaving a transmitter and mov¬ 
ing over a conducting earth. Unfortunately, his results failed to agree with reliable 
experimental data. The discrepancy was not resolved until 1937 when another theo¬ 
retician observed that the difference was explicable because of Sommerfeld’s failure 
to choose the correct branch of a function, thus creating a sign error. 1 ” 

Let us study the branches and domains of analyticity of functions of the form 
(z — Z()) c , where zo and c are complex constants. If c is an integer, such functions 
are single valued (do not have different branches) and will not be considered here. 
However, if c is a noninteger, these functions are multivalued. From Eq. (3.6-1), we 
have 

(z - z 0 ) c = e^s(z-zo)_ (3.8-1) 

Since log(z — zo) has a branch point at zo, so does (z — zo) c - To study branches of 
(z — zoY and branches of algebraic combinations of such expressions, we introduce 
a set of polar coordinate variables measured from the branch points and examine the 
changes in value of our functions as their branch points are encircled. 

Consider, for example, /(z) = z 1 ^ 2 . Letting r = Iz| - 0 = arg z, we use 
Eq. (1.4-12) with m = 2 to find that 

7(z) = Vre i(e/2+te) , it = 0,1. (3-8- 2 ) 

The reader should verify that this result is obtained if we put z = re‘ e , zo = 0’ aI1 ^ 
c = 1/2 in Eq. (3.8-1). Suppose we set k = 0 in Eq. (3.8-2) and negotiate clockwise 
the circle of radius r shown in Fig. 3.8-1. Beginning at the point marked a and 
taking 8 = n, we have from Eq. (3.8-2) that /(z) = ^fre l7l i 2 = i-Jr. Now, moving 
clockwise along the circle to b, where 8 has fallen to n/2, Eq. (3.8-2) shows tha ( 
/(z) = V re in ^. Continuing on to c, where 8 = 0, we have /(z) = V r. 


^See, e.g., J.R. Wait, Electromagnetic Wave Theory (New York: Harper and Row, 1985), p. 249. 
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Figure 3.8-1 


h Moving clockwise to a and starting a second trip around the circle, we now have 
at a, 6= —n and f(z) = y/re~ in/2 = —iyfr. Proceeding to b, where 0 = —3n/2, 
we find /(z) = ^/re^' 37T/4 . Advancing to c, where 0 = — 2n , we have f(z) = —y/r. 
Coming again to a and starting a third trip around the circle, we have 0 = —3n and 
i f(z) = yfre~ ,2,n l 2 = iyfr. This was our original starting value at a. 

A third trip around the circle yields values of f(z) identical to those obtained 
on the first excursion. No new values of f(z ) are generated by subsequent journeys 
around the circle, as the reader should verify. 

In encircling the branch point zo = 0 twice, we have encountered values of z 1 / 2 
”fOr two different branches of this function. In our first trip around the circle, we 
found values of z 1 ^ 2 =- e^^ L ° sz . This is the principal branch and is analytic in 
the same domain (see Fig. 3.5-3) as Log z. In our second trip, we found values of 

ilhe other branch of z 1 ^ 2 , which is analytic throughout this domain. It is given by 
Z 1 / 2 = g(l/2)ILogJ+f2 )C ] = _ g (l/2)Logz > 6 5 

What we have seen is true in general whenever we have a branch point. 

Encirclement of a branch point causes us to move from one branch of a function 
to another t 

* 

We need not employ circular paths (as was just done) for this to happen. Any closed 
Path surrounding the branch point will do. 

To prevent our proceeding from one branch of a function to another, when we 

Ve 0n S a P a th, we can construct a branch cut in the z-plane and agree never to 
pross this cut. 

life’' ^ ie branch cut is regarded as a barrier to encirclement of the branch point. 

g^^hvely, we can create a domain consisting of the z-plane minus all the points 
K e ranch cut. One finds branches of the function that are analytic throughout 

■BfcPoint 18 ^ aV * n ® more a 1311 °ne branch point (see Example 3 in this section), encirclement of just one 
^■HgggP m always causes progression to another branch; encirclement of two or more branch points does 
■K^y cause such a transition, as we shall see. 
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this “cut” plane. We can specify a particular branch by giving its value at one point i n 
the cut plane (see Example 1 in this section). By using this branch on paths that are 
confined to the domain, we cannot pass from one branch of the function to another 

EXAMPLE 1 Consider a branch of z 1 / 2 that is analytic in the domain consisting 
of the z-plane less the points on the branch cut y = 0, x < 0. When z = 4, the 
multivalued function z 1/2 equals +2 or —2. Suppose for our branch z ,/2 = 2 when 
z = 4. What value does this branch assume when 

z = 9[—1/2 — /V3/2]? 

Solution. With |z| = r and 6 = argz we have that 

z 1/2 = v^ ,(e/2+<r7t \ k = 0, 1. (3.8-3) 

We will take 0 = 0 when z = 4. Then the condition (4) 1/2 = 2 requires that k = Oin 
Eq. (3.8-3). As we move along a path to 9[—1/2 — i'V^/2] in Fig. 3.8-2, the argument 
0 in Eq. (3.8-3) changes continuously from 0 to — 2n/3, and r = |z| increases from 
4 to 9. With k = 0 in Eq. (3.8-3), we have at z = 9[—1/2 — iV 3/2] that 

z x/2 = V9e 1 '(i/2)(-27 t /3) = 3 [ 1 /2 - iV3/2]. 

I 

Notice that for our choice of branch we cannot reach 9[—1/2 — iy/3/ 2] by way of 
the broken path in Fig. 3.8-2. This would take us out of the domain of analyticity of 
the branch. It would also involve crossing the branch cut. 

For the branch under discussion, we might have taken 0 = arg z = 2n when z = 
4. The condition 4 1 / 2 = 2 would require that we select k = 1 in (3.8-3). Following 
the allowed path in Fig. 3.8-2, which now goes from 0 = 2n to 6 = 2n — 2%/3, we 
would again conclude that when z = 9[— 1 /2 — iy/3/ 2], we have z 1 / 2 = 3[l/2 - 
i>/3/2]. 

The derivative of any branch of z 1/2 in its domain of analyticity is, from 
Eq. (3.6-2), 

_^_,l/2 _ 1 

dz 1 (2zi/2)' 

The same branch of z 1 / 2 must be used on both sides of this equation. • 



j 


Figure 3.8-2 
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Branch 

cut 


EXAMPLE 2 For (z — 1 ) 1/3 let a branch cut be constructed along the line 
y = 0, x > 1. If we select a branch whose value is a negative real number when 
y = 0, x < 1, what value does this branch assume when z = 1 + i ? 

1) (see Fig. 3.8-3). 


Solution. Introduce the variables r\ = |z — 1|, 6\ = arg(z 
We have from Eq. (1.4—12) with m = 3 that 

iV " (z -1) 1/3 y^ e m/wkK/3) 


(3.8—4) 


Taking 8\ 


k = 0, 1, 2. 

n on the line y = 0, x < 1, we have here that 

fo . (z - 1) 1/3 = ^Te''^ 3 ^/ 3 ). (3.8-5) 

The left side of the equation can be a negative real number if we select k = 1 in 
Eq. (3.8-5). Proceeding to 1 + i from anywhere on the line y = 0, x < 1, we find 
‘ffiat 0] has shrunk to n/2, and r, = 1. The path used in Fig. 3.8-3 for this purpose 
^girnot cross the branch cut. With these values of r\ and 0\ in Ec|. (3.8—4) (and k -- 1), 
at 1 + ( we have 

bu ' (z - 1) 1/3 = i 1/3 = rie i5 ^ 6 = -V3/2+ i/2. • 

^EXAMPLE 3 Consider the multivalued function f(z) = z ]/2 (z - 1) 1/2 


^ Wh ere are the branch points of the function? Verify that these are branch 
^ points by encircling them and passing from one branch of f(z) to another. 

ih* k) Show that if we encircle both branch points we do not pass to a new branch 


of /(z)- 


jp r c ) Show some possible choices of branch cut that would prevent passage from 
Tt on e branch f(z) to another. 


ad ( Pa u/ 2 a): ThC flrSl fact0r Z ' 12 has a branch P oin t at z = 0, whereas the 
l 1) ' has a branch point at z= 1 . Thus we suspect that the product has 
H“ Points at z — 0 and z = 1. We will verify that z = 1 is a branch point. The 
* 4 . °r z = 0 is quite similar and will not be presented. 
m have (see Fig. 3.8-4a) that 


z}! 2 = */re‘( d / 2+kn \ 


( 3 . 8 - 6 ) 
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where 9 = aigz and r = |z|; and 

(z-l) I/2 = Vne i(fll/2+m ”), (3.8-7) 

where |z — 1| = n and 9\ = arg(z — 1). Thus 

f(z ) = z 1/2 (z - 1) 1/2 = V^ f\ s + kn Vn + mn ' (3.8-8) 

where k and m are assigned integer values. Let us now encircle z = 1 using the 
path |z — 1| = <5, where <5 < 1 (see Fig. 3.8—4b). Beginning at point a, we take 
0j = 0, 0 = 0, n = <5, r = 1 + <5. With these values in Eq. (3.8-8), we have 

f(z) = y/l + 5 /kn yfd /mu = + S 2 /(k + m)7i . (3.8-9) 

Moving counterclockwise once around the circle |z — 11 = <5 and returning to point 
a, we find now that 0\ =2%, while 9, after some variation, has returned to zero. 
With these values in Eq. (3.8-8), we have 

f(z) = v/l + 5/kn Vs /% + mn = —^5 + S 2 /(k + m)% . ( 3 . 8 - 10 ) 

Because the value obtained for f(z) at a is now not the value originally obtained (se e 
Eq. 3.8-9), we have progressed to another branch of f(z). The preceding discussion 
does not require the use of a circular path. Any closed path that encloses z = 1 sa 
excludes z = 0 will lead to the same result. __ | 

Part(b): An arbitrary closed path surrounds the branch points z = 0 and z - ' 
as shown in Fig. 3.8-5. Let us evaluate f(z) at the arbitrary point P lying on 
path. Here argz = a and arg(z — 1) = /?. Substituting these values for 9 an 1 
respectively, in Eq. (3.8-8) and combining the arguments, we have 

f(z) = V~rVV l^(ot + P) + (k + m)n . (3- 8 ' ll} 

Moving once around the path in Fig. 3.8-5 in the indicated direction and retLir f^ 
to P, we now have argz = 9 = a + 2% and arg(z — 1) = = P + 2n. Using 
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jalues in Eq. (3.8-8), we obtain 

f(z) = 'Jr-Jn I -(« + P) + 2n + (k + m)n . (3.8-12) 

f Eqs. (3.8-11) and (3.8-12) are converted to Cartesian form, identical numerical 
|alues of f(z) are obtained since the difference of 2n in their arguments is of no 
•consequence. Hence, by encircling both the branch points z = 0 and z = 1 we do 
Kitpass to a new branch of f(z). There are functions, however, where encirclement 

8 wo or more branch points does cause passage to another branch. This matter is 
sidered in Exercise 10. 

: Part(c): If we make a circuit around just one branch point of z i/2 (z — 1) 1/2 , we 
ye from one branch of this function to another. Some examples of branch cuts 
at prevent encirclement of just one branch point are shown in Fig. 3.8-6(a) and 
We have just seen that if we make a circuit along any path that encloses both 
|||nch points we do not pass to a new branch. In Fig. 3.8-6(c), we have constructed 
planch cut that ensures that the encirclement of one branch point also requires the 
Icirclement of the other. 

pwnenr. The particular choice of branch cut is dictated by the desired domain of 
^yticity for our branch. For example, in Fig. 3.8-6(a) we can obtain a branch of 
, ana| y tlc throughout a domain consisting of the z-plane with all points on the 
~ O’ x — 0 and y = 0, x > 1 removed. If, however, we required a branch of 

S aa „ at > sa y, y — 0, x = 2, we might consider using the branch cuts shown 
|g. 3.8-6(b) or (c). 


LE 4 Suppose we use a branch f{z) of z 1/2 (z - 1) k 2 analytic throughout 
Plane shown in Fig. 3.8-6(b). If/(1/2) = i/2, what is /(—1)? 

HP- Using the notation of Example 3, we have from Eq. (3.8-8) that 


f(z) = ~Jr / —0 + k% yfr{ / -0i + mn. 


(3.8-13) 
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0 1 
(c) 

Figure 3.8-6 



Figure 3.8-7 


At z = 1/2 we take 0 = argz = 0, r = \z\ = 1/2, 0\ — arg(z 1) — n > ri 
|z — 11 = 1/2 (see Fig. 3.8-7). Thus Eq. (3.8-13) becomes 

/ (^) = i/ 5 + (t + ra) ” = 

' -in 

T akin g k + m = 0 (or any other even integer), we obtain the condition /(1/2) = l ' 
for our branch. j 
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ow proceeding to z = — 1 along the path indicated in Fig. 3.8-7, we find that 
r _ | z | = 1, 0i is, after some variation, again n, n = |z — 1| = | — 2| = 2. 
these values in Eq. (3.8-13) together with k + m = 0, we obtain 

/( _ 1 ) = Ji j-^+kn j~ + mn = V2e ^ k+m = V2. 

that the path taken from 1/2 to -1 in Fig. 3.8-7 remains within the domain of 
Liyticity. " 


EXERCISES 

l&A certain branch of z 1 / 2 is defined by means of the branch cut x = 0, y > 0. If this branch has 
itte value —3 when z = 9, what values does /(z) assume at the following points? Also, state 
Ifiie numerical value of /'(z) at each point. 

B 1 2. —9i 3. -1 + i 4. -9 + 9iV3 


branch of (z — l) 2 / 3 is defined by means of the branch cut x = 1,V<0. If this branch /(z) 
ipfuals 1 when z = 0, what is the value of f(z) and f'(z) at the following points? 

|^'l + 8i 6.-1 7. -i 8 . 1/2 — i/2 

of ( z 2 — 1 )F 2 i s defined by means of a branch cut consisting of the line segment 

a) Prove that this function has branch points at z = ±1. 

b) Show that if we encircle these branch points by moving once around the ellipse 
* * / 2 + y 2 = 1 , we do not pass to a new branch of the function. Present an argument 
k like that in Example 3, part (b). 

iCohsider the multivalued function — l) 1 / 3 . 

a) Show, by encircling each of them, that this function has branch points at z = 0 and 

|) Show that, unlike Example 3, the line segment y = 0, 0 < jc < 1, which connects 
ij.ttie two branch points, cannot serve as a branch cut for defining a branch of this 
t function. 

jp) State suitable branch cuts for defining a branch. 


j|gose a branch of (z 2 — 1)F3 equals —1 when z = 0. There are branch cuts defined by 
• lr| > 1. What value does this branch assume at the following points? 

I 12- -I 13. 1 + ; 

K fcfu^ 8 each have a branch point at zo, does their product necessarily have a 
c b point at zo? Illustrate with an example. 

j§^ has a branch point at zo, does l//(z) necessarily have a branch point at zo? 
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Suppose a branch of z 1/4 (z 2 + 1) assumes negative real values for y = 0, x > 0. There is a 
branch cut along the line x = y, y > 0. What value does this function assume at these points? 

16.-1 17.2 i 18.-1 -i 


19. a) Consider the function f{z) = log(l + z 1 / 2 ), where a branch of z 1 / 2 will be defined 
with the aid of the branch cut y = 0, x < 0. Show that if we choose Z 1 /2 > 

0 when 7 

is positive real, then we can find a branch of the logarithm such that /(z) is analytic 
throughout the cut plane defined by the preceding branch cut. 

b) Suppose we use this same branch cut, but choose z 1 / 2 <0 when z is positive real. Ex¬ 
plain why we cannot find a branch of the logarithm such that /(z) is analytic throughout 
this cut plane. 

c) For the branch of the logarithm that you chose in part (a), find 


Consider sin -1 z = — ilog(zi + (1 — z 2 ) 1 ^ 2 ). Suppose we use a branch of this function de¬ 
fined as follows: The principal branch of the log is employed, (1 — z 2 ) 1 / 2 = 1 when z = 0, 
and the two branch cuts are given by y > 0, x = ±1. What is the value of this function and 
its derivative at each of the following points? 

20. i 21. 3 22. 1 - i 


23. The branch of sin -1 z used in the preceding problems is not the same as that used by 
MATLAB. In MATLAB, the branch cuts are along the lines y = 0, x > 1 and y = 0, 
jc < —1. (See Exercise 20, section 3.7). To show the importance of the choice of branch, 
use both the value of sin -1 z assigned by MATLAB and the branch defined in the previous 
problem to find the inverse sine of the following quantities. Be sure to state when there 
is and is not agreement, 
a ) z = i b) z = 2 + i c) z = — 1 — i 

-! 

Consider the branch of z 1 ^ 2 defined by a branch cut along y = 0, x < 0. If for this branch 
1 !/ 2 = — 1, state whether the following equations have solutions within the domain of analyt- 
icity of the branch. Give the solution if there is one. 

24. z 1 / 2 - 3 = 0 25. z 1/2 + 3 = 0 26. z 1/2 + 1 + l/3 = 0 

27. z 1/2 - 1 - L/3 = 0 


28. Find all solutions in the complexplane of i z + i z = 0 . Use principal values of all functions 

Appendix to Chapter 3: Phasors 

In the analysis of electrical circuits and many mechanical systems we must deal with 
functions that oscillate sinusoidally in time, grow or decay exponentially in time, or 
oscillate with an amplitude that grows or decays exponentially in time. Designating 
time as t, we find that many such functions f(t) can be described by 

f(t) = Re[F<ri'], (A.3-1) 

where 

s = a + ico (A.3'2) 
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s called the complex frequency of oscillation of f(t), and F is a complex number, 
ndependent of t, written 

■ F = F 0 e‘ 9 , (A.3-3) 

vhere Fq = \F\ and 0 = arg F. We will always use real values for a and co. 

The complex number F appearing in Eqs. (A.3-1) and (A.3-3) is called the 
I hasor associated with f(t). 

DEFINITION (Phasor) The phasor associated with a given function of time, 
|(r), is a complex number F, independent of t, such that the real part of the product 
If F with a complex exponential e st yields f(t). • 

ge will usually use an uppercase letter to mean a phasor and the corresponding 
Hwercase letter to represent the associated function of t. The one exception is that 
lie letter I means a phasor electric current but the lowercase Greek iota, i , will be the 
Brresponding function of t. Thus the lowercase i retains its usual meaning. As we 
Rail see, phasors are useful in the solution of the linear differential equations with 
Rnstant coefficients used to describe many electrical and mechanical configurations. 
H The expression Fe st appearing in Eq. (A.3-1) is an example of a complex func- 
gn of a real variable (since t remains real). Let us consider some specific cases in 
m. (A.3-1). Suppose the phasor F in Eq. (A.3-3) is positive real and the complex 
Equency in Eq. (A.3-2) is real. Then with s = c r and F = Eq > 0 in Eq. (A.3-1), 
R obtain 

I f(t) = Re[F 0 e ff '] = Foe*. (A.3-4) 

Eire, f{t) grows or decays with increasing t according to whether a is positive or 
Rative. If a = 0, then f(t) is constant. 

■ Assuming that both F in Eq. (A.3-3) and 5 in Eq. (A.3-2) are complex, we have, 
Bn Eq. (A.3-1), 

■ fit) = Re[F 0 e ie e^ +i ^ 1 ] = R e[F o e ff, e i(o,f+0) ]. 

Rce(seeEq. 3.1-11) Re[e^"' +0 )] = cos (cot + 0), we have 


fit) = Foe at cos (cot + 0). 


(A.3-5) 


I tion (A.3-5) describes an fit) that oscillates with radian frequency o> (usually 
as positive). The amplitude of the oscillations, Foe a! , grows or decays with 
ising t according to whether a is positive or negative. If a — 0, the amplitude 
: oscillations remains unchanged. These three possible situations are illustrated 
A.3-1. 

-et us obtain the phasor for the expression Foe at sin (cor + <p). This is a sine 
ion (as opposed to a cosine function) with changing amplitude F 0 e at . We know 
? oe a/ sinfrnr + <p) = Foe at cos (cot + <p — n/2). The latter expression has pha- 
-) e l ^~' rt !2) = —iFoe l<p . To summarize, 

Foe at cos {mt + 0) has phasor F = Foe ld , 

Foe m sin(mr + (p) has phasor F = -/Toe' 9 , 
i both cases the complex frequency is a + tea. 
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Some examples of functions of time, their complex frequencies, and their pha- 
sors, are given in the following table: 


m 

F 

s = cr+ io> 

2 cos(10r + n/6) 

2 e' 7C / 6 

10 i 

3 sin(5r + 7r/10) 

3 e ;(-7r/ 2 +7r/t0) _ _3jg!7r/10 

5 i 

3e“~'sin(5r) 

-3 i 

-1+5 i 

4e~ 3 ' 

4 

-3 


Many functions, for example, f(t) = tcost, cos(r 2 ), sin |r|, or e' 2 are not repre¬ 
sentable in the form specified by Eq. (A.3-1) and do not have phasors. Functions 
that are the sums of functions having different complex frequencies also are not 
representable in the form of Eq. (A.3-1) and do not have phasors, for example, 

f(t) = cos(r) + cos(2r), f{t) = + sin t, f(t) = e~ t cost + cost. 

The properties of phasors that make them particularly useful in the steady state 
solution of linear differential equations with real constant coefficients and real forc- 
m g functions having phasor representations are given below. The proofs of these 
Properties are, with one exception, left to the exercises. 
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1. a) If f(t ) is expressible in the form shown in Eq. (A. 3-1), then its phasor F is 

unique provided co ^ 0. There is no other phasor that can be substituted 
on the right in Eq. (A.3-1) to yield fit). If co = 0, then only Re(F) is 
unique, f 

b) If f(t) and g(t) are identically equal for all r, then their phasors are 
equal provided co ^ 0. If co = 0, then the real parts of their phasors must 
be equal. 

2. For a given complex frequency .v = a + ho, there is only one function of t 
corresponding to a given phasor. 

3. The phasor for the sum of two or more time functions having identical com¬ 
plex frequencies is the sum of the phasors for each. The phasor for Mf(t), 
where M is a real number, is MF, where F is the phasor for fit). 

4. For a given complex frequency the function of t corresponding to the sum 
of two or more phasors is the sum of the time functions for each. 

5. If f(t) has phasor F, then df/dt has phasor sF. By extension, d n f/dt n has 
phasor s n F. 

6 . If f(t ) has phasor F, then f’ f(t')dt' has phasor F/s provided the constant of 
integration arising from the unspecified lower limit is zero. The relationship 
fails if x = 0. 

To establish property 5, which is of major importance, we differentiate both 
sides of Eq. (A.3-1) as follows: 

df d 

T, = (A ^ 6) 

The operations djdt and Re can be interchanged since the time derivative is a real 
operator. For example, if x(t) and y( t) are real functions of t, then (d/dt) Re[x(t) + 
iy(t)\ = dx/dt. We have also that R e[(d/dt)[x(t) + iy(t)\\ = dx/dt. Exchanging 
operations on the right side of Eq. (A.3-6), we have df/dt = Re[.y/V' ]. Thus (see 
Eq. AfS-I) df/dt possesses a phasor sF. This discussion can be extended to yield 
the phasor of higher-order derivatives. 

Phasors are applied to physical problems in which it is assumed that an elec¬ 
tric circuit or mechanical configuration is excited by a real voltage, current, or 
mechanical force describable by Eq. (A.3-1). The excitation, or forcing function, 
has been applied for a sufficiently long time so that all transients in the config¬ 
uration have died out. Thus all voltages, currents, velocities, displacements, etc., 
^^hibit the same complex frequency s as the excitation. 

The discovery that complex numbers and complex exponentials are an effective 
,' 01 * n the analysis of alternating current electric circuits (as in the worked example 
at follows) represents one of the greatest breakthroughs in electrical engineer- 
lng ’ f° r it frees the engineer from the drudgery of solving differential equations 
each time he or she must analyze a circuit or a network of circuits. Credit for this 
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en 00 — 0, this lack of uniqueness does not matter when we use phasors in the solution of differential 
Rations. However, by convention, when co = 0, Im(F) is taken as zero. 
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152 Chapter 3 The Basic Transcendental Functions 

16. Prove property 1(a) for phasors when co j=- 0. 

17. Prove properties 3 and 4 for phasors. 

18. Establish property 6 for phasors by integrating both sides of (A.3- L). Justify the exchange 
of the order of any operations. 

19. Consider an electric circuit identical to that shown in Fig. A.3-2 except that the voltage 
source has been changed to v{t) = Voe at . The differential equation describing the current 
i(t) is now 

Ri(t) + L~ = V 0 e at . 
at 

Assume a ^ —R/L. Find the phasor current I and use it to find the actual current i(t). 

20. In Fig. A.3-3 a series circuit containing a resistor of R ohms and a capacitor of C farads 
is driven by the voltage generator Vo sin cot. The voltage across the capacitor is given by 
(1/C) f i(t')dt', where i is the current in the circuit. According to Kirchhoff’s voltage 
law this current satisfies the integral equation: 

Vo sin(mt) = Ri(t) + (1/C) i(t')dt'. 

Obtain I, the phasor current, and use it to find i(t). Assume co > 0. 

21. A mass m is attached to the end of a spring and lies in a viscous fluid, as shown in 
Fig. A.3-4. The coordinate x(t) locating the mass also measures the elongation of the 
spring. Besides the spring force, the mass is subjected to a fluid damping force propor¬ 
tional to the velocity of motion and also to an external mechanical force Fq cos cot. From 
Newton’s second law of motion, the differential equation governing x(t) is 

d 2 x dx 

m — -7T + a - 1 - kx = Fo cos cot, co > 0. 

dt z dt 

Here k is a constant determined by the stiffness of the spring and a is a damping constant 
determined by the fluid viscosity, 
a) Find X, the phasor for x(t). b. Use X to find x{t). 



Figure A.3-3 


Figure A.3-4 



4 

Integration in the 
Complex Plane 


4.1 Introduction to Line Integration 

When studying elementary calculus, the reader first learned to differentiate real 
functions of real variables and later to integrate such functions. Both indefinite and 
definite integrals were considered. 

We have a similar agenda for complex variables. Having learned to differentiate 
in the pomplex plane and having studied the allied notion of analyticity, we turn our 
attention to integration. The indefinite integral, which (as for real variables) reverses 
the operation of differentiation, will not be considered first, however. Instead, we 
will initially look at a particular kind of definite integral called a line integral or 
contour integral. 

Like the definite integral studied in elementary calculus, the line integral is a 
font of a sum. However, the physical interpretation of this new integral is more 
elusive. We are used to interpreting the definite integrals of elementary calculus as 
the area under the curve described by the integrand. Generally, a line integral does not 
nave such a simple interpretation and cannot be considered as the area under a curve, 
mirprisingly, the study of line integrals will lead us to a useful theorem regarding 
- e existence of derivatives of all orders of an analytic function and will provide us 
i^ith further insight into the meaning of analyticity. Some practical physical problems 
|L ved with line integrals will be presented. In Chapter 6 we will show how evaluation 
Inline integrals can often lead to the rapid integration of real functions; for example, 
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an expression like r 2 /(r 4 + 1 )dx is quickly evaluated if we first perform a 
fairly simple line integration in the complex plane. 

In our discussion of integrals, we require the concept of a smooth arc in the 
xy-planc. Loosely speaking, a smooth arc is a curve on which the tangent is defined 
everywhere and where the tangent changes its direction continuously as we move 
along the curve. One way to define a smooth arc is by means of a pair of equations 
dependent upon a real parameter, which we will call t. Thus 

* = <K*)> (4.1-la) 

y = 4>(t )> (4.1—ib) 

where i p(t) and c[>(t) are real continuous functions with continuous derivatives )//'(/) 
and (p'{t) in the interval t a < t < tb- We also assume that there is no t in this interval 
for which both i j/'(t) and 4>'{t) are simultaneously zero. It is sometimes helpful to 
think that t represents time. As t advances from t a to tb, Eqs. (4.1-la,b) define a 
locus that can be plotted in the xy-plane. This locus is a smooth arc. 

An example of a smooth arc generated by such parametric equations is x ~ t, 
y = 2t, for 1 < t < 2. Eliminating the parameter t, which connects the variables x 
and y, we find that the locus determined by the parametric equations lies along the 
line y = 2x. As t progresses from 1 to 2, we generate that portion of this line lying 
between (1,2) and (2, 4) (see Fig. 4.1-1 (a)). 

Consider as another example the equations x = *Jt, y = t for 1 < t < 4. As t 
progresses from 1 to 4, the locus generated is the portion of the parabolic curve 
y = x 2 shown in Fig. 4.1—1(b). In Figs. 4.1-l(a),(b), there are arrows that indicate 
the sense in which the arc is generated as t increases from t a to tb ■ For the right-hand 
arc the tangent has been constructed at some arbitrary point. 

The slope of the tangent for any curve is dy/dx, which is identical to 
(dy / dt) / (dx / dt) = <f>'(t)/\j/'(t) provided i//(t) ^ 0. Ifi/r'(t) = 0, the slope becomes 
infinite and the tangent is vertical. Since (p'{t) and i)'(/) are continuous, the tangent 
to the curve defined in Eqs. (4.1-la,b) alters its direction continuously as t advances 
through the interval t a < t < tb- 



Figure 4.1-1 
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In our discussion of line integrals, we must utilize the concept of a piecewise 
smooth curve, sometimes referred to as a contour. 

DEFINITION (Piecewise Smooth Curve (Contour)) A piecewise smooth curve 
is a path made up of a finite number of smooth arcs connected end to end. • 

Figure 4.1-2 shows three arcs Ci, C 2 , C 3 joined to form a piecewise smooth 
curve. 

Where two smooth arcs join, the tangent to a piecewise smooth curve can 
change discontinuously. 


Real Line Integrals 


We will begin our discussion of line integrals by using only real functions. An 
example of a real line integral—the integral for the length of a smooth arc 1 —is 
already known to the student. An approximation to the length of the arc is expressed 
as the sum of the lengths of chords inscribed on the arc. The actual length of the 
arc is obtained in the limit as the length of each chord in the sum becomes zero and 
the number of chords becomes infinite. In elementary calculus one learns to express 
this sum as an integral. The length of a piecewise smooth curve, such as is shown in 
Fig. 4.1-2, is obtained by adding together the lengths of the smooth arcs Q, C 2 ,... 
that make up the curve. 

Another type of real line integral involves not only a smooth arc C but also a 
ifunction of x and y, say F(x, y). It is important to realize that F(x, y) is not the 
equation of C. Typically C is given by some equation, which, for the moment, 
we do not need to specify. Now, F(x, y)ds integrated over C is defined as 
follows (refer to the arc C is Fig. 4.1-3). 

We subdivide C, which goes from A to B, into n smaller arcs. The first arc goes 
from the point (Xq , To ) to (X \, Y \); the second arc goes from (X \, Y\) to (X 2 , Y 2 ), 

btc.* Corresponding to each of these arcs are the vectors A .so, As?, ..., A.y„. The first 

>V\:;' ,,—... 


i 

In 




Figure 4.1-2 


,ne y, M. Weir, and F. Giordano, Thomas’ Calculus, 10th ed. (Boston, MA: Addison-Wesley, 2001), 

has been defined by a pair of parametric equations like those shown in Eqs. (4.1-1), where 
we can generate the points (X 0 , y 0 ); (W, A), etc., as follows: (X 0 , T)) = Ofio). <H*o)); 
^ WA), <t>{n))\ (X„, Y„) = <Kfn)), whereto < t\ < t 2 < ■ ■ ■ < 1 n . 
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of these vectors is a directed line segment from (X 0 , Y () ) to (Xi, Fi), the second of 
these vectors is a directed line segment from (X\ , Y\ ) to (X 2 , Y 2 ), etc. These vectors, 
when summed, form a single vector going from A to B. The vectors form chords 

having lengths A.vj, A.V 2 ,.... The length of the vector Ais thus A.s>. 

Let (xi, V]) be a point at an arbitrary location on the first arc; (* 2 , >’2 ) a point 
somewhere on the second arc, etc. We now evaluate F(x, y) at the n points (x] , yi), 
(x 2 , y 2 ),..., (x n , y„). We define the line integral of F(x, y ) from A to B along C as 

follows: 

DEFINITION f* F(x, y)ds 

B n 

f F(x,y)ds= lim V F(x k , V/JA^, (4.1-2) 

I a n—>o o ^ 

k =1 

where, as n, the number of subdivisions of C, becomes infinite, the length A Sk 
each chord goes to zero. 

Of course, if the limit of the sum in this definition fails to exist, we say that 
the integral does not exist or does not converge. It can be shown that if F(x, }’) 1S 
continuous on C then the integral will exist.^ 

Evaluation of the preceding type of integral is similar to the familiar problem 
of evaluating integrals for arc length. A typical procedure is outlined in Exercise 
of this section. 

If F(x, y) in Eq. (4.1-2) happens to be unity everywhere along C, then the sum- 
mation on the right simplifies to As* ■ This is the sum of the lengths of the chor 


tw. Kaplan, Advanced Calculus, 4th ed. (Reading, MA: Addison-Wesley, 1991), sections 5.1-5.3. 
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lying along the arc C in Fig. 4.1-3. This summation yields approximately the length 
of C. As n oo, the limit of this sum is exactly the arc length. In general, however, 
p( X ' y) ^ 1 and the sum in Eq. (4.1-2) consists essentially of the sum of the lengths 
of the n straight line segments that approximate C, each of which is weighted by the 
value of the function F(x, y) evaluated close to that segment. If the curve C is thought 
of as acable and if F(x, y) describes its mass density per unit length, then F(x k , >y)A.s> 
would be the approximate mass of the fcth segment. When the summation is carried 
to the limit n —>■ oo, it yields exactly the mass of the entire cable. 

The line integral of a function taken over a piecewise smooth curve is obtained 
by adding together the line integrals over the smooth arcs in the curve. The integral 
of F(x, y) along the contour of Fig. 4.1-2 is given by 

I F(x,y)ds= f F(x,y)ds + f F(x, y)ds + f F(x, y)ds. 

J Jc i Jc 2 Jc 3 

There is another type of line integral involving F(x, y) and a smooth arc C that 

we can define. Refer to Fig. 4.1-3. Let A;q be the projection of A.V] on the x-axis, 

Ax 2 the projection of A.s' 2 , etc. Note that although A.s> is positive (because it is a 
length), Ax/c, which equals Xk - Xk-\, can be positive or negative depending on the 

direction of As*. We make the following definition. 


DEFINITION JT F(x, y) dx 

r B 

F{x, y)dx = lim V F(x k , yu)Xx k , 
Ja n ^°° ^ 

where all Axk —> 0 as n —> oo. 


k= 1 


(4.1-3) 


A similar integral is definable when we instead use the projections of A.s> on the 
y-axis. These projections are Ay!, Ay 2 , and so on, so that Ay k = Y k - Y k ^. Hence 
We have the following definition. 


DEFINITION ff F(x, y) dy 

pB n 

I F(x,y)dy= lim V F(x k , y k )Ay k , 
JA n^-ooA—i 


where all Ay k -a 0 


k= 1 


as n -a- oo. 


(4.1—4) 


f P rev ious two definitions differ from Eq. (4.1-2) only by the replacement 
oi A s k (and ds in the limit) by the projections Ax k and A y k (and dx and dy in the 

corresponding limits). 

Is ^ nte S rals ' n (4-1-3) and (4.1-4) can be shown to exist' when F(x, y) 
|| continuous along the smooth arc C. Some procedures for the evaluation of this 
j|Pe of integral are discussed in Example 1 of this section. Integrals along piecewise 
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smooth curves can be defined if we add together the integrals along the arcs that 
make up the curves. In general, the values of the integrals defined in Eqs. (4.1-2), 
(4.1-3), and (4.1-4) depend not only on the function F(x, y ) in the integrand and 
the limits of integration, but also on the path used to connect these limits. 

What happens if we were to reverse the limits of integration in Eq. (4.1-3) or 
£q (4 i_4)? If we were to compute J B F(x, y)dx, we would go through a procedure 

identical to that used in computing F(x, y)dx, except that the vectors shown in 
Fig. 4.1-3 would all be reversed in direction; their sum would extend from B to A. 
The projections Ax^ would be reversed in sign from what they were before. Hence, 
along contour C, 

nA nB 

I F(x, y)dx = — I F(x,y)dx. (4.1-5) 

Jb Ja 


A reversal in sign also occurs when we exchange A and B in the integral defined 
by Eq. (4.1-4). Note however that 


pA pi 

F(x, y)ds = 

JB JA 


F(x, y)ds 


(4.1-6) 


because the A.s> used in the definitions of these expressions involves lengths that are 
positive for both directions of integration. 

Integrals of the type defined in Eqs. (4.1-2), (4.1-3), and (4.1 —4) can be broken 
up into the sum of other integrals taken along portions of the contour of integration. 
Let A and B be the endpoints of a piecewise smooth curve C. Let Q be a point on C. 
Then, one can easily show that 


pB pQ pB 

I F(x,y)dx= I F(x, y)dx + I F(x,y)dx. (4.1-7) 

A A Q 

Identical results hold for integrals of the form F(x, y)dy and F(x, y)ds. Other 
identities that apply to all three of these kinds of integrals, but which will be written 
only for integration on the variable x, are 
pB pB 

I kF(x,y)dx = k I F{x,y)dx, k is any constant; (4.1-8a) 
Ja ja 

pB pB pB 

I [F(x, y) + G(x, y)]dx — I F(x, y)dx + | G(x,y)dx. ( 4 . 1 - 8 b) 

JA Ja Ja 


EXAMPLE 1 Consider a contour consisting of that portion of the curve y = 1 — x~ 
that goes from the point A = (0, 1) to the point B = (1,0) (see Fig. 4.1-4). Let 
F(x, y) = xy. Evaluate 

r B 

a) J F(x,y)dx; b) 


f 

JA 


F(x, y)dy. 
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Solution. Part (a): 


r B n\,0 

F(x, y)dx = I xydx. 
J a Jo,i 


Along the path of integration, y changes with x. The equation of the contour of 
integration y = 1 - x can be used to express v as a function of x in the preceding 
integrand. Thus 


r B r 1,0 

F(x,y)dx= (x)(l - 
Ja Jo, i 


~)dx = 


x 2 


J.t=0 ^ 

We have converted our line integral to a conventional integral performed between 
constant limits; the evaluation is simple. 


Part (b): 


r B r 1,0 

F(x, y)dy — X ydy. 
Ja Jo, i 


To change this to a conventional integral, we may regard x as a function of y along 

oifice y,— 1 — x^ -v* n _ _c ■ . • . ,-- 

Thus 


y 1 x and x > 0 on the path of integration, we have x — — y. 


rnu „o 

xydy- y^i~y dy= __ 

do,i Ji 15 

^egration whM eg m 1Ve bCCaUSe F(x ' y) is ever ywhere positive along the path of 

A t oB aln ,u' e thC lncrements ln >’ are everywhere negative as we proceed from 

o a along the given contour. 

An alternative method for performing the given integration is to notice that 
f F(x, y)dy = J F(x, y)^ dx. 

£ C ’ Wlth F( ' X ’ y) = xy.y= 1 - x 2 , and dy/dx = -2x, we obtain 



(xy)(-2x)dx= f x(l-x 2 )(-2x)dx= 

Jo 


2x + 2 x^)dx = -. 

15 
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In part (a) we could have integrated on y instead of on x by a similar maneuver. 
Note that in Exercise 1 of this section the integral f xy ds along the same contour is 
evaluated. • 


exercises 

1. Using the contour of Example 1, show that 

I xy ds = I x(l — x 2 )yl + 4x 2 dx = yy5/4~ydy. 

Jo,i Jo Jo 


Hint: Recall from elementary calculus that ds = (±)-^l + (dy/dx) 2 dx = 
(±)Vl + ( dx/dy) 2 dy, and that ds > 0. Evaluate the contour integral by integrating 
either on x or y. One is slightly easier. 


Let C be that portion of the curve y = x 2 lying between (0, 0) and (1, 1). Let F(x, y ) = 
x + y + 1. Evaluate these integrals along C. 

r u 

2. F(x, y)dx 3. 

J 0,0 



Let C be that portion of the curve x 2 + y 2 = 1 lying in the first quadrant. Let F(x, y ) = x 2 y. 
Evaluate these integrals along C. 



7. Show that y dx = —tt/ 2. The integration is along that portion of the circle x 2 + 
y 2 — 1 lying in the half plane x > 0. Be sure to consider signs in taking square roots. 

8. Evaluate J, ^ 1 x dy along the portion of the ellipse x 2 + 9v 2 = 9 lying in the first, 
second, and third quadrants. 


4.2 Complex Line Integration 

We now study the kind of integral encountered most often with complex functions, 
the complex line integral. We will find that it is closely related to the real line integrals 
just discussed. 

We begin, as before, with a smooth arc that connects the points A and B in the xy- 
plane. We now regard the xy-plane as being the complex z-plane. The arc is divided 
into n smaller arcs and, as shown in Fig. 4.2-1, successive endpoints of the subarcs 
have coordinates (Xo, To). (-Xj, Tj), ..., (X„, Y„). Alternatively, we could say that 
the endpoints of these smaller arcs are at zo = W) + iYo, Z\ = X] + iY\, etc. A series 
of vector chords are then constructed between these points. As in our discussion of 
real line integrals, the vectors progress from A to B when we are integrating from A 
to B along the contour. Let A^i be the complex number corresponding to the vector 
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going from (Xq, Yq) to (X ], Y \), let Azz be the complex number for the vector going 
from (X), Y\) to (X 2 , Y 2 ), etc. There are n such complex numbers. In general, 

A Zk = + iAy k , (4.2-1) 

where Ax k and Av^ are the projections of the fcth vector on the real and imaginary 
axes. Thus 


A Zk — (Xk — X k ~\) + i(Y k — I\_i). 

Let Zk = Xk + iyk be the complex number corresponding to a point lying, at an 
arbitrary position, on the fcth arc. This arc is subtended by the vector chord A Zk- 
Some study of Fig. 4.2-1 should make the notation clear. 

Let us consider f(z) = u(x, y) + iv(x, y), a continuous function of the complex 
variable z. We can evaluate this function at zi , z 2 , • • •, z n . We now define the line 
integral of f(z) taken over the arc C. 


DEFINITION (Complex Line Integral) 

C B 

f(z)dz= lim S]f(z k )Az k , 

J A n^-oo i—i 


(4.2-2) 


k=\ 


as n 


00 . 


whe re all A Zk ^ 0 

tinu AS bef ° re ’ thC integral 011 'y exists if the limit of the sum exists. If f(z) is con- 
i ° Us ln a dom ain containing the arc, it can be shown that this will be the case.' 


ISrsJ 5 T ’ Copson > An Introduction to the Theory of Functions of a Complex Variable (London: Oxford 
Tl'ersity Press, I960), section 4.13. 
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In general, we must anticipate that the value of the integral depends not only on 
A and B, the location of the ends of the path of integration, but also on the specific 
path C used to connect these points. The reader is cautioned against interpreting the 
integral as the area under the curve in Fig. 4.2-1. 

The line integral of a function over a piecewise smooth curve is computed by 
using Eq. (4-2-2) to determine the integral of the function over each of the arcs that 
make up the curve. The values of these integrals are then added together. 

Let us try to develop some intuitive feeling for the sum on the right in Eq. (4.2-2). 
We can imagine that the arc in Fig. 4.2-1 is approximated, in shape, by the straight 
lines forming the n vectors. As n approaches infinity in the sum, there are more, and 
shorter vectors involved in the sum. The broken line formed by these vectors more 
closely fits the curve C. 

In the summation the complex numbers associated with each of these n vectors 
are added together after first having been multiplied by a complex weighting function 
f(z) evaluated close to that vector. The function is evaluated on the nearby curve. 
If the weighting function were identically equal to 1, the sum in Eq. (4.2-2) would 
become Az*. Graphically, this sum is represented by the vector addition of the 
n vectors shown in Fig. 4.2-1. Adding them, we obtain, for all n, a single vector 
extending from A to B. 

A summation up to a finite value of n in Eq. (4.2-2) can be used to approximate 
the integral on the left in this equation. Such a procedure is often used when one 
performs a complex line integration on the computer. Let us consider an example. 

EXAMPLE 1 The function f(z) = z + 1 is to be integrated from 0 + /'O to 1 + i 
along the arc y = x 2 , as shown in Fig. 4.2-2. We will consider one-term series and 
two-term series approximations to the result. 

a) One-term series: A single vector, associated with the complex number Az i = 
1 + i, goes from (0, 0) to (1, 1). The point z\ can be chosen anywhere on 
the arc shown although our result will depend on the location we select. 
We arbitrarily choose it to lie so that its x-coordinate is in the middle of 



Figure 4.2—2 
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the projection of Azi on the x-axis. Since z\ is on the curve y = x 2 , we 
have Rezi = 1/2, Imzi = 1/4. Now, because f(z) = z + 1, we find that 
ftzi) = (1/2 + i/4 + 1). Thus 


Jo V (Z+ — ^ Zl ^ Zl — (2 + 4 + *) ^ + ^ _ 


= 1.25+ 1.75i. 


b) Two-term series: Referring to Fig. 4.2-3, we see that 


Azi — — + —, 


m) = - s 4 + T + i, 


1 3 i 

a«=- + t . 


1 i 

Z\ = - + T7> 

4 16 


3 .9 3 _ 9 

22 =4 + 'l6- /<Q) = i + , l6 + L 


We have used the sum of two vectors to connect (0, 0) with (1,1) and have chosen 
Z\ and Z2 according to the same criterion used in part (a). Thus 


l+i 

I (z 

JO+iO 


+ 1 )dz = f(zi)Az 


1 + /(Z2 )Az 2 


5 _i_\/i n /7 9; 

4 + 16/12 + 4j + \4 + 16 



1.0625 + f 1.9375. 


In both parts (a) and (b), the approximation to the result f f(z)dz depends on 
the locations of z\ and Z 2 , which we have chosen in an arbitrary fashion. However, 
in Eq. (4.2-2) the values chosen for Zt are immaterial to the result in the limit as 
n —>■ 00 and A Zk 0; i.e., f f{z)dz does not depend on the locations of z \, zi ,.... 

We will see in Exercise 1 at the end of this section that the exact value of the given 
integral is 1 + 2 i, a result that is surprisingly well approximated by the two-term 
series. Note that this result is unrelated to the area under the curve y = x 2 . 

It would be interesting to repeat the procedure just employed to find better 
approximations to the integral by using even more terms in our approximating sum. 
This i^best done with a computer program. We have written one in MATLAB and 
have used the same criteria for choosing the values of z^ as were just employed; 




Figure 4.2-3 
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TABLE 1 


Number of 
terms 

Approx, value 
of integral 

1.0000 

1.2500 

+ 

fl.7500 

2.0000 

1.0625 

+ 

il .9375 

3.0000 

1.0278 

+ 

il.9722 

4.0000 

1.0156 

+ 

i 1.9 844 

5.0000 

1.0100 

+ 

i 1.9900 

6.0000 

1.0069 

+ 

i 1.9931 

7.0000 

1.0051 

+ 

i 1.9949 

8.0000 

1.0039 

+ 

i 1.9961 

9.0000 

1.0031 

+ 

i 1.9969 

10.0000 

1.0025 

+ 

i 1.9975 


i.e., the values of x k are uniformly spaced and lie in the middle of each x-axis 
projection of the corresponding vector. The results are in Table 1. 

When the function f(z) is written in the form u(x, y ) + iv(x, y), line integrals 
involving f(z) can be expressed in terms of real line integrals. Thus referring back 
to Eq. (4.2-2) and noting that z k = x k + iy k and that A z k = Ax k + iAy k , we have 


r-B n 

I f(z)dz= lim Y(u(x k ,y k ) + iv(x k ,y k ))(Ax k + iAy k ). 

J a n—>oo ^—* 

uA k=\ 


(4.2-3) 


We now multiply the terms under the summation sign in Eq. (4.2-3) and separate 
the real and imaginary parts. Thus 



lim 

n—*OQ 


n n 

^ u(x x , y k )Ax k - ^ v(x k , y k )Ay k 
l=i k=\ 


n n 

+ i z v(x k , y k )Ax k + i ^ u(x k , y k )Ay k 
k=\ k=\ 


(4.2—4) 


Upon comparing the four summations in Eq. (4.2—4) with the definitions of the real 
line integrals J F(x, y)dx, J F(x, y)dy (see Eqs. 4.1-3 and 4.1—4), we find that 


f c f(z)dz = X u(x, y)dx — X v{x , y)dy + i v(x, y)dx + i J" u(x, y)dy. 

c c c ( 4 .2-5) 


The letter C signifies that all these integrals are to be taken, in a specific direction, 
along contour C. The continuity of u and v (or the continuity of f(z)) is sufficient to 
guarantee the existence of all the integrals in Eq. (4.2-5). The four real line integrals 
on the right are of a type that we have already studied; thus Eq. (4.2-5) provides us 
with a method for computing complex line integrals. Note that, as a useful mnemonic, 
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Eq. (4.2-5) can be obtained from the following manipulation: 


f(z)dz = J"(u + iv)(dx + i dy) = J' u d. 


x — vdy + iv dx + iu dy. 


We merely multiplied out the integrand (u + iv)(dx + i dy). 

When the path of integration for a complex line integral lies parallel to the real 
axis, we have dy = 0. There then remains 


L mdz= fc [u(x, y) + iv(x, y)]dx, y is constant. 

This is the conventional type of integral encountered in elementary calculus, except 
that the integrand is complex if v ^ 0. 


EXAMPLE 2 

a) Compute z 2 dz taken along the contour y = x 2 + 1 (see Fig. 4.2—4(a)). 

b) Perform an integration like that in part (a) using the same integrand and limits, 
but take as a contour the piecewise smooth curve C shown in Fig. 4.2—4(b). 


Solution. Part (a): To apply Eq. (4.2-5) we put/(z) = z 2 = (x — iy) 2 = x 1 — y 2 — 
2 ixy = u + iv. Thus with u = x 2 — y 2 , v = —2xy, we have 



In the first and third integrals on the right, f (x 2 — y 2 )dx and f —2xy dx, we sub¬ 
stitute the relationship y = x 2 + 1 that holds along the contour. These line integrals 
become ordinary integrals whose limits are x = 0 and x = 1. After integration their 
values are found to be —23/15 and —3/2, respectively. The equation y = x 2 + 1 
yields x =/y/y — 1 on the contour. This can be used to convert the second and fourth 
integrals on the right, f 2xy dy and J(x 2 — y 2 )dy , to ordinary integrals with limits 
y = 1 and y = 2. The integrals are found to have the numerical values 32/15 and 
~ll/6, respectively. Having evaluated the four line integrals on the right side of 



y. 

0 


1 


II 


Contour C 


1 2 x 

(b) 


Figure 4.2-4 
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Eq. (4.2-6), we finally obtain 


rl+2i 

JO+i 


dz 



Part (b): Referring to Fig. 4.2—4(b), we break the path of integration into apart 
taken along path I and a part taken along path II. 

Along I we have y = 1, so that f{z) = z 2 = (x + i) 2 = x 2 - 1 - 2xi = u + 
Thus u = x 2 — 1, v = —2x. Since y = 1, dy = 0. The limits of integration along 
path I are (0, 1) and (1, 1). Using this information in Eq. (4.2-5), we obtain 


£f(z)dz = £ (x z 



—2 xdx 



Ali'ii:-: path II, x = 1, dx = 0, f(z) = (1 + iy) 2 = 1 - y 2 - 2iy = u + iv. The 
limits of integration are (1, 1) and (1, 2). Referring to Eq. (4.2-5), we have 

£ f(z)dz = £ 2y dy + i £^ (1 - y 2 )dy = 3 - £i. 

The value of the integral along C is obtained by summing the contributions from I 
and II. Thus 

f_ 2j 2 . 4. 7 7. 

I z dz — — — — j + 3 — — i — — — -ri¬ 
de 3 3 3 3 

This result is different from that of part (a) and illustrates how the value of a line 

integral between two points can depend on the contour used to connect them. • 


As we mentioned earlier, the result of a contour integration such as the preceding 
does not have an obvious physical interpretation. One attempt at assigning a physical 
meaning to contour integration can be found in the article “A Simple Interpretation 
of the Complex Contour Integral” by Alan Gluchoff, which appears in the American 
Mathematical Monthly, 98:7 (Aug.-Sept. 1991), 641-644. 

Since Eq. (4.2-5) allows us to express a complex line integral in terms of real 
line integrals, the properties of real line integrals contained in Eqs. (4.1-5), (4. 
and (4.1-8) also apply to complex line integrals. Thus the following relationships are 
satisfied by integrals taken along a piecewise smooth curve C that connects points 
A and B: 


f f(z)dz = - f f(z)dz; (4.2-7a) 

Ja Jb 

nB r*B 

I Yf(z)dz = T I f(z)dz , where T is any constant; (4.2-7W 

Ja Ja 

f [f(z) + g(z)]dz = f f(z)dz+ f g(z)dz; (4.2-7 c ) 

Ja Ja Ja 

pB rQ pB 

I f(z)dz = I f(z)dz + I f(z)dz, where Q lies on C. (4.2-7w 

Ja Ja Jq 

Sometimes it is easier to perform a line integration without using the variable i 
x and y in Eq. (4.2-5). Instead, we integrate on a single real variable that is ^ 6 | 
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parameter used in generating the contour of integration. Let a smooth arc C be 
generated by the pair of parametric equations in (4.1-1). Then 


z(t) = x(t) + iy(t) = 4>(t) + (4.2-8) 


is a complex function of the real variable t, with derivative 


dz _ dip .dip 
dt dt dt 


(4.2-9) 


As t advances from t a to t b in the interval t a < t < t b , the locus of z(t) in the 
complex plane is the arc C connecting z a = (<A(U), </>(U)) withz* = {\p{t b ), <j>(t b )). 
To evaluate f f(z)dz we can make a change of variable as follows: 


L miz = i' m)) T> d '’ 


(4.2-10) 


where the left-hand integration is performed along C from z a to z b - A rigorous 
justification for this equation is given in several texts. ’ Note that the integral on 
the right involves complex functions integrated on a real variable. This integration 
is performed with the familiar methods of elementary calculus. An application of 
Eq. (4.2-10) is given in the following example. 


EXAMPLE 3 Evaluate f z 2 dz, where C is the parabolic arc y = x 2 , 1 < x < 2, 
shown in Fig. 4.1—1(b). The direction of integration is from (1, 1) to (2, 4). 


Solution. We showed in discussing the parametric description of the curve in 
Fig. 4.1—1 (b) that this arc can be generated by the equations x = *Jt, y = t, where 
1 < t < 4. Thus, from Eq. (4.2-8), the arc can be described as the locus of z(t) = 
\Tt + it for 1 < t < 4; notice that dz/dt = 1/(2 yft) + i. The integrand is f(z) = 
z 2 = (x/r + it) 2 = t — t 2 + 2i(V^) 3 - Using Eq. (4.2-10) with t a = 1 and t b = 4, 
we have 


^z 2 dz = J^ [r - t 2 + 2/(v / r) 3 ] 




+ i 


dt 


J 1 


A - -<VT 
2 2 y 2 


86 


+ i(2t — t ){dt = —-— 6 i. 


Comment. A contour typically has more than one parametric representation. 
° 2 ^? r re P resen t a ti° n of C is used in Exercise 12. With this new parametrization 


dz i 


is again evaluated with the same result. 


founds on Line Integrals; the ML Inequality 

a ^ ne integral j c f(z)dz to evaluate, we can often, without going through the 
gfeor of performing the integration, obtain an upper bound on the absolute value of 
Bter^wer. That is, we can find a positive number that is known to be greater than 
Bj|S® Ua f t0 the magnitude of the still unknown integral. 
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We defined f c f(z) dz by means of Eq. (4.2-2) and Fig. 4.2-1. A related integral 
will now be defined with the use of the smooth arc C of the same figure. 


DEFINITION J c \f(z)\\dz\ 


fm\\d 


z|= lim T|/(z*)||Az fc |, 

rt->00 i—i 
k =1 


where all |Az*| -» 0 as n^oo. (4.2-11) 


This integration results in a nonnegative real number. Since [ Az* | = A s k (refer 
to Figs. 4.1-3 and (4.2-1), we see from Eq. (4.1-2) that the preceding integral is 
identical to J c \f(z)\ds. Note that if |/(z)| = 1, then Eq. (4.2-11) simplifies to 


I 


n n 

\dz\ = lim V |Azjfc| = lim V A s k = L, 

n —>co i n —>co *— i 

k= 1 k=l 


(4.2-12) 


where L, the length of C, is the sum of the chord lengths of Fig. 4.2-1 in the limit 
indicated. Let us compare the magnitude of the sum appearing on the right side of 
Eq. (4.2-2) with the sum on the right side of Eq. (4.2-11). 

Recall that the magnitude of a sum of complex numbers is less than or equal 
to the sum of their magnitudes, and the magnitude of the product of two complex 
numbers equals the product of the magnitude of the numbers. 

Using these two facts, it follows that 

n n 

Y,f(Zk)&Zk <£l.fo*)IIAz*|. (4.2-13) 

k=l k =1 


The preceding inequality remains valid as n —>■ oo and | Aik [ —^ 0. Thus, combining 
Eqs. (4.2-2), (4.2-11), and (4.2-13), we have 


J^f(z)dz < J^ \f(z)\\dz\. 


(4.2-14a) 


which will occasionally prove useful. A special case of the preceding formula, 
applicable to complex functions of a real variable, is derived in Exercise 17. If 
g(t) is such a function, we have, for b > a. 


[ b Em < r 

Ja Ja 


\g{t)\dt 


(4.2—14b) 


Now assume that M, a positive real number, is an upper bound for |/(z)l on 
C. Thus |/(z)| < M for z on C. In particular, |/(zi)|, |/(Z2)I- etc - on th e right in 
Eq. (4.2-13) satisfy this inequality. Using this fact in Eq. (4.2-13), we obtain 


2 f( Z k)^Zk 
k =1 


n n n 

<El/(Zk)IIAzt| < J]M\Azkl =M^\Az k \. 

k= 1 k= 1 Ji=l 


(4.2-15) 


Now observe that X£ = i I Az* I < L since the sum of the chord lengths, as inFig. 4.2—1, 
cannot exceed the length L of the arc C. Combining this inequality with Eq. (4.2-15) 
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v^e have 


2 /(z*)Az* 

it=i 


< ML. 


p^n oo, the preceding inequality still holds. Passing to this limit, with A ik > 0, 
and referring to the definition of the line integral in Eq. (4.2-2), we have 


ML INEQUALITY 


^ f(z)dz 


< ML. 


In words, the above states the following: 


(4.2-16) 


If there exists a constant M such that \.f(z)\ < M everywhere along a smooth 
arc C and if L is the length of C, then the magnitude of the integral of f(z) along 
C cannot exceed ML. 

EXAMPLE 4 Find an upper bound on the absolute value of 1 e l/z dz, where 
the integral is taken along the contour C, which is the quarter circle |z| = 1.0< 
argz < Jt/2 (see Fig. 4.2-5). 

Solution. Let us first find M, an upper bound on [c jl/ ~|. We require that on C 

\e l/z \ < M. (4.2-17) 

Now, notice that 


gl/z _ gl/(x+iy) _ e x/(x 2 +y 2 )-iy/(x 2 +y 2 ) _ e x/(x 2 +y 2 ) e i(-y)/(x 2 +y 2 ) 

Hence 

\e l/z \ = \e x /^+y 2 ) || e -'Cy)/(* 2 +;v 2 )| = |^/(^ 2 +/)|_ 

Since e x d x +v ) is always positive, we can drop the magnitude signs on the right 
side of the preceding equation. On contour C, x 2 + y 2 = 1. Thus 

n \e l/z \ = e* on C. 

The maximum value achieved by e x on the given quarter circle occurs when x is 
maximum, that is, at x = 1, y = 0. On C, therefore, e x < e. Thus 

< e 

bo the given contour. A glance at Eq. (4.2-17) now shows that we can take M as 
equal to e. 
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The length L of the path of integration is simply the circumference of the given 
quarter circle, namely, Jt/2. Thus, applying the ML inequality, 



exercises 

1. In Example 1 we determined the approximate value of j 0+;0 (z + 1 )dz taken along the 
contour v = x 2 . Find the exact value of the integral and compare it with the approximate 
result. 

2. Consider z dz performed along the contour y = 2x(2 - x). Find the approximate 
value by means of the two-term series /(zi)Azi + /(z 2 )Az 2 . Take zi, z%, Azi, Az 2 as 
shown in Fig. 4.2-6. Now find the exact value of the integral and compare it with the 
approximate result. 

3. Consider dz along the contour of Exercise 2. Evaluate this by using a two-term 

series approximation as is done in that problem. Explain why this result agrees perfectly 
with the exact value of the integral. 


rl 

Evaluate J. z dz along the contour C, where C is 

4. the straight line segment lying along x + y = 1; 

5. the parabola y = (1 — x) 2 ; 

6. the portion of the circle x 2 + y 2 = 1 in the first quadrant. Compare the answers to 
Exercises 4, 5, and 6. 



Figure 4.2—6 
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7. Evaluate J e z dz 

a) from z = 0 to z = 1 along the line y = 0; 

b) from z=ltoz=l+i along the line x = 1; 

c) from z = 1 + i to z = 0 along the line y = x. Verify that the sum of your three answers 
is zero. This is a specific example of a general result given in the next section. 


The function z(t) = e lt = cos t + i sin t can provide a useful parametric representation of 
circular arcs (see Fig.3.1-1). If t ranges from 0 to 2n we have a representation of the whole 
unit circle, while if t goes from a to P we generate an arc extending from e la to e on the unit 
circle. Use this parametric technique to perform the following integrations. 

r 1 

8 . - dz along |z| = 1, upper half plane 

J l z 


•n 

'•r 


dz along |z| = 1, lower half plane 


Z 4 dz along |z| 


1, first quadrant 


11. Show that x = 2 cos t, y = sin t, where t ranges from 0 to In, yields a parametric repre¬ 
sentation of the ellipse x 2 /4 + y 2 = 1. Use this representation to evaluate £ z dz along 
the portion of the ellipse in the first quadrant. 

12. In Example 3 we evaluated z 2 dz along the parabola y = x 2 by means of the 

parametric representation x = -Jt, y = t. Show that the representation x = t, y = t 2 can 
also be used, and perform the integration using this parametrization. 


13. a) Find a parametric representation of the shorter of the two arcs lying along (x - l) 2 + 
(y — l) 2 = 1 that connects z = 1 with z= i. 


Hint: See discussion preceding Exercises 8-10 above, where parametrization of a 
/circle is discussed. 

b) Find 7 z dz along the arc of (a), using the parametrization you have found. 

14. Consider I = e* 2 dz taken along the line x = 2y. Without actually doing the inte¬ 

gration, show that |/| < V5e 3 . 

15. Consider I = ^{l/l A )dz taken along the line x + y = 1. Without actually doing the 
integration, show that \I\ < 4\/2. 

16. Consider / = e ,Lx,gz dz taken along the parabola y = 1 - x 2 . Without doing the inte¬ 
gration, show that |/| < 1.479eV 2 . 

^ el S(t) be a complex function of the real variable t. 

Express £ g(t)dt as the limit of a sum. Using an argument similar to the one used in 

for b > a we have 

g(t)dt |< f \g(t)\dt. (4.2-18) 

*Ja 


deriving Eq. (4.2-14), show that 

I / 
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b) Use Eq. (4.2-18) to prove that 

18. Write a MATLAB program that will enable you to verify the entries in the table i n 
Example 1; i.e., write a program that will yield approximations to (z + l)dz along 
the contour y = x 2 as shown in Fig. 4.2-2. Show also that if you used a 50-term approx¬ 
imation to the integral the result would be 1.00010 + i 1.99990. 

4.3 Contour Integration and Green’s Theorem 

In the preceding section, we discussed piecewise smooth curves, called contours, 
that connect two points A and B. If these two points happen to coincide, the resulting 
curve is called a closed contour. 

DEFINITION (Simple Closed Contour) A simple closed contour is a contour 
that creates two domains, a bounded one and an unbounded one; each domain has 
the contour for its boundary. The bounded domain is said to be the interior of the 
contour. • 

Examples of two different closed contours, one of which is simple, are shown 
in Fig. 4.3-1. 

A simple closed contour is also known as a Jordan contour, named after the 
French mathematician Camille Jordan (1838-1922). That a piecewise smooth curve 
forming a simple loop, as in Fig. 4.3-l(a), always creates a bounded domain (inside 
the loop) and an unbounded domain (outside the loop) seems self-evident but it is 
not obvious to a pure mathematician. The proof is difficult and was first presented in 
1905 by an American, Oswald Veblen. The resulting theorem is named after Jordan, 
who proposed the hypothesis. 

We will often be concerned with line integrals taken around a simple closed 
contour. 

The integration is said to be performed in the positive sense around the contour 
if the interior of the contour is on our left as we move along the contour in the 
direction of integration. 

£>2 (unbounded) 


A contour that is 
closed but not 

A simple closed simple closed 

contour 

(a) (b) 




Figure 4.3—1 
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For the curve in Fig. 4.3-1 (a), the positive direction of integration is indicated by 
the arrow. 

When an integration around a simple closed contour is done in the positive 
direction, it will be indicated by the operator f while an integration in the negative 
sense is denoted by Note that 

(j}f(z)dz = -<j)f(z)dz, 

(f>f(x, y)dx= -<j) f(x, y)dx, 

(f>f(x, y)dy = -<j) f(x, y)dy. 

The following important theorem, known as Green’s theorem in the plane, was 
formulated for real functions.^ It will, however, aid us in integrating complex analytic 
functions around closed contours. 


THEOREM 1 (Green’s Theorem in the Plane) Let P(x, y) and Q(x, y) and 
their first partial derivatives be continuous functions throughout a region R consisting 
of the interior of a simple closed contour C plus the points on C. Then 

^r dx + Q d y = ff^-^ dxd y. (4.3-1) 

R 


Thus Green’s theorem converts a line integral around C into an integral over the 
area enclosed by C. A brief proof of the theorem is presented in the appendix to 
this chapter. 


Complex line integrals can be expressed in terms of real line integrals (see 
Eq. (4(2-5)) and it is here that Green’s theorem proves useful. Consider a function 
= u(d, y) + iv(x, y) that is not only analytic in the region R (of the preced¬ 
ing theorem) but whose first derivative is continuous in R. Since f(z) = du/dx + 
f u/9x = dv/6y — idu/dy, it follows that the first partial derivatives du/dx, dv/dx, 
e ' are continuous in R also. Now refer to Eq. (4.2—5). We restate this equation and 
.perform the integrations around the simple closed contour C: 


f(z)dz — (J);udx — vdy + vdx + u dy. (4.3-2) 

Ve can rewrite the pair of integrals appearing on the right by means of Green’s 
'Tem. For the first integral, we apply Eq. (4.3-1) with P = u and Q = -v. For 


H^Gn 


■een (1793-1841), an Englishman, published this theorem in 1828 as part of an essay on electricity 
‘gnetism. Readers who have learned Stokes’ theorem in a course in electromagnetic theory should 
fe Green’s Theorem as a special case of the former, i.e., Green’s theorem is Stokes’ theorem when the 
Question lies entirely in the xy-plane. 
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the second integral, we use Eq. (4.3-1) with P = v and Q = u. Hence 
ud x -vdy= 


v dx + 


“ dy = ff(Tx- d i) dxdy - 


(4.3-3a) 

(4.3-3b) 


Recalling the C-R equations du/dx = dv/dy, dv/dx = -du/dy, we see that both 
integrands on the right in Eq. (4.3-3) vanish. Thus both line integrals on the left in 
these equations are zero. Referring back to Eq. (4.3-2), we find that f/(z)dz — 0. 

Our proof, which relied on Green’s theorem, required that f'(z) be continuous 
in R since otherwise Green’s theorem is inapplicable. Cauchy was the first to derive 
our result in 1814. Green’s theorem, as such, had not yet been stated, but Cauchy 
used an equivalent formula. Thus he also demanded a continuous f'(z). 

There is a less restrictive proof, formulated in the late 19th century by Comsat," 
that eliminates this requirement on f(z). The result contained in the previous equa¬ 
tion, together with the less restrictive conditions of Goursat’s derivation, are known 
as the Cauchy-Goursat theorem or sometimes just the Cauchy integral theorem. 


THEOREM 2 (Cauchy-Goursat) Let C be a simple closed contour and let 
f(z) be a function that is analytic in the interior of C as well as on C itself. Then 

(j)-f(z)dz = 0. (4.3-4) 

An alternative statement of the theorem is this: 

Let f(z) be analytic in a simply connected domain D. Then, for any simple 
closed contour C in D, we have § c f(z)dz = 0. 

There is a converse to the Cauchy-Goursat theorem, derived in Exercise 11: If 
$~f(z)dz = 0 for every simple closed contour C that we might place in a simply 
connected domain D, then we can conclude that if f(z) is continuous, it must be 
analytic in D. We shall rarely employ this converse. 

The Cauchy-Goursat theorem is one of the most important theorems in com¬ 
plex variable theory. One reason is that it is capable of saving us a great deal of 
labor when we seek to perform certain integrations. For example, such integrals as 
sin z dz, (f> : e z dz, f cosh zdz must be zero when C is any simple closed contour. 
The integrands in each case are entire functions. 

Note that the direction of integration in Eq. (4.3—4) is immaterial since 
~§ c f( z ) dz = §cf{z)dz. 


^See, for example, R. Remmert, Theory of Complex Functions (New York: Springer-Verlag, 1991), section 7-1* 
This book also contains an interesting historical note on the Cauchy-Goursat theorem. 
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We can verify the truth of the Cauchy-Goursat theorem in some simple cases. 
Consider f(z) = Z ", where n is a nonnegative integer. Now, since z” is an entire 
function, we have, according to the theorem, 

(j*z n dz = 0, n = 0,1,2,..., (4.3-5) 

where C is any simple closed contour. 

If n is a negative integer, then z n fails to be analytic at z = 0. The theorem 
cannot be applied when the origin is inside C. However, if the origin lies outside C, 
the theorem can again be used and we have that <f c z n dz is again zero. 

Let us verify Eq. (4.3-5) in a specific case. We will take C as a circle of radius r 
centered at the origin. Let us switch to polar notation and express C parametrically by 
using the polar angle 0. At any point on C, z = re‘° (see Fig. 4.3-2). As 0 advances 
from 0 to 2% or through any interval of 2% radians, the locus of z is the circle 
C generated in the counterclockwise sense. Note that dz/d6 = ire ld . Employing 
Eq. (4.2-10), with 0 used instead of t, we have 

r pin pin 

(f> z n dz= (re i0 ) n ire i0 d9 = ir n+l I e i(n+ ^ e d0. (4.3-6) 

-hzl = r Jo Jo 

Proceeding on the assumption n > 0, we integrate Eq. (4.3-6) as follows: 

p2n pin 

ir n+1 e i(n+l ^ e d0 = ir n+l cos ((n + 1)0) + isin((n + 1)0) d0 

Jo Jo 

(4.3-7) 

= — + | [C0S(( W + 1)0) + i sin((n + 1)0)]^ = 0. 

This is precisely the result predicted by the Cauchy-Goursat theorem. 

Suppose n is a negative integer and C, the contour of integration, is still the same 
circle. Because z ” is not analytic at z = 0 and z = 0 is enclosed by C, we cannot 
use the Cauchy-Goursat theorem. To find <£. z ” dz, we must evaluate the integral 
directly. Fortunately Eq. (4.3-6) is still valid if n is a negative integer. Moreover, 
£ q- (4-3-7) is still usable except, because of a vanishing denominator, when n = — 1. 



Figure 4.3-2 
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Thus 

(L z n dz= 0, n — —2, —3,- (4.3-8) 

J|z| = r > 

Finally, to evaluate fz~ 1 dz, we employ Eq. (4.3-6) with n = -1 and obtain 



pin 

dz = i e° 

Jo 


d6 = 2ni. 


In summary, if n is any integer, 



0 , n^L- 1 , 

2%i, n — — 1. 


(4.3-9) 


An important generalization of this result is contained in Exercise 17 at the end of 
this section. With zo an arbitrary complex constant, it is shown that 


( f 

J\z - zol = r 


(z - Zo)" dz = 


0 , 

2 ni. 


n ^ -1, 
n = -1, 


(4.3-10) 


where the contour of integration is a circle centered at zq. 


EXAMPLE 1 The Cauchy-Goursat theorem asserts that <f c zdz equals zero 
when C is the triangular contour shown in Fig. 4.3-3. Verify this result by direct 
computation. 

Solution. This kind of problem is familiar from the previous section, so we can be 
brief. 

Along I, y = 0, dz = dx, fjZ dz = f Q xdx = 1/2. 

Along U, x = 1, dz = i dy, j n zdz = f Q (1 + iy)i dy = -1/2 + i. 

Along III, x = y, dz = dx + i dx, zdz = Jj (x + ix)(dx + i dx) = —i. 
The sum of these three integrals is zero. 

Comment. In Exercise 7 of section 4.2, we considered J e z dz over paths I, II, and 
III of the present example. The sum of those three integrals should also be zero. • 

There are situations in which an extension of the Cauchy-Goursat theorem 
establishes that two contour integrals are equal without necessarily telling us th e 
value of either integral. The extension is as follows: 



Figure 4.3-3 
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THEOREM 3 (Deformation of Contours) Consider two simple closed con¬ 
tours Ci and C 2 such that all the points of C 2 lie interior to Ci. If a function f(z) 
is analytic not only on Ci and C 2 but all points of the doubly connected domain D 
whose boundaries are Ci and C 2 , then 

^f(z)dz = <^J(z)dz. • 

This theorem is easily proved. The contours Ci and C 2 are displayed in solid 
line in Fig. 4.3-4(a). The domain D is shown shaded. We illustrate, using broken 
lines, a pair of straight line cuts, which connect Ci and C 2 . By means of these cuts 
we have created a pair of simple closed contours, Cu and Cl, which are drawn, 
slightly separated, in Fig. 4.3-4(b). The integral of f(z) is now taken around Cu and 
also around Cl- In each case the Cauchy-Goursat theorem is applicable since f(z) 
is analytic on and interior to both Cu and Cl - Thus 

(j> f(z)dz — 0 and (j> f(z)dz = 0. 

Adding these results yields 

f(z)dz + (j> f(z)dz = 0. (4.3-11) 

Now refer to Fig. 4.3^1(b) and observe that the integral along the straight line segment 
from a to b on Cu is the negative of the integral on the line from b to a on Cu . A 
similar statement applies to the integral from d to e on Cu and the integral from e 
to d on Cl- 

If we write out the integrals in Eq. (4.3-11) in detail and combine those 
portions along the straight line segments that cancel, we are left only with inte¬ 
grations performed around C\ and C 2 in Fig. 4.3^1(a). Thus (note the directions of 
‘integration) 
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We eliminate the minus sign in the middle expression and obtain the right-hand 
expression by reversing the direction of integration. The preceding equation is the 
desired result. 

Another, more general, way of stating the theorem just proved is the following. 

THEOREM 4 The line integrals of an analytic function f(z) around each of two 
simple closed contours will be identical in value if one contour can be continuously 
deformed into the other without passing through any singularity of f(z). # 

In Fig. 4.3-4 we can regard C 2 as a deformed version of C\ or vice versa. We 
call this approach the principle of deformation of contours. 

Although in our derivation of Theorem 3 the contours C\ and C 2 were assumed 
to be nonintersecting. Theorem 4 relaxes this restriction. Suppose in Fig. 4.3-5 
f(z) is analytic on and inside C 2 except possibly at points interior to Co- Suppose 
also that f(z) is analytic on and inside C\ except possibly at points interior to Q. 
Assume that Co lies inside C\ and C 2 and does not intersect either contour. Note 
that C 2 and C\ can intersect. By Theorem 3 we have ^ f(z)dz = f Co f(z)dz and 
i 2 f(z)dz = l f(z)dz. Thus 

(j> f(z)dz = <^J(z)dz. 

EXAMPLE 2 What is the value of j), dz/z, where the contour C is the square 
shown in Fig. 4.3-6? 

Solution. If the integration is performed instead around the circle, drawn with 
broken lines, we obtain, using Eq. (4.3-9) (with n = — 1), the value of 2 ni. Since 
1 /z is analytic on this circle, on the given square, and at all points lying between 
these contours, the principle of deformation of contours applies. Thus 



EXAMPLE 3 Let f(z) = cosz/(z 2 + 1). The contours Ci, C 2 , C 3 , C 4 are illus¬ 
trated in Fig. 4.3-7. 



Figure 4.3-5 
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Figure 4.3-6 



Figure 4.3-7 


Explain why the following equations are valid: 


a) 


f(z)dz = (£ f(z)dz- b) <j£ f(z)dz = £ f(z)dz. 




Slivhr'i EXCe f l at P ° ints satisf ying z 1 + 1=0, f(z) is analytic. Hence f(z) is 
MeforT I" any d0main not containing z = ±i. If the contour C, is continuously 

lhatinn rlf°c the , C0 , nt ° Ur Cl ’ 110 singularity of /(*) 18 crossed. Thus we establish 
I W. Similarly, C 3 can be deformed into C 4 to establish (b). Note that we 

COn clude that ^ f( z )dz equals ^ f(z)dz since the domain bounded by C 2 
3 contains the singular point of f(z) at z = — i. a 
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EXERCISES 


1. a) Let C be an arbitrary simple closed contour. Use Green’s theorem to find a simple 
interpretation of the line integral (1 /2)§> (—y dx + x dy). 

b) Consider <£[cos ydx + sin x dy] performed around the square with comers at (0, 0) 
(0, 1), (1,0), (1, 1). Evaluate this integral by doing an equivalent integral over the 
area enclosed by the square. 

c) Suppose you know the area enclosed by a simple closed contour C. Show with the aid 
of Green’s theorem that you can easily evaluate <fz dz around C. 


To which of the following integrals is the Cauchy-Goursat theorem directly applicable? 


2 . 

5. 

7. 

9. 


r n r 

r\ sm z ^ r\ sinz A r\ 

(r - dz 3. (y - dz 4. (r 

J\z\ = lz + 2i J\z + 3i| = 1 z + 2i J\z-3il = ( 


e z dz 


<f 

J\z + r I = 

£ 

J\z\ = 

£. 


Log z dz 6 
1 J|z 


dz 8 

T\z\ = 1/2 (z - l) 4 + 1 Z ' J| 


. (f 

J\z — 1 i| = 

.£ - 

j|z| = 3 1 


Log z dz 


dz 


dz 


k = b z 2 + bz + 1 ’ 


0 < b < 1 10. 


I 


e<- 

1+i 


z i dz along y = x 


11. In the discussion of Green’s theorem in the appendix to this chapter, it is shown that if 
P(x, y) and Q(x, y) are a pair of functions with continuous partial derivatives dP/dy and 
dQ/dx inside some simply connected domain D and if £, P dx + Q dy = 0 for every 
simple closed contour in D, then dQ/dx = dP/dy in D. 


Let /(z) = u(x, y) + iv(x, y) be a function such that the first partial derivatives of u 
and v are continuous in a simply connected domain D. Given that <ff(z)dz = 0 forevery 
simple closed contour in D, use the preceding result to show that f(z) must be analytic in D- 
This is a converse of the Cauchy-Goursat theorem. There is another derivation that 
eliminates the requirement that the partial derivatives be continuous in D. Only u(x, y ) a®* 
v(x, y) are assumed continuous. The resulting converse of the Cauchy-Goursat theorem 
is known as Morera ’s theorem. 


Prove the following results by means of Cauchy-Goursat theorem. Begin with j>e z dz P er " 
formed around |z| = 1. Use the parametric representation z = e 1 '®, 0 < 9 < 2n. Separateyo ur 
equation into real and imaginary parts. 


fin r-2n 

12. I e cos0 [cos(sin 9 + 9)]d0 = 0 13. I e cos0 [sin(sin 9 + 6)]d9 = 0 

Jo Jo 


Prove that the following identities hold for any integer n > 0. 

Hint: Use the contour and technique of the preceding problem but a different integr aD 


'-*271 


J r*2n r ZK 

e siDne cos(6 — cos nd)dd = 0 15. I e smnS sin(0 — cos nd)dd = 0 

o Jo 
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16. Show that for real a, where \a\ > 1, we have 1 : acos ® „ dd = 0. 

1 1 JU 1— lacosB+a 1 

" Hint: Consider dz, where the integral is taken around the unit circle. Represent 
io the circle parametrically as in the previous four problems. 

%. Let n be any integer, r a positive real number, and zo a complex constant. Show that for 


• > 0, 




J|z - zol = i 


/ _ „ y, . _ JO, n ^ -1, 

Tj I 1 O • 1 

J\z — zol = r {Ini , n = — 1. 


V 

Hint: Refer to the derivation of Eq. (4.3-9) and follow a similar procedure. Consider the 
So change of variable z = zo + re 1 ® indicated in Fig. 4.3-8. 


Mh -- 

’ FJwaluate the following integrals. The contour is the square centered at the origin with comers at 
i fsr( 2 i 21)- The result contained in the previous problem as well as the principle of deformation 
IjjLcontours will be useful. 



, m > 0 is an integer (Hint: Use the binomial theorem.) 


ni > 0 is an integer (Hint: See previous theorem.) 


Log z 


- dz = 




Log; 


-dz. 


l|z-3| = 2 (z + 1)( Z - 3) " J|z- 3| =2 4(z - 3)' 

V[(z + l)(z — 3)] as a sum of partial fractions. 

Pie ^ ”" tuply COnn ected domain D whose nonoverlapping boundaries are th 
| C 0sed contours C 0 , Cj,..., C„_i as shown in Fig. 4.3-9. f Let f(z) be a functio 

^connected domain has n — 1 holes. See section 1.5. 
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that is analytic in D and on its boundaries. Show that 

(D- f(z)dz = (P- f(z)dz + (p~ f(z)dz H-h (fr f(z)dz. 

JCq J Ci J C2 *JCff—i 

Hint: Consider the derivation of the principle of deformation of contours. Make a set of 
cuts similar to those made in Fig. 4.3-4 in order to link up the boundaries. 

25. Use the result derived in Exercise 24 to show 


r 

(> 

J]zl = 


sin z 

2 (z 2 - 1) 


dz = 


£ 


sinz 


|Z — I| = 1/2 (Z 2 - 1) 


dz + 


£ 


sin z 

z+ 1| = 1/2 (z 2 - 1) 


dz. 


4.4 Path Independence, Indefinite Integrals, Fundamental 
Theorem of Calculus in the Complex Plane 

The Cauchy-Goursat theorem is a useful tool when we must integrate an analytic 
function around a closed contour. When the contour is not closed, there exist tech¬ 
niques, derivable from this theorem, that can assist us in evaluating the integral. For 
example, we can prove the following. 


THEOREM 5 (Principle of Path Independence) Let f(z) be a function that is 
analytic throughout a simply connected domain D, and let z\ and 42 lie in D. Then if 
we use contours lying in D, the value of J Z2 f(z)dz will not depend on the particular 
contour used to connect z 1 and zi- * 

The preceding theorem is sometimes known as the principle of path indepen¬ 
dence. It is really just a restatement of the Cauchy-Goursat theorem. To establish this 
principle, we will consider two nonintersecting contours C\ and C 9 , each of which 
connects zi and Z 2 - Each contour is assumed to lie within the simply connecte 
domain D in which f(z) is analytic. We will show that 

f Z2 f(z)dz — f f(z)dz. 

Jzi dzi 

along Cl along C2 


(4.4-1) 
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We begin by reversing the sense of integration along Ci in Eq. (4.4-1) and 
placing a minus sign in front of the integral to compensate. Thus 

rzi nZ 2 

f(z)dz = I f(z)dz, 

J Z2 Jzi 

along Ci along Ci 

or, with an obvious rearrangement, 

0 = f f(z)dz+ f f(z)dz. 

Jzi JZ2 

along C2 along Ci 

The preceding merely states that the line integral of f(z) taken around the closed 
loop formed by C\ and C 2 (see Fig. 4.4-1) is zero. The correctness of this result 
follows directly from the Cauchy-Goursat theorem. 

Although we have assumed that C\ and C 2 in Eq. (4.4-1) do not intersect, a 
slightly different derivation dispenses with this restriction. Exercise 1 in this section 
treats the case of a single intersection. 

Since any two contours (in domain D) that connect z\ and z 2 can be used in 
deriving Eq. (4.4-1), it follows that all such paths lying in D must yield the same 
result. Thus the value of j 22 f(z)dz is independent of the path connecting z 1 and zi 
as long as that path lies within a simply connected domain in which f(z) is analytic. 

EXAMPLE 1 Compute f\l/z)dz, where the integration is along the arc Ci, 
which is the portion of x 4 + y 4 = 1 lying in the first quadrant (see Fig. 4.4-2). 

Solution. We could try to perform the integration using Eq. (4.2-5). However, the 
manipulations quickly become rather tedious. Since 1 /z is analytic except at z = 0, 
we can switch to the quarter circle Co described by |z| = 1, 0 < arg z < n/2. This 
arc, shown in Fig. 4.4-2, also connects 1 with i. Note that the domain lying to the 
right of the line y = —x is one containing C\ , C 2 and is a domain of analyticity of 
1 /z. Hence we have (1 /z)dz = j c (l/z)dz. 

To integrate along C 2 , we make the change of variable z = e' e , and integrate on 
the parameter 6 as it varies from 0 to n/2. We have used this technique before (see 
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Fig. 4.4-2). Recall that dz/d9 = ie ,e . We obtain 



rx/2 i _ 

-Je ie d6 = -i, 
Jo e ,e 2 


which is the answer to the given problem. 




In elementary calculus, integration is generally performed by our recognizing 
that the integrand f(x ) is the derivative of some particular function F(x). Then F(x) 
is evaluated at the limits of integration. Thus 


r*2 r x 2 (dF\ C X1 

f(x)dx = ( — \dx = i 

Jxi Jxi \dx I J Xl 


dF = F(x 2 ) - F(x x ). 


To cite a specific example: 



Does a similar procedure work for complex line integrals? We shall see that with 
certain restrictions it does. 

Let F(z) be analytic in a domain D. Assume dF/dz = f(z) in D. Consider 
f^ 2 f(z)dz integrated along a smooth arc C lying in D and connecting z\ with z 2 . We 
will assume that C has a parametric representation of the form z(t) = x(t) + iy(t), 
where t\ < t < t 2 , and we will assume that dz/dt exists in this same interval. 

Observe that z(Ti) = z\ and z(t 2 ) — z, 2 . Now from Eq. (4.2-10), we have 


£ fiz)dz = [ m)) T,‘ ,u 


We can replace f(z(t)) on the right by dF/dz. Hence 


r Mdz= r 

Jzi Jh 


t2 dF dz , 

— -j- dt. 

dz dt 


(4.4-2) 


The expression on the right, (dF/dz) (dz/dt) is, from the chain rule of differentiation, 
merely Thus 



‘ 2 dF , 
—— dt. 
dt 


The integrand On the right, dF/dt, is a complex function of the real variable t.^' e 
can perform this integration by the techniques familiar to us from real calculus, i- e " 


r 

J/, 


‘ 2 dF 

~di 


dt = 



dF = F[z(t 2 )] - F[z(f0] = F(z 2 ) - F(z i). 


Thus, we have 



= F(z 2 )-^i), 


(4.4-3) 


If the contour C is not restricted to being a smooth arc but is permitted to be j 
piecewise smooth curve, the result in Eq. (4.4-3) is still valid. However, a slight j 
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jnore elaborate proof, not presented here, is required since dz/dt may fail to exist 
at those points along C where smooth arcs are joined together. 

The preceding discussion is summarized in the following theorem. 


THEOREM 6 (Integration of Functions that are the Derivatives of Analytic 
functions) Let F(z) be analytic in a domain D. Let dF/dz = f(z) in D. Then, if 
Zl andZ 2 are in D, 


rzi 

Jzi 


f(z)dz = F(z 2 ) - F(zi), 


(4.4^1) 


where the integration can be performed along any contour in D that connects z 1 
and i 2 - • 


Thus within the constraints of the theorem the conventional rules of integration 
apply- 

Ordinary tables of integrals, for real calculus, are based on these rules as well as 
the definition of the derivative which, in appearance, is the same for both functions of 
real and complex variables. Since the complex algebraic and transcendental functions 
that we have been using agree with their real counterparts on the real axis, tables of 
integrals can, when used intelligently, be of use when we do contour integrations. 

Theorem 6 justifies the following evaluation: 


n2+2i n2-\ 

f . z 2 dz = f 

vl-f-l 1-f-I 


2 + 2 ' d z 3 z 3 

~r — dz = — 
dz 3 3 


2 + 2 / 


1 


= -[(2 + 2 i) 3 -(l + i) 3 ]. 


(Since z 3 /3 is an entire function, the path of integration was not, and need not, be 
specified. 


|XAMPLE 2 Evaluate 1 /z dz along the contour C shown in Fig. 4.4-3. 


'Solution. Recall from Chapter 3 that (d/dz) log z = 1 /z- The logarithm is a multi- 
-Valued function. In order to specify a particular analytic branch of the log, let us call 
vve must employ a branch cut. Any branch of the logarithm whose branch 
££t does not intersect C can be used to perform the given integration. A possible cut 
|g|Shown by the solid bold line in the figure. Since the branch cut contains all the 
Insular points of F(z), the contour C lies in a domain of analyticity of F(z). 



Figure 4.4-3 
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Using our analytic branch of logz, we have 

i Y . 

-dz = logz| + ‘ = Log |z| + i argz|_). 

Note that Log|i| = Log I - 'A = 0- Thus l/z dz = i(arg i - arg(-i)). Along 
contour C, the argument of z varies continuously. At -i the argument of z is 
_ n /2 + 2kn, where k is an integer, while at +/' the argument becomes n/2 + 2kn, 
where k must have the same value in both cases. Hence 

J' - dz = i{^ + 2knj - i ^ + 2kn j = ni. • 

Comment. The solution of the problems contained in Example 2 depends on our 
finding or knowing a function F(z) that is analytic at every point on the contour of 
integration and that satisfies dF/dz = f(z) everywhere on the contour. Here f(z) is 
the function to be integrated. If f(z) fails to be analytic at one or more points on the 
contour of integration, then it is impossible to find an F(z) satisfying the required 
equation. This fact is not now obvious but is proved in section 4.5, where it is shown 
that if F(z) is analytic at a point then all its derivatives must be analytic functions at 
this point. It is therefore futile to seek an analytic function F(z ) whose derivative f(z) 
is not analytic. If in Example 2 we replace 1 /z by 1 fz (which is nowhere analytic), 
the technique of Example 2 would not be applicable. To complete the solution, we 
would need to know a mathematical formula for the contour C. The integration could 
then, in principle, be carried out with the aid of Eq. (4.2-5). 

Caveat on Use of Integral Tables We have already mentioned that ordinary tables of 
integrals can be of use if we are attempting a contour integration in the complex plane. 
For example, the integration preceding Example 2, J^ 2 ‘ z 2 dz, involved our finding 

a function whose derivative is z 2 . In the unlikely event that this is challenging, we can 
consult a table, where we find that x 3 /3 has derivative x 2 , and from this we conclude 
that we may use z 3 /3 in solving our problem. However, suppose a reader is attempting 
to perform i dz along the portion of the circle |z| = 1 that lies in the left half¬ 
plane, Rez < 0 (see C 2 in Figure 4.4-6 in the exercises). The reader sees from a 
table that the derivative of log x is l/x (or the integral of 1 /x is log x) and therefore 
elects to solve the problem by a method based on Eq. (4.4-4): Logz|‘_. = in. This 
result is incorrect and the fault lies with her having used the principle branch of the 
logarithm (consider the failure of Logz to be analytic at z = — 1)- The problem can 
be solved with proper use of the log function, as shown in Exercise 15. The moral 
is that one must not use tables blindly. 

The reader should recall the fundamental theorem of (real) calculus, i.e., if f( x ) 
is a continuous function of x, then 

- 7 - f f{w)dw = f{x). 

UX J a 

Here w is a dummy variable and a is a constant. If F(x) ~ J* f(w)dw, then dF/dx ^ 
fix'). The theorem relates integration and differentiation, asserting that integration 
is the inverse operation of differentiation. 




4.4 Path Independence, Indefinite Integrals, Fundamental Theorem 187 


There is a corresponding statement for integrations involving analytic functions 
of a complex variable. Let w be a (dummy) complex variable and f(w) be analytic 
jn a simply connected domain D in the w-plane. Let a and z be two points in D. 
We regard z as a variable. From Theorem 5, F(z) = f(w)dw is a function that is 
independent of the contour C used to connect a and z provided C lies in D. We will 
show that dF/dz = f(z). 

Refer to Fig. 4.4^1. Now F(z) = j a f(w)dw, where the integration is along C. 

Furthermore, F(z + Az) = JJ +Az f(w)dw, where the path goes from a to z along 
C\ then from z to z + Az along the straight line path, that is, along the vector Az. 
Consider now 


,. s F{z + Az) - F(z) 
g(Az) = - Az - ~ ~ ' 


(4.4-5) 


Recall that 


dF F(z + Az) - F(z) 

—— = lim -. 

dz Az^o Az 

If we can show that UniA^o g(Az) = 0 in Eq. (4.4-5), then it must be true that 

Um F(z + Az)-F(z) 

Az^O Az 


or equivalently, dF/dz = f{z). 
Notice that 


: + Az) - F(z) = £ 


f(w)dw, 


(4.4-6) 


where the integration is along Az in Fig. 4.4—4. With Eq. (4.4-6) used in Eq. (4.4-5), 
we obtain 


1 C z 

* <Az) =y i 


f(w)dw - /(z)Az . 


(4.4-7) 
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We have factored out l/|Az|. Since Az = Jf +AZ ^ 11 h we can rewrite Eq. (4.4-7) as 

1 nz+Az rz.+Az 

g(Az) = — J f(w)dw - f(z ) J riw 

or 

1 pz+Az 

g(Az) = — J [/O) - • (4.4-8) 

Because /(z) is analytic it must be continuous. Thus (see section 2.2) if we have any 
positive number e, there must exist a circle of radius 5 centered at z such that, for 
values of w inside this circle, 

I/O) - f(z)\ < £. (4.4-9) 

We can choose Az small enough so that the point z + Az lies inside this circle. Along 
the straight line path of integration in Fig. (4.4-4), Eq. (4.4-9) is satisfied. 

We now apply the ML inequality (section 4.2) to the integral of Eq. (4.4-8). 
From Eq. (4.4-9) we see that we can let M = e. The length of the path L = |Az|. 
Thus 

g(Az) < e|Az| = s. 

Az 

Since e can be made arbitrarily small (we shrink | Az | to keep z + Az inside the 
circle of Fig. 4.4-4), it must follow that lim A ,^ 0 g(Az) = 0, and as Eq. (4.4-5) now 
indicates, we have dF/dz = /(z). We have proved not only that dF/dz exists but 
have also found its value. In summary, we have the following. 

THEOREM 7 (Fundamental Theorem of the Calculus of Analytic Functions) 

If f(w) is analytic in a simply connected domain D of the w-plane, then the integral 
f(w)dw performed along any contour in D defines an analytic function of z 
satisfying 

f f(w)dw = f(z). ( 4 . 4 - 10 ) 

Thus, within the constraints of the theorem, the integral of an analytic function 
along a contour terminating at z is an analytic function of z- 

One says, as in real calculus, that if dF/dz = f(z), then F(z) is an antiderivative 
°f /(z). Thus, from Eq. (4.4-10), ff f(w)dw is an antiderivative of /(z). Of course 
if dF/dz = /(z), then F\ (z) = F(z) + C (a constant) will also have derivative f(z)- 
Hence f(z) has an infinite number of antiderivatives. They differ by constant values- 
The indefinite integral f f(z)dz is used to mean all the possible antiderivatives o 
/(z). It contains, as in real calculus, an arbitrary additive constant. For example 
since ( d/dz ) (sin z + C) = cos z, all the antiderivatives of cos z are contained in the 
statement f cos z dz = sin z + C; i.e., the antiderivatives are of the form sin z + <-• 
The value of the constant for a specific antiderivative JJ f(w)dw is established 
by the lower limit of integration, as shown in Example 3 (below). 
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Note that the identity involving antiderivatives that the reader learned in real 
calculus, 




udv = uv — 



(4.4-11) 


(integration by parts), applies equally well in complex variable theory. The identity 
is derived from the formula for the derivative of the product uv, and that expression 
holds for both real and complex functions and variables. 


EXAMPLE 3 

a) Find the antiderivatives of ze z . 

b) Use the result of (a) to find Ji z we w dw. 

c) Verify Theorem 8 for the integral in part (b). 

d) Use the result of (a) to find J. ze z dz. 


Solution. Part (a): To determine f ze z dz, we use integration by parts. Thus, 
applying Eq. (4.4-11) with u = z, dv = e z dz, v = e z , we have f ze z dz = ze z - 
f e z dz = ze z - e z + C = F(z). 

Part(b): Usingtheresultof (a), we have f. z we w dw = z,e z - e z + C. To evaluate 
C, we observe that the left side of this equation is zero when z = i. The right side 
will agree with the left at z = i if we put C = -ie‘ + e‘ . Thus 


rz 

Ji 


we w dw = ze z — e z — ie l + e‘. 


Part (c): Theorem 7 asserts that 


— | we w dw | = ze z 


Usmg the value for the preceding integral, - e z - ie‘ + e\ and differentiating 
with respect to z, we see that this is true. Since ze z is entire ( we w is entire in the 
tti-plane), the theorem also tells us that j. z we w dui is analytic throughout the z-plane, 
indeed ze z — e-'- — ie‘ + e‘ is an entire function. 

. .. Part With F(z) = ze z - e z + C from part (a), we may now use Theorem 6 
irectly. Since dF/dz = ze z throughout the z-plane, we have 


f 


ze z dz = ze z — e z 


+ C\. = —ie‘ + e\ 


IXERCISES 


fcjnFi: 


g. 4.4-5 contour Ci (solid line) and contour C 2 (broken line) each connect points zi 
. an “ % 2 - The contours also intersect at one other point, designated 13 . Let f(z) be analytic 
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^2 



*1 

Figure 4.4-5 


in a simply connected domain containing Q and Ci- Show that 


J r-z 2 r-Z2 

f(z)dz = f(z)dz. 

Z\ Jz\ 


along Ci 


z\ 

along Ci 


Use Theorem 6 to evaluate the following integrals along the curve y = Jx. 


I 

*-X 


e iz dz 


- 4+2 i 

5. | e z sinh z dz 


z - 4+2 i 

’•X 

6 T 

JO 


1 + z 2 dz 
4+2 i 


4 + 21 
1+i 

e z cosh e z dz 7 


'•X 

Jl+ 


z + z" 2 dz 


n 4 + 21 

Jl+i 


Z 2 — 1 


■ dz 


8. a) What, if anything, is incorrect about the following two integrations? The integrals are 
both along the line y = x. 


r-l+i 

JO+iO 


zdz = — 


O+iO 

1+i 


r-L+l 

JO+iO 


z 2 

zdz = — 


1+i 

0+i0 

1+i 

O+iO 


(1 + o 2 

2 

(1 - if 


b) What is the correct numerical value of each of the above integrals? 

9. Find the value of £ Log z dz taken along the line connecting z = e with z = i ■ Why is 11 
necessary to specify the contour? 

10. Find dz, where the integral is along a contour not intersecting the branch c ut 

for Logz. 

11. Find £ z 1 / 2 dz. The principal branch of z 1 / 2 is used. The contour does not pass through 
any point satisfying y = 0, x < 0. 

12. Find £ z 1 / 2 dz. The branch of z 1 / 2 used equals —1 when z = 1. The branch cut h eS 
along y = 0, x < 0, and the contour does not pass through the branch cut. 

13. Find £ i z dz. Use principal values. Why is it not necessary to specify the contour? 

14. Perform the integration £ cos z cosh z dz by the two methods described below and ch e< ^ j 

that they produce identical results. Why can the contour be left unspecified? | 
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Figure 4.4-6 


a) Represent cos z and cosh z by exponential functions of z. Perform the multiplication 
of the resulting expressions and integrate the exponentials. 

b) The MATLAB Symbolic Math Toolbox can do many real symbolic integrals. Using 
this feature, find the function whose derivative is the real function cos x cosh x and 
exploit this result to evaluate the given integral. 

15. Consider contours Ci and C 2 shown in Fig. 4.4-6. We can use the result derived in 

Example 2 of this section to show that along Q we have l / z dz = ni. 

a) Explain why we cannot employ the principle of path independence to show that along 
C 2 we must have \/zdz= ni. 

b) Find the correct value of the integral along C 2 by employing a branch of log z that is 
analytic in a simply connected domain containing the path of integration. 

c) Check the answer to part (b) by switching to the parametric representation of the 
contour of integration with z = e 10 . Integrate on the variable 6 (see Example 1). 

16. Do the following problem by employing Theorem 6. 

r2i 

a) Find J Q dz/(z — i ) taken along the arc satisfying \z — i| = 1, Re z > 0. 

,j; : b) Repeat part (a) with the same limits, but use the arc \z — i\ = 1, Re z < 0. 

17. Let z 1 and Z 2 be a pair of arbitrary points in the complex plane. Contours Ci and C 2 each 
cohnect points zi and Z 2 - The contours do not otherwise intersect, and neither passes 
througff z = 0. Explain why 


f'7.2 | ,-Z 2 ] 

L I ?* = 1, 

V* v along Ci along Ci 

jc! ^ 0ns 'der two cases: 

gg|r|- \ 

' ‘ z = 0 does not belong to the domain whose boundaries are Ci and C 2 (see Fig. 4.4—7). 

i^* 1 ) z = 0 does belong to the domain whose boundaries are Ci and C 2 (see Fig. 4.4-8). 
elementary calculus the reader learned the Mean Value Theorem'. If /(x) is continuous 
a < x < b, then there exists a number xi, where a < xi < b, such that 


f 


f{x)dx = f(xi)(b - a). 

ih Ja 

fc °w that this theorem does not have a counterpart for complex line integrals by doing 

sp following: 

||how that £‘(1 /z 2 )dz = 1 + i, where the integral is along x + y = 1. 
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Z2 


C l 


C 2 


Zl 


Figure 4.4-7 



Figure 4.4-8 


b) Show that there is no point zi along the contour of integration satisfying (1 /z 2 ) x 

(i - 1) = 1 + i. 

19. a) Find the antiderivatives of 1 /(z — i) 2 in the domain Re z > 0. 
b) Find the specific antiderivative that is zero when z = 1 + i. 

20. a) Find the antiderivatives of l/(z 2 + 1) in the domain |Im zl < 1- 
b) Find the specific antiderivative the equals n/4 when z = 1. 

21. a) Show that any branch of z® (a is any number, real or complex) has antiderivative 

zz a /(a + 1) in the domain of analyticity of z®. See section 3.6. 

b) Using principal values for all functions in the integrand, find fj(z 1 — i z )dz. Employ 
a contour of integration not passing through z = 0 or the negative real axis. 


4.5 The Cauchy Integral Formula and Its Extension 


Here is perhaps the most remarkable fact about analytic functions: the values of an 
analytic function f(z) on a closed loop C dictate its values at every point inside. If 
Zo is a point inside C, then the equation relating /(zo) to the known values of f( z ) 
on C is called the Cauchy integral formula. For those wishing a quick proof of the 
formula, lacking in rigor, it is outlined in Exercise 1 at the end of this section. The 
real proof follows. 


Let Co be a circle, centered at zo, of radius r. The value of r is sufficiently 
small so that Co lies entirely within C. The configuration is shown in Fig. 4.5-T 
The function /(z)/(z — Zo) is analytic at all points for which f(z) is analytic except 
z = zo- Thus f(z)/(z — zo) is analytic on C 0 , C, and at all points lying outside Co 
but inside C. Using the principle of deformation of contours, we can assert that 


Jc Z Zo 


/(z) 


Co z - Zo 


dz. 


(4.5—1) 
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Figure 4.5-1 


Let us show that the expression on the right equals 2nif(zo). Recall from Eq. (4.3-10) 
that ffe. dz/(z - Zq) = 2 ni. Thus 

2nif(zo) = ft —/(zo) = ft dz. (4.5-2) 

Jc o z - zo dc 0 z - zo 

Since the quantity /(zo) is a constant, it was taken under the integral sign on the 
right in Eq. (4.5-2). If we subtract both the left side and the right side of Eq. (4.5-2) 
from the right-hand integral in Eq. (4.5-1), we obtain 

ft dz - 2nif( Z0 ) = ft —~ f(Z0) dz. (4.5-3) 

Jc 0 Z- ZO Jc Q z - z 0 

Our goal is to show that the integral on the right is zero. The value of this inte- 
pal, although still unknown, must, by the principle of deformation of contours, be 
independent of r, the radius of Co- 

" The ML inequality of section 4.2 can be applied to obtain a bound on the 
■magnitude of the right-hand side of Eq. (4.5-3). The length of path, L, is here merely 
-me circumference of the circle C 0 , that is, 2nr. The quantity M must have the 
property that 


I/O) -/0o)l 


a; 


< M for z on Cq. 


(4.5—4) 


\z - zol 

On the contour of integration we have |z — Zol = r. 

: iec t ^ n< i e -^0 is continuous at zo, we can apply the definition of continuity (see 
feuch 1 ant ' assert that, given a positive number e, there exists a positive number 
11, h T 31 I/O) - /0o)l < £ for |z - zol < <5. If the radius r of C 0 is chosen to 
| ^ 01311 ^ il fo Hows that on C 0 we have |/(z) - /(z 0 )l < £. Hence we have on 


f(z ) - /Oo) 


/0)-/0o) 

Z-Zo 


r 


£ 

< — , 

r 


Ve can take M in Eq. (4.5-4) as e/r. 
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Now, knowing M and L, we apply the ML inequality to the right side of Eq. 
(4.5-3) and obtain 

£ ^ Z) ~ dz < E -2nr = 2ne. (4.5-5) 

Jcq r r 

Since £ on the right in Eq. (4.5-5) can be made arbitrarily small, the absolute value 
of the integral on the left can likewise be made arbitrarily small. Reducing s merely 
implies that we must shrink the radius r of Co. 

We observed earlier that the value of the integral within the absolute magnitude 
signs in Eq. (4.5-5) must be independent of r. Since the absolute value of this integral 
can be made as small as we please, we conclude that the actual value of the integral 
is zero. 

Because we have shown that the right side of Eq. (4.5-3) is zero, we can rearrange 
the left side to yield 

2nif(zo) = £ ^ dz. (4.5-6) 

Jc 0 z — zo 

Now Eq. (4.5-6) shows that the right side of Eq. (4.5-1) is 2nif(zo). Dividing 
both sides of Eq. (4.5-1) by 2ni, we obtain the Cauchy integral formula. 


THEOREM 8 (Cauchy Integral Formula) Let f(z) be analytic on and in the 
interior of a simple closed contour C. Let zo be a point in the interior of C. Then 


*“> = r4—• 

2 ni Jc z - zo 


(4.5-7) 


This is the desired formula relating values of the function f(z), on C, to values 
assumed by f(z) inside C. In this text we will mostly use Eq. (4.5-7) to evaluate the 
integral on the right in the equation. Examples 1 and 2 below illustrate this. However, 
we can in principle use Eq. (4.5-7) to obtain values of an analytic function inside C 
from either a formula yielding values of f(z) on C or simply from a list of numerical 
values of f(z) at discrete points on C. A numerical integration may be necessary and 
the result would only be approximate but such approximations are useful in applied 
mathematics. An example is provided in Exercise 24. 


EXAMPLE 1 

a) Find <f ( , (cos z)/(z — 1 )dz, where C is the triangular contour shown in 
Fig. 4.5-2. 

b) Find f c (cos z)/(z + 1 )dz, where C is the same as in part (a). 

Solution. Part (a): Since cos z is an entire function and the point Zo = 1 lies within 
C, we can apply Eq. (4.5-7). Thus 

1 X cosz , 1 X cosz ~ i 

-([>- dz = cos 1 or Cl>-- dz = 2 m cos 1 

2m'Jcz-l Jc z — 1 

Part (b): The integrand can be written as (cosz)/(z - (-1)). Employing 
Eq. (4.5-7), we find z 0 = -1 Fes outside the contour of integration. The Cauchy 
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y 


2,2 


2,-2 


x 


Figure 4.5-2 


integral formula does not apply here. However, because (cos z)/(z + 1) is analytic 
both on C and at all points in the interior of C, the Cauchy-Goursat theorem does 
apply. Hence the value of the given integral is zero. • 


EXAMPLE 2 Find (cos z)/(z 2 + 1 )dz, where C is the circle \z - 2i| = 2. 

Solution. It is not immediately apparent whether the Cauchy integral formula 
or the Cauchy-Goursat theorem is applicable here. Factoring the denominator, we 
have 

2ni J (z — i) (z + i) 

Notice that the factor (z — i) goes to zero within the contour of integration (at z = i), 
and z + i remains nonzero both on and inside the contour (see Fig. 4.5-3). Writing 
'the given integral as 


f 1 


1 

2ni 


cos z 

. z+j J 
z - i 


dz , 


we see that because cosz/(z + i) is analytic both on and inside |z - 2i\ = 2, the 
jCauchy integral formula is applicable. In Eq. (4.5-7) we take f(z) = cos z/(z + i) 



Figure 4.5-3 
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and Zo = i. Hence the value of the given integral is 


cos z \ _ cos i 

\Z + I/z=i 2 i 

An integration such as 


J|z| = 2 Z 2 + 1 


dz 



■ 

— cosh 1. 
2 


COSZ 

7 - ^7 - 77 dZ, 

2 (z - l)(z + 0 




where z 2 + 1 goes to zero at two points inside the contour of integration cannot be 
directly evaluated by means of the Cauchy integral formula. However, the formula 
can be adapted to deal with problems of this type as is shown in Exercise 19 of this 
section. 

The Cauchy integral formula yields the value of an analytic function at a point 
when we know the values assumed by that function on a surrounding simple closed 
contour. This formula can be extended. With the “extended formula,” the derivatives 
of any order of the function at this same point are obtainable provided we again 
know the function everywhere along a surrounding curve. 

The extended formula is obtainable by the following series of manipulations, 
which do not constitute a proof. With f(z) analytic on and interior to a simple closed 
contour C and with zo a point inside C, we have, from Eq. (4.5-7), 


Mo) = 


l 

2ni 


c z - zo 


(4.5-8) 


We now regard f(z o) as a function of the variable z o, and we differentiate both sides 
of Eq. (4.5-8) with respect to zo- We will assume that it is permissible to take the 
d/dzo operator under the integral sign. Thus 


d f( , = _d _1_ 

dzo RZ ° dzolni 


C z - Zo 


dz 



1 

2ni 


M) 


C (z- zo) 2 


dz- 


(4.5-9) 


In effect, we have assumed that Leibnitz’s rule^ applies not only to real integrals but 
also to contour integrals. When the second and nth derivatives are found in this way, 
we have 


Z-ZO 


/<2|<a) = hM'hi 


= 2 (£ M) 

2niJc (z - zo) 3 

= nl £ sm 


dz. 


2niJc (z — zo)" +1 


(4.5-10) 
dz. (4.5-11) 


The formulas obtained in Eqs. (4.5-9) through (4.5-11) can, in fact, be rigorous^ 
justified. To properly obtain f (zo), we use the definition of the first derivative afl 


^See W. Kaplan, Advanced Calculus, 4th ed. (Reading, MA; Addison-Wesley, 1991), 266. 


I 
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the Cauchy integral formula Eq. (4.5-8): 

f(zo)= lira + Azo) ~ /(Zo) 

1 { ^ 0> Azo^o Azo 


= lim - 

Azo^O Az 0 


1 £ f^ dz 


lim -z—r .— 
Azo^o ZmAzo 


2ni Jc z — (zo + Azo) 

1 


_L<£JU 


= lim 




C [z - (zo + Azo) 
f(z)dz 


2niJc (z — zo) 
' f(z)dz 


r dz 


zo 


(4.5-12) 


Azo^O 2712 Jc [z - (zo + Azo)](z - Zo) ’ 

If we could interchange the order of the lim^^o operation and the integration in 
the last term in Eq. (4.5), we would obtain the expression for f'(zo) presented in 
Eq. (4.5-9). However, we have no obvious means of justifying this step. Instead, 
what can be done is to show that the absolute value of the difference between 

J-£ _ Mil _ and ±<f 

2niJc [z - (zo + Azo)](z - zo) 2 niJc (z - zo) 2 


.goes to zero as Azo —> 0. This would establish the validity of Eq. (4.5-9) for f (zo) • 
,The procedure is quite straightforward and involves the ML inequality in a manner 
similar to that used in deriving the Cauchy integral formula. The reader can find the 
details outlined in Exercise 18 at the end of this section. 

lii Once the validity of/'(zo) = ^^./(zj/fz - zo) 2 dz is established, one can, by 


a similar, rigorous procedure justify the formula for f (2> (zo) given in Eq. (4.5-10). 
? Since the derivative of /'(zo) with respect to zo not only exists but exists in any 
domain in which /(zo) is an analytic function, we can assert that /'(zo) is itself 
an analytic function of zo- The preceding procedure can be carried out any number 
of times so as to yield any derivative of /(zo)- A formula for the nth derivative 
is obtained and is given in Eq. (4.5-11). Summarizing these results, we have the 
‘following theorem. 


fHEOREM 9 (Extension of Cauchy Integral Formula) If a function /(z) is 
lalytic within a domain, then it possesses derivatives of all orders in that domain, 
ese derivatives are themselves analytic functions in the domain. If /(z) is analytic 
l^and in the interior of a simple closed contour C and if zo is inside C, then 

f(z) 


f {n) (zo) = ^-£ 


2niJc (z - zo)' ,+1 


dz. 


(4.5-13) 


^ote that if we interpret / (0 ) (zo) as/(zo),andO! = l,thenEq. (4.5-13) contains 
|_auchy integral formula for /(zo)- 

' et /(z) be defined throughout a neighborhood of zo- If /(z) fails to be analytic 
? then it is impossible to find a function F(z) such that dF/dz = f(z) will be 
jied throughout this neighborhood. If F(z) existed, then it would be analytic, 
iPCording to Theorem 9, its second derivative df/dz would exist throughout 
||ighborhood. Thus /(z) would be analytic at zo. which is a contradiction. 
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As an illustration of this, the function f(z) = x 2 + iy 2 i s easily verified to be 
nowhere analytic and thus cannot, in any domain, be expressed as the derivative of 
a function F(z). 

If an analytic function f(z) is expressed in the form u(x, y ) + j v (x, y), then the 
various derivatives of f(z) can be written in terms of the partial derivatives of u and 
v (see section 2.3 and Exercise 18 at the end of that section). For example, 


du 8v 3v du 

f{Z) = T x +i - x = ~Fy~%' 

d 2 u 3 2 v d 2 u _d 2 v 

8x 2 ’ 8x 2 By 2 ' By 2 


(4.5-14) 

(4.5-15) 


The extension of the Cauchy integral formula tells us that if f(z) is analytic it 
possesses derivatives of all orders. Since these derivatives are defined by Eq S . 
(4.5-14) and (4.5-15) as well as similar equations involving higher-order partial 
derivatives, we see that the partial derivatives of u and v of all orders must exist. 
Since a harmonic function can be regarded as the real (or imaginary) part of an 
analytic function, we can assert Theorem 10. 


THEOREM 10 A function that is harmonic in a domain will possess partial 
derivatives of all orders in that domain. • 


EXAMPLE 3 Determine the value of <f ( , jjz, where C is the contour 

\z\ = 2 - 

Solution. Considering the form of the denominator in the integrand, we will use 
Eq. (4.5-13) with n = 2. We then have 

/<2)(a >) = M(~ Y dl - 

With zo = 1 and a simple multiplication the preceding equation becomes 


™ f P)m = £ f(z) 

2 J K ’ Jc (z - 1)3 


dz- 


This formula, with f(z) = z 3 + 2z + 1, yields the value of the given integral. Thus 

,3 _ , , _ . 

= 7Tl(6z)| 


Z' 3 + 2z + 1 , . d 2 3 

- —:-775 ^ = m 7 y v + 2 z + 1 ) 

c (z- 1) 3 dz 2 


Z= 1 


= 6ni. 


Z=1 


Notice that ifthe contour C were | z\ = 1/2, we would apply the Cauchy-Goursat 
theorem. This is because (z 3 + 2 z + 1 )/{z — l) 3 is analytic on and inside this circle- 


EXAMPLE 4 Find f c [ (z _ 1 ^, 5 7 ]^’ where C is the circle k - 4| = 2. 

Solution. Let us examine the two factors in the denominator. The term (z " ^ 
is nonzero both inside and on the contour of integration. However, (z — 5 ) 2 d° eS j 
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dz 


become zero at the point z = 5 inside C. We therefore rewrite the integral as 

Jc (z - 5) 2 

and apply Eq. (4.5-13) with n = 1, zo = 5, f(z) = cosz/(z - l) 3 . Thus 

( COS z | 


2 ni Jc (z — 5) : 


dz = 


d cos: 


dz {z - l) 3 


-64 sin 5 — 48 cos 5 

46 • 


Z=5 


The value of the given integral is 2ni times the preceding result. 


exercises 

1. To arrive at a formal (nonrigorous) derivation of the Cauchy integral formula, let /(z) 
be analytic on and inside a simple closed contour C, let zo lie inside C, and let Co be a 
circle centered at zo and lying completely inside C. From the principle of deformation 
of contours, we then have 



a) Rewrite the integral on the right by means of the change of variables z = zo + re'®, 
where r is the radius of Co and 9 increases from 0 to 2n (see Fig. 4.3-8). Note that 
dz/d9 = ire'®. 

b) For the integral obtained in part (a), let r 0 in the integrand. Now perform the 
integration and use your result to show that 

£ JQ- dz = 2 nif(zo). 

Jc z — zo 

c ) What makes this derivation nonrigorous? 


Evaluate the following integrals using the Cauchy integral formula, its extension, or the 
Cauchy-Goursat theorem where appropriate. 


sinz 


dz around |z| = 3 


z — 2 
^ 4 ax cosh z 

' J (r- 3)(r - 1) (/ ' arou,ul ' z = 2 I 
1 X cosh(e z ) 


£ sipz 

J z — 2 


dz around |z| = 1 



4z + 3 


dz around the square with comers at z = 2, z = 4, 


and z = 3 ± i 


dz around 


i + i-2, 


= 2 


| 2niJ~rr4 dz around l z - 4i 'l = 3 


( 1 continued ) 
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(i continued) 

8 . 


S.-Lffi-'U 

2ni J (z — i)' 

’■ft 


dz around |z — 11 =2 


(z - 0 


dz around |z — 11 =2 


10 ‘ ij(z + 2)(z-i) 2 * ' Z _ 11 = 2 

11 . — £ cos z d z around |z — 11 =2 
2niJ (z-0 

12. — : (D- ' - dz around |z| = 2 13. £ - dz around |z| = 2 

2 ft i ^ J Z 


14. A student is attempting to perform the integration Jq^qZ dz along the line y = _^sin(| x). 
He studies Theorem 6 in section 4.4 and reasons that if he can find a function F(z) 
satisfying dF/dz = z in a domain containing the path of integration, then he can evaluate 
the integral as F( 1 + i ) — F (0 + iO) without having to use the path of integration. Explain 
why this will not work. 

15. a) Use the extension of the Cauchy integral formula to show that fte az /{z n+l )dz = 

a n 2ni/n\, where the integration is performed around |z| = 1. 

b) Rewrite the integral of part (a) using the substitution z = e l0 (O <9<2n) 
when z lies on the unit circle. Integrating on 6 show that, when a is real, 
e acos0 cos (a sin 6 — n6)d6 = 2iia n /n\, and e acos 0 sin(a sin 6 — n8)d8 = 0. 

16. a) Consider the integral around |z| = 1, where a is any constant such that \a\ / 1. 

Using either the Cauchy-Goursat theorem or the Cauchy integral formula, whichever 
is appropriate, evaluate this integral for the cases \a\ > 1 and \a\ < 1. 

b) Explain why the techniques just used cannot be applied to ftjft^ around |z| = 1- 
However, evaluate this integral for the two cases given above by noticing that on the 
unit circle we have z = 1/z. Are your answers different from (a)? 

17. a) If a is areal number and \a\ < 1 show that 


J '-'T.Tl 
0 


1 — a cos ( 


1—2 a cos 8 + a 2 - 


dd = 2n. 


Hint: Consider ftdz/(z — a) around |z| = 1. What is the value of this integral? Now 
rewrite this integral using z = e l ®, 0 < 8 < 2n, for z on the unit circle. 

Recall that in Exercise 16 of section 4.3, we evaluated the above integral for the 
case \a\ > 1 and found it to be zero. 

18. The rigorous proof of the extended Cauchy integral formula for the first derivative requires 
for its completion our showing that 


,. J_ X_ f^)dz _ 

a z ™o 27 i Jc (z - (zo + Azo))(z - zo) 


£ f(z w 

Jc (z — zo) 2 


= 0 . 


Complete the proof. 
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Closed contour C (solid line) 


6 ti 
(f #Zl it 


Z 2 ^ 




Figure 4.5-4 


; Hint: Let b equal the shortest distance from zo to any point on the contour C, let m be 
the maximum value of |/(z)| on C, let L be the length of C, and assume |Azo| < b/2. 
Show that you can rewrite the preceding limit with a single integral: 

to A U. 

Azo^o 2n Jc (z - zo) 2 \z - (zo + Azo)/ 

Apply the ML inequality to this integral using m, b, L, etc., and then pass to the limit 
indicated. 

19. Let /(z) be analytic on and inside a simple closed contour C. Let zi and Z 2 lie inside C 
(see Fig. 4.5-4). 

a) Show that 

J: 

1 1 1 £ fc) d - /( z l) | /( z 2) . 

2niJc (z — zi)(z — Z 2 ) Z 1 -Z 2 Z 2 -Z 1 

2 ' Hint: Integrate around the two contours shown by the broken line in Fig. 4.5-4 and 
2 ^ combine the results. 

IF k) Let /(z) have the same properties as in part (a), and let zi, Z 2 , • • ■, z„ lie inside C. 
if Assume that zi, Z 2 , • • •, z n are numerically distinct, i.e., no two values are the same. 
mm:: Extend the method used in part (a) to show that 


J_(K _ f(z)dz _ = _ f(zi) _ 

2niJ (z Zl)(z Z2) * * * (z Zn) (zi - Z2)(zi - Z 3 ) ■ • • (zi - Z n ) 

, /(z 2 ) , , f(z„) 


H--h-1--. 

(Z2 - Zl)(z2 - Z3) • • • (Z2 - Zn) (z n ~ Zl)(z n ~ Zl) ■ ■ ■ (z„ - Z„-l) 


The following problems require either the results derived in the previous problem for their 
(solution, or an extension of the methods employed there. 


k ssf 


cos(z — 1) 
(z+ l)(z — 2) 


dz around \z\ = 3 


| d e z (z 2 — 1 ) 

k £^jfsz_ 
i J z 2 -z+ 1/2 

i £ _ 

K J e z (7 2 — n 


dz around the square with comers at z = ±2, and z = ±2i 


dz around |z — 11 = 8/9 


e z {z 2 — l) 2 


around the contour of Exercise 21 
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24. a) A function is known to be analytic on and inside the unit circle. The values assumed 

by the function at 8 uniformly spaced points on the unit circle (see Fig. 4.5-5) are 
approximately known and follow: 

Zl : 2.3368+ 1.9406/, z 2 : 0.8837 + 2.1700/, z 3 : 0.4111 + 1.5442/, 

z 4 : 0.3683 + 1.1482/, z 5 : 0.3683 + 0.8518/, z 6 : 0.4111 + 0.45581, 

z 7 : 0.8837 - 0.17001, zg: 2.3368 + 0.0594i. 

By means of a computer, determine the value of this function at the center of the unit 
circle by employing a sum that approximates the Cauchy integral formula. The sum 
will be like that on the right in Eq. (4.2-2) except that we do not pass to n oo but 
use n = 8. Use 8 inscribed vector chords to approximate the contour of integration, 
Azi, Az2, • • • ,Azg. They are illustrated in Fig. 4.5-5. The notation is that ofFig. 4.2-1. 
For ease of calculation, note that zi = e" 1 / 8 , Azi = e " I / 4 — 1, z* = Zk-id 71 ^, and 
A Zk = Azt-ie" 1 / 4 . 

b) The numerical values given above for the function were obtained from /(z) — e 1 +i- 
How well does the result in (a) agree with the value of this function at the origin? 

25. a) Let D be a doubly connected domain bounded by the simple closed contours Co and 

Ci as shown in Fig. 4.5-6. Let /(z) be analytic in D and on its boundaries, and let zo 
lie in D. Note that /(z) is not necessarily analytic inside Q. Show that 


±£ -M- 

2ni JCq z — zo 


dz = Az 0 ) + ±f ^ 
2m JCi z — zo 


This is the Cauchy integral formula for doubly connected domains. 

Hint: Do the integration 2ii$/(z)/(z — Zo)dz around the simple closed contou 
shown in Fig. 4.5-7. What portions of the integral cancel? 
b) Use the preceding result to show that 


—<£ 
2ni Jj 7 | 


dz 

2 (z - 1) sinz 


1 J_ 
sin 1 2ni 




dz 

1/2 (z - 1) sin z 


c) Let D be an n-tuply connected domain bounded by the closed contours Co, Ci, • . 
C n _! as shown in Fig. 4.5-8. Let /(z) be analytic in D and on its boundaries, a 
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let 40 lie in D. Show that 

1 ^ /(z) j ^ , 1 rf\ /( z ) i , 

— <4> -- dz = /(zo) + ~z i -* + ••• + 

2,711 JCq (Z — zo) 27TZ JC\ Z — zo 


2-£ 

2ni Jc„ 


/(z) 

■ 1 z — zo 


dz- 


This is the Cauchy integral formula for rc-tuply connected domains. 


4.6 Some Applications of the Cauchy Integral Formula 

In this and the following sections, we will explore a few implications of the Cauchy 
integral formula and its extension. We will see how some results derivable from 
contour integration pan be applied to two-dimensional problems in electricity and 
heat conduction, wliile oilier conclusions obtained here are purely mathematical in 
nature, most notably the Fundamental Theorem of Algebra. We will begin with an 
easily derived result that is one of the interesting consequences of the Cauchy integral 
formula. 


THEOREM 11 (Gauss ’ Mean Value Theorem) Let f(z ) be analytic in a simply 
connected domain. Consider any circle lying in this domain. The value assumed by 
f(z) at the center of the circle equals the average of the values assumed by f(z) on 
its circumference. If z o is the center of the circle and r its radius, this is equivalent to 

''lll 


/(zo) = 


i r 

2?r Jo 


/(zo + re’ e )dd. 


(4.6-1) 


on 


To establish this fact, glance at Fig. 4.6-1, which shows that any point z 
5e circle can be expressed in the form z = Zo + re 10 , where 0 < 0 < 2n. Note that 
— re 0 idO. With these substitutions for z and dz made in Eq. (4.5-7), we obtain 


/(zo) = 


|th 


l r 2n 

2ni Jo 


/(zo + re 


id 


re 


id 


-ire ,0 dd. 


some obvious cancellations this becomes the desired result, 


1 r 2n 

/(zo) = sj„ ■ 


/(zo + re i0 )dO. 


ex Pression on the right in Eq. (4.6-1) is the arithmetic mean (average value) of 
^on the circumference of the circle. 
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If the function f(z) is expressed in terms of its real and imaginary parts, f(z) = 
u ( Xt -y) + iv(x, y), we can recast Eq. (4.6-1) as follows: 

^2 71 


u(zo) + iv(zo) = 


i r zn 

— I u 
2n Jo 


(zo + re )d0 + 


£jO 


+ re w )dd. (4.6-2) 


Taking zo = x 0 + m and equating corresponding parts of each side of Eq. (4.6-2), 
we obtain 


«Oo, yo) 


J_ f 2n 

2n Jo 


i(zo + re l6 )dd, 


(4.6-3 a) 


p(rro,yo) = ^- f v(zo +re l6 )dd. (4.6-3b) 

Jo 

We see from Eq. (4.6-3a) that the real part u of the analytic function evaluated at 
the center of the circle is equal to u averaged over the circumference of the circle. A 
corresponding statement contained in Eq. (4.6-3b) applies to the imaginary part v. 


EXAMPLE 1 Using Gauss’ mean value theorem, evaluatejJ"cos(cos 0+i sin 0)d0- 
By identifying the real and imaginary parts of the integrand, what identities are 
obtained? 

Solution. Notice that the cos 0 + i sin 0 is simply z evaluated at the point on 
the unit circle whose argument or angle is 6. This would suggest our integrating 
cos z around the unit circle centered at the origin. Following the notation use 
in deriving Eq. (4.6-1) and taking zo = 0 and r = 1, we have from that equation 

2 ^ J^ n cos(e l6 )d0 = cosz| z= o or cos(cos0 + i sin 6)dd = 2n, which is 4® 
desired result. With the aid of Eq. (3.2-10), we can rewrite the integrand of the las 

integral and obtain f^ 71 cos(cos 6) cosh(sin 6) — i sin(cos 0) sinh(sin 0)d9 — 2* 
Equating corresponding parts (real and imaginary) on both sides of the equatio 

we have J^ n cos(cos 9) cosh(sin 0)d9 — 2irand ^ sin(cos 9) sinh(sin Q)d9 — 
These results are those obtained from Eq. (4.6-3a,b). The derivation used t° ® 
tain the Eqs. (4.6-1) and (4.6-3) required an integration around the unit circle, i 
limits used in this integration, 0 and 2?r, are somewhat arbitrary. We can use any P a 
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of limits satisfying upper limit - lower limit = 2n. Thus we can assert, for example, 
that f* cos (cos 6) cosh (sin 6)d0 = 2n and sin (cos 9) sinh(sin 9)d6 = 0. The 

last result can be checked if we verify the odd symmetry of the integrand. • 

If the value of u in Eq. (4.6-3a) is known at certain discrete points along the 
circumference of a circle, these values can be used to determine, approximately, 
the value of the integral on the right in Eq. (4.6-3a). In this way, an approximation 
can be obtained for the value of u at the center of the circle (see Exercise 7 in this 
section). Typically, four uniformly spaced points on the circumference might be 
used. This technique forms one basis of a numerical procedure called the finite 
difference method, which is used to evaluate a harmonic function at the interior 
points of a domain when the values of the function are known on the boundaries. 
The method is used to solve physical problems in such specialities as electrostatics, 
heat transfer, and fluid mechanics. 1 ' 

We saw in section 2.6 how the real or imaginary part of an analytic function can 
be regarded as describing temperature and electrical potential in a two-dimensional 
cross-section of a material, provided there are no sources or sinks present. If this 
material cross-section lies in the xy-plane, then we see from the preceding work that 
the temperature at the center of a circle drawn in the plane will be exactly equal 
to the average value of the temperature on the circumference. A corresponding 
statement applies to the electric potential, usually referred to as voltage. Further, 
since the average value of a real quantity cannot be less than or greater than any 
of the numerical data used in computing that average, then the temperature at some 
point on the circumference of the circle must be greater than or equal to that at the 
center. Also the temperature at some point on the circumference must be less than 
or equal to the temperature at the center. A corresponding statement applies to the 
voltage. 

Gauss’ mean value theorem can be used to establish an important property of 
analytic functions. 


THEOREM 12 (Maximum Modulus Theorem) Let a nonconstant function 
f(z) be continuous throughout a closed bounded region R. Let f(z) be analytic at 
every interior point of R. Then the maximum value of \f(z) | in R must occur on the 
boundary of R. • 

Loosely stated, the theorem asserts that the maximum value of the modulus of 
|(z) occurs on the boundary of a region. 

- To prove this theorem, we will have to borrow a result regarding analytic 
Actions that is not proved until section 5.7: If an analytic function fails to as- 
e a constant value over all the interior points of a region, then it is not constant in 
neighborhood of any interior point of that region. From Exercise 17, section 2.4 
s ee, in addition, that \ f(z)\ will not be constant in any such neighborhood. 
Returning to the maximum modulus theorem, let us assume that the maximum 
® °f 1/(0 I in R occurs at z 0 , an interior point of R. At zo we have |/(zo) I = m 


application to electrostatics, see W.H. Hayt and J.A. Buck, Engineering Electromagnetics , 6th ed. 
|°rk: McGraw-Hill, 2001), section 6.2. 
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(the maximum value). We assume R to be the set of points on and inside the contour 
C of Fig. 4.6-2. 

Consider a circle Co of radius r centered at zo and lying entirely within C. Since 
|/(z)| is not constant in any neighborhood of zq, we can choose r so that Co passes 
through at least one point where \f(z)\ < m. If we describe Co by the equation 
z = Zo + re ld , 0 < 0 < 2n, we have at this point \f(zo + re l9 )\ < m. 

Because f(z) is a continuous function, there must be a finite segment of arc 
on Co along which \f(zo + re lB )\ < m — b. Here b is a positive constant such that 
b < m. For simplicity, let the arc in question extend from 6 = 0 to 6 = /?. Along the 
remainder of the arc, /? < 6 < 2n, we have \f(zo + re ,e )\ < m since |/(zo)l = m is 
the maximum value of \f(z) \. 

Now we refer to Eq. (4.6-1) and write the integral around Co in two parts: 
i rP i p 27 t 

f(zo) = ~ I /(zo + re l9 )d0 + — I /(zo + re l9 )d0. 

2n Jo 2% Jp 


Let us take the absolute magnitude of both sides of this equation and also apply a 
triangle inequality. We then have 


\f(zo)\ < — 

2 % 


rP 

I /(zo 

Jo 


+ re i9 )d0 


+ 


2n 



+ re i9 )d0 


We can apply the ML inequality to each of these integrals. For the first integral on the 
right, we know that \f(zo + re' 9 ) < m — b, and for the second, we can assert that 
|/(zo + re l9 ) | < m. The quantity L in each case is just the interval of integration. P 
and 2n - [i, respectively. Thus 


1 171 

l/(zo)l £ —(m - b)/}+ — (2n- /). 
In 2n 


Adding the terms on the right side of this equation, we obtain 

l/(z 0 )l <rn~^. 

The quantity on the left, |/(zo)l, is m, the maximum value of \f(z)\ - But m caI,n ^ 
be less than m - bfi/2n. We have obtained a contradiction. Our assumption that ^ , 
is an interior point of R must be false. Since |/(z) | must be a maximum somewh e | 
in R (see Theorem 2, Chapter 2) this maximum must be at a boundary point. F° r I 
region R of Fig. 4.6—2, such a point would be on the boundary C. J 
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There is a similar theorem, which is proved in Exercise 8 of this section, 
pertaining to the minimum value of |/(z) | achieved in R: 

THEOREM 13 (Minimum Modulus Theorem) Let a nonconstant function 
be continuous and nowhere zero throughout a closed bounded region R. Let 
y(z) be analytic at every interior point of R. Then the minimum value of \f(z) | in R 
must occur on the boundary of R. • 


Note the additional requirement f(z) / 0.’ 

We will see in Exercises 13, 14,15, and 16 of this section that the maximum and 
minimum modulus theorems can tell us some useful properties about the behavior 
of harmonic functions in bounded regions. These properties have direct physical 
application to problems involving heat conduction (see, for example, Exercise 16) 
and electrostatics. 

I 

EXAMPLE 2 Consider f(z) = e z in the region |z| < 1. Find the points in this 
' region where \f(z)\ achieves its maximum and minimum values. 


olution. Because e z is an entire function and e z is never 0 in the given region, both 
: maximum and minimum modulus theorems should be confirmed by our result. 


; have | f(z) \ = 


r x +'y\ = 


o‘y\ 


r ' = e x . Because e x is nonnegative, 


! were able to drop the absolute magnitude signs. Now \f(z)\ is maximum at the 
lint in the region where e x achieves its largest value, that is, at x = 1, y = 0, and 
(z)| is minimum where e x is smallest, that is, at x = — 1, y = 0. Both points are 
t the boundary of R (see Fig. 4.6-3). • 

The maximum and minimum modulus theorems came to us from the Cauchy 
Stegral formula, with Gauss’ mean value theorem as an intermediate stop. The 
\ tension of the Cauchy integral formula can be used to establish this novel result. 



Figure 4.6-3 


| are other versions of the maximum and minimum modulus theorems. They are called the “local” 
’“i and are stated as follows: (a) Let /(z) be analytic and not constant in a neighborhood N of z 0 . 
re are points in N lying arbitrarily close to zo, where |/(z)| > |/(z 0 )l, that is, |/(z)| cannot have a 
%um at"{). (b) If, in addition, /(zo) 4 0, there are points in N lying arbitrarily close to zq, where 
|P-fi4o)|. that is, |/(z)| cannot have a local minimum at zq. 
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THEOREM 14 (Liouville’s Theorem) An entire function whose absolute 
value is bounded (that is, does not exceed some constant) throughout the z-plane is a 
constant. • 


To prove this theorem, consider a circle C, of radius r , centered at zo • Since f(z) i s 
everywhere analytic, we can use Eq. (4.5-13) with n = 1 to integrate f(z)/(z - Zo) 2 
around C. Thus 


/'(zo) 


= —£ -JQ- 


2niJc (z — zo) 2 


dz. 


Taking magnitudes we have 


l/'(zo)l = ^ 


f(z) 


(z - zo) 2 


We now apply the ML inequality to the integral and take L as the circumference of 
C, that is, 2nr. Thus 


l/'(zo)l 


1 

2n 


f(z) 

(z - Zo) 2 


< — M2nr, 
_ 2n 


(4.6-4) 


where M is a constant satisfying 


/(z) 

(z - Zo) 2 


< M 


along C. Because \z - z 0 | = r on C, the preceding can be rewritten 


l/(z)l 

4 


< M. 


(4.6-5) 


We have assumed that |/(z)| is bounded throughout the z-plane. Thus there is a 
constant m such that \f(z) < m for all z- Dividing both sides of this inequality by 
r 2 results in 

< H (4.6-6) 

9 — 9 ■ 

A comparison of Eqs. (4.6—5) and (4.6—6) shows that we can take M as m/r ■ 
Rewriting Eq. (4.6-4) with this choice of M, we have /'(zo) < m / r - 

The preceding inequality can be applied to any circle centered at zo- Because we 
can consider circles of arbitrary large radius r, the right-hand side of this inequality 
can be made arbitrarily small. Thus the derivative of f(z) at zo, which is some specific 
number, has a magnitude of zero. Hence /'(zo) = 0- Since the preceding argument 
can be applied at any point zo, the expression /'(z) must be zero throughout e 
Z-plane. This is only possible if /(z) is constant. 

Liouville’s theorem can be used to prove the fundamental theorem of alg e 
bra. Although the reader has used algebra for many years, he or she is perhaps 
unacquainted with its fundamental theorem which states that the polynomial equ a 

tion a n z n + H-1- ao = 0 has at least one solution in the complex plane¬ 


t Named for Joseph Liouville (1809-1882), a French mathematician. 
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We assume that n > 1 and that a„ / 0. Each of the coefficients a\ , a 2 , ■ ■. can be 
complex numbers. 

Take p(z) = a n z n + H-1- a 0 . Let us consider two regions in the 

complex plane. R\ is the disc Ml < r, while R 2 is the remainder of the plane: |z| > r. 
Assume now that p(z) = 0 has no roots in the complex plane (i.e., the polynomial 
equation has no solutions). 

This means that 1 /p{z) is a continuous function in R]. According to Theorem 2, 
part (d), in Chapter 2, there exists a constant M such that 11 /p(z)\ < M when z lies 
in the bounded region R\. 

Now we study p(z) and 1 /p(z) in R 2 - Recall the triangle inequality \f + g| > 
|/| - |g| (when I/I > |g|) fromEq. 1.3-20. Taking/ = a n z n andg = a n -\z n ~ x + 
... + a 0 (note p(z) = f + g), we see that it is certainly possible to take r large 
enough so that in R 2 - where |z| > r, we have |/| > |g|. Hence from our triangle 
inequality, we have in R 2 , 

\p(z)\ > \a n z n \ - \a n -xz n - 1 H-b aol- (4.6-7) 

From another triangle inequality (see Eq. 1.3-8), we have that 

1 + a «- 2 Z” 2 + • • • + flol \ a n— 111^1” 1 + ■ ■ ■ + |flol- (4.6—8) 

Combining the inequalities in Eqs. (4.6-7) and (4.6-8), we obtain 

Ip0)l > \a n \\z\ n - (l«n-iIH -b |aol), (4.6-9) 

where we again assume that |z| > r is large enough so that the right side remains 
positive. 

Factoring |z |" —1 on the right in Eq. (4.6-9), we get 


ip<X)i > Kii^r - \z\ n 1 


i i. I 

l fl n-i I H-r - ;-b 


+ 


Mol 

7\n-\ 


(4.6-10) 


-Let A be the largest of the numbers \a n -\|, |a rt _ 2 l» ■ • •, Mol- Then if |z| > 1 , we 
obtain 


i , Mn— 2 1 Mol A A 

f; Mrt-l H-—-b • • • H- - < A H-b • • • H-r < nA. (4.6—11) 

|Z| Ml”" 1 “ Ml Ml”" 1 _ 

-Combining the inequalities in Eqs. ( 4 . 6 - 11 ) and ( 4 . 6 - 10 ), we find 


M(M)I > MnlMI" - M 


rt-i. 


■A=\z\ n 


nA 


a„ - 


(4.6-12) 


|here we again assume that Ml is lar g e enough to render the right side positive 
|r°ughout R 2 . 

Inverting the inequality of Eq. (4.6-12) we see that 


M(z)l \z\ n [\a n \-nA/\z\]' 


(4.6-13) 
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The right side of Eq. (4.6-13) will achieve its maximum value in R 2 , at those points 
where |z| is smallest. Since |z| > r, we have, in R 2 , 

1 1 

IpO)I “ r n [\a n \ - nA/r] ^ l4 ) 

Recall that in R\ we have 1 /\p{z)\ < M. Letting M' be the larger of M and the right 
side of Eq. (4.6-14), we have, therefore, throughout the z-plane, 

l/\p(z)\<M'. 

With the aid of Liouville’s theorem and the preceding inequality, we have that the 
bounded analytic function 1 /p(z) is a constant, or equivalently, p(z) is a constant. 
Since p(z) is clearly not a constant, it must not be true that p(z) = 0 fails to have a 
root in the complex plane. This completes the proof. 

The reader first encountered complex numbers in trying to solve quartic equa¬ 
tions like az 2 + bz + c = 0. Linear problems like az + b = 0 did not require com¬ 
plex numbers for their solution if a and b were real. We see now that cubic (az 3 + 
bz 2 + cz + d = 0), quartic, etc., equations do not require the use of anything beyond 
the complex number system for their solution. Actually, once we have shown that 
p(z) = 0 has one root in the complex plane, it is not hard (see Exercise 18) to show 
that it has n roots. 

The first proof of the fundamental theorem of algebra is usually credited to 
Carl Friedrich Gauss (1777-1855), a German (note the non-Germanic spelling of 
Carl). We have already encountered his name in connection with the mean value 
theorem. The proof, the first of four of he gave for the fundamental theorem in his 
lifetime, was contained in Gauss’ doctoral dissertation of 1799. In his thesis, he 
assumed that the coefficients a n were real but his fourth and final proof, like ours, 
allowed for their being complex. The first effort is considered by today’s standards 
to be flawed, however his second is judged sound. Unlike us, Gauss did not employ 
Liouville’s theorem. Gauss was one of the most significant mathematicians of the 
late 18th and early 19th centuries. His most important work is in number theory, 
and we are indebted to him for the term “complex number.” It is less generally 
known that he and a fellow German, Wilhelm Weber, produced in 1833 one of the 
earliest electric telegraphs. It employed an electrically driven moving mirror to detect 
received currents, a precursor of the arrangement employed on the first transadantic 
telegraph systems three decades later. 1 Gauss’ law is well known to those who have 
studied electromagnetic field theory. 

There are numerous other proofs of the fundamental theorem of algebra. On e 
is given in Exercise 9 of section 6.12. In this chapter we have now derived the 
fundamental theorems of algebra and of complex calculus. Although readers have 
been using arithmetic for most of their lives, they are perhaps unaware that there 
also a fundamental theorem of arithmetic: that every positive integer except 1 ® 


f For more on Gauss see the article “A Bicentennial for the Fundamental Theorem of Algebra” by Barry 
in Math Horizons (November 1999), 5-7. As a boy of 10, Gauss’ math teacher gave him the problem 

computing the sum 1 + 2 + 3 -|-+ 100. Almost immediately, he produced the result 5050. Can y° u 

how he might have done this? Hint: Try writing die sum in reverse order on a horizontal line and add dh s 
what Gauss was given. j 
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is not prime is uniquely expressible as the product of positive prime integers. The 
result was known to the ancient Greeks circa 300 BC. 

exercises 


f = 1 


r-% 

l. 

J — 71 


e cos0 cos(sin d)dd = 2n (Do Exercise 1 first.) 


Use Gauss’ mean value theorem in its various versions (see Eqs. (4.6-1) and (4.6-3)) and 
integrations around appropriate circles to prove the following: 

<1% 

1 I 

1 

3. 

4. 

5. 


= -, where a > 0 
4 


.ir 

271 Jo 

— r cos 2 (- + ae W ) dd 
2n J-n \6 1 

C 71 a + cos nd 

j a 2 + 1 + 2a cos nd 

C 2n 2 

. I Log [ar + 1 + 2 a cos (nd)]dd = 4n Log a, where a > 1 , n integer 
Jo 

Hint: a 2 + 1 + 2a cos (nd) = | a + e'" 0 | 2 . 


2tt 1 

dd = —, where a > 1, n integer Hint: f(z ) = - 

a z n + a 


6. Show by direct calculation (do the integration) that the average value of the function 
U g(x, y) = x 2 — y 2 : on the circle |z| = r is equal to the value of g(x, y) at the center of the 
•jf circle, for all r > 0. Alsoshowthattheaveragevalueofthe function/t(x, y) = x 2 + y 2 on 
the same circle is neVer equal to the value of h(x, y) at the center for any r > 0. Perform 
Kk the integrations with the usual polar substitutions x = r cos d,y = r sin d. Explain why 
;; ? these results should be so different by referring to Gauss’ mean value theorem. 


7. a) Let u(x, y) be a harmonic function. Let uq be the value of u at the center of the circle, 
I® 1 of radius r, shown in Fig. 4.6-4. The values of u at four equally spaced points on the 
circumference are m 2 , « 3 , « 4 - 

jfu Note that u i and m 3 lie on the diameter parallel to the x axis while u 2 and u 4 lie 

Js. on diameter parallel to the y axis. Refer to Eq. (4.6-3a) and use an approximation 
i to the integral to show that 


UQ 


Ml + «2 + «3 + u 4 


. h) Use a calculator or computer to evaluate the harmonic function e x cos y at the four 
Points (1.1, 1), (0.9, 1), (1, 1.1), and (1, 0.9). Compare the average of these results 
with e x cos y evaluated at (1, 1). 



\z-z 0 \ = r 


Figure 4.6-4 
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c) The approximation in the equation of part (a) generally improves as the radius of 
the circle shrinks to zero; it is perfect if r = 0. Using MATLAB, make a plot of the 
right side of this equation for the function of part (b). The radius r should vary from 
0.1 to 1.0. Compare the values obtained with the value of the function at the center 
of the circle. 

8. Let f(z) be a nonconstant function that is continuous and nonzero throughout a closed 
' bounded region R. Let/(z) be analytic at every interior point of R. Show that the minimum 
value of |/(z)| in R must occur on the boundary of R. 

Hint: Consider g(z) = 1 /f(z) and recall the maximum modulus theorem. 


For the following closed regions R and functions f(z), find the values of z in R where |/( z )| 
achieves its maximum and minimum values. If your answers do not lie on the boundary of R , 
give an explanation. Give the values of |/(z)| at its maximum and minimum in R. 

9. f(z) = z, R is |z - 1 - i\ < 1 

10. /(z) = z 2 , R is |z - 1 - i\ < 2 

11. /(z) = e 7 , R same as in Exercise 9 

12. /(z) = sin z and R is the rectangle 1 < y < 2, 0 < x < n. 

Hint: See the result for |sin z| in Exercise 26, section 3.2. 


13. Let u(x, y) be real, nonconstant, and continuous in aclosed bounded region R. Let u{x, y) 
be harmonic in the interior of R. Prove that the maximum value of u(x, y) in this region 
occurs on the boundary. This is known as the maximum principle. 

Hint: Consider F{z ) = u(x, y) + iv(x, y), where v is the harmonic conjugate of u. Let 
f(z) = e F( z). Explain why |/(z)| has its maximum value on the boundary. How does it 
follow that u(x, y) has its maximum value on the boundary? 

14. For u(x,y) described in Exercise 13 show that the minimum value of this function occurs 
on the boundary. This is known as the minimum principle. 

Hint: Follow the suggestions given in Exercise 13 but show that |/(z)| has its minimum 
value on the boundary. 

15. Consider the closed bounded region R given by 0<x<l,0<y<L Now u = 
(x 2 — y 2 ) is harmonic in R. Find the maximum and minimum values of u in R and state 
where they are achieved. 

16. A long cylinder of unit radius, shown in Fig. 4.6-5, is filled with a heat-conducting 
material. The temperature inside the cylinder is described by the harmonic function 



Figure 4.6—5 


j 
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T(r, 8) (see section 2.6). The temperature on the surface of the cylinder is known and is 
given by sin 8 cos 2 8 . Since T(r, 6) is continuous for 0 < r < 1, 0 < 0 < 2n, we require 
that T(l, 8) - sin 8cos 2 9. Use the results derived in Exercises 13 and 14 to establish 
upper and lower bounds on the temperature inside the cylinder. 

17 . In this problem we derive one of the four Wallis formulas. They allow one to evaluate 
J^ 2 [f(8)] m d8 where m > 0 is an integer and f(8) — sin 8 or cos 8 . The cases of odd 
and even m must be considered separately. We will consider m even, 

a) Show using the binomial theorem that 


z 1 z + 


l\ 2n Q (2 n)\z 2n - 2k ~ l 


_ v tznpz- _ n i -r 

X~i (2 n-k)\k\ ’ " 0,1,2 ’“" 


b) Using the above result, a term-by-term integration, and the extended Cauchy integral 
formula or Eq. (4.3-10), show that 


K Z 1 z + 


dz = 2 ni - 


where the integration is around |z| = 1. 


c) With z = e , 0 < 8 < 2n, on the unit circle, show from (b) that 

f (2 cos 8) 2n d8 = 271 ^—^. 

7 Jo (n!) 2 

d) Noting the symmetry of cos 8, and that 2 n is even (n = 0, 1,2, ...), explain why 


(cos d) 2n dd = 


n (2 n)\ 

2 (n!) 2 2 n ' 


Thus is one of Wallis’s formulas. John Wallis (1616-1793) taught mathematics at 
Oxford was an ordained minister, chaplain to Charles II, and is one of the most 
important English mathematicians of his era. His derivation of the preceding formula 
did not involve complex variables. He is known for his invention of the familiar infinity 
symbol oo. For more information on Wallis, see the book by Nahin mentioned in the 
introduction. 


e) Find 


(sin 8 ) 2n d8, 


where n = 0, 1,2,.... 

'Thefundamental theorem of algebra shows that p(z) = a n z n + a n -iz n ~ l + ■ ■ ■ + a 0 = 
as at least one root zo in the complex plane. We show in this exercise that by a simple 
tension this equation has n roots zo, zi, ..., z„- 1 - 

a ) Show that z" - Zq can be written in the form ( z n - z $) = (z - zo)R„-i(z), where 

^ n ~i(z) = z" 1 +zoz" 2 + ZqZ" 3 + • • • + Zq 2 z + Zq - 1 , is a polymomial of de¬ 
gree n — 1 in z- 

^ zo is the root of p(z) = 0 given by the fundamental theorem, explain why p(z) = 

a n(z n - Zq) + a n -i{z n ~ l - Zq -1 ) H - h ai(z - zo). 

'Hint: Consider p(z) — p(zo), and combine terms. 


+ Zq 2 z + Zq \ is apolymomial of de- 
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c) With the results in (b) and (a) show that p(z) = a n {z~ zo)R n _ l + a„-i(z - zo)f? n -2 + 
.. • + ai(z - zo), where Rj is a polynomial of degree j in z. 

d) Use the result derived in (c) to show that p(z) = (z - zo)A(z), where A(z) is a poly, 
nomial of degree n — 1 in z. 

Comment. The polynomial equation A(z) = 0 has, from the fundamental theorem, a root Z) 
in the complex plane. Thus A(z) = (z - zi)B(z), where B(z) is apolynomial of degree n~ 2 
in z. Hence p(z) = (z ~ zo)(z - Zi)B(z). We can then extract a multiplicative factor from 
B(z) and continue this procedure until we have p(z) = (z - zo)(z - zi) • • • (z - z„- 1 )R i 
where K is a constant (polynomial of degree zero). Some of these roots may be identical, and 
such roots are termed multiple or repeated roots. 


4.7 Introduction to Dirichlet Problems: The Poisson 
Integral Formula for the Circle and Half Plane 

In previous sections we have seen the close relationships that exists between har¬ 
monic functions and analytic functions. In this section we continue exploring this 
connection and, in so doing, will solve some physical problems whose solutions are 
harmonic functions. 

An important type of mathematical problem, with physical application, is the 
Dirichlet problem. Here an unknown function must be found that is harmonic within 
a domain and that also assumes preassigned values on the boundary of the domain.* 
For an example of such a problem, refer to Exercise 16 of the previous section. In 
this exercise the temperature inside the cylinder T(r, 0 ) is a harmonic function. We 
know what the temperature is on the boundary. If we try to find T(r, 6) subject to 
the requirement that on the boundary it agrees with the given function sin 0 cos" 0, 
we are solving a Dirichlet problem. 

Dirichlet problems, such as the one just discussed, in which the boundaries 
are of simple geometrical shape, are frequently solved by separation of variables, 
a technique discussed in most textbooks on partial differential equations. Another 
method, which can sometimes be used for such simple domains as well as for those 
of more complicated shapes, is conformal mapping. This subject is considered at 
some length in Chapter 8. An approach is discussed in this section that is applicable 
when the boundary of the domain is a circle or an infinite straight line. 

Nowadays most Dirichlet problems involving relatively complicated boundaries 
are solved through the use of numerical techniques, which can be implemented on a 
home computer. The answers obtained are approximations.* The analytical methods 
given in this book for relatively simple boundaries can provide some physical insigh 1 
as well as approximate checks to the solutions of those problems that must be solve 
on a computer. 


*The function being sought should be continuous in the region consisting of the domain and its bound 
except that discontinuities are permitted at those boundary points where the given boundary condition is lts 
discontinuous. 


*A search of the World Wide Web using, for example, the key words electrostatic computation software ^ 
lead to the web sites of commerical vendors of software capable of solving Dirichlet problems in electrostatic ^ 
Some of this software is available in inexpensive student versions. Comparable web searches can be made 
heat transfer configurations. j 
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The Dirichlet Problem for a Circle 

The Cauchy integral formula is helpful in solving the Dirichlet problem when we 
have a circular boundary. Consider a circle of radius R whose center lies at the origin 
of the complex w-plane (see Fig. 4.7-1). Let f(w) be a function that is analytic on 
and throughout the interior of this circle. 

The variable z locates some arbitrary point inside the circle. Applying the 
Cauchy integral formula on this circular contour and using w as the variable of 
integration, we have 

f(z) = (4.7-1) 

2niJ w — z 


Suppose we write f(z) = U(x, y) + iV(x, y). We would like to use the preceding 
integral to obtain explicit expressions for U and V. 

We begin by considering the point z\ defined by z\ = R 1 /!- Note that 


R 2 R 

\zi\ = ~ = -R. 

|z| |z| 


Since |z| < R, the preceding shows that Jzi | > R, that is, the point z\ lies outside 
the circle in Fig. 4.7-1. It is easy to show that arg z\ = arg z. The function f(w )/ 
(no — Zi) is analytic in the w-plane on and inside the given circle. Hence, from the 
,Cauchy integral theorem, 


0 = ±£J^L dw= ±£J^L 

2niJ w — zi 2niJ R 2 


dw. 


(i w - 

r ' z 

Subtracting Eq. (4.7-2) from Eq. (4.7-1), we obtain 

\ 

‘ /(Z) = 5 

{< 


w — z 


R l 


dw 



(4.7-2) 


(4.7-3) 


Figure 4.7-1 
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Because we are integrating around a circular contour, we switch to polar coordinates. 
Let w = Re and z = re’ e . Thus z = re~ ld . Along the path of integration dw =r 
Reside/), and 0 ranges from 0 to 2%. Rewriting the right side of Eq. (4.7-3), we have 

?2 


fir, 6) = 


i r 2n 
27 zi Jo 


f(R , 0) 


R z 


re 1 


re 


-id 


( Re“t 1 — re lS ) | Re 1 ^ — 


R 2 


re 


-id 


Reside/) 


= ±f 2 

2n Jo 


f(R, 0) 


re w - 


R 1 


r 


e i0 me 1 ' 


(.Re — re 11 


R 2 

ReH - e 

r 


id 


d(j). 


If we multiply the two terms in the denominator of the preceding integral together 
and then multiply numerator and denominator by (—r/R)e~ l ^ +< ^), we can show, 
with the aid of Euler’s identity, that 

, _ 1 r 2x HR , 4>)(R 2 - r 2 )d(h 

^ “ tJk Jo R 2 + r 2 -2Rrcos(<t)-ey (4 ' 7_4) 

The analytic function f(z) will now be represented in terms of its real and imaginary 
parts U and V. Thus f(R, (/>) = U(R, <$>) + iV(R, (/)), f(r, 6 ) = U(r, 9) + iV(r, 9) 
and Eq. (4.7-4) becomes 

’ 2n [!/(/?, 0) + iV(R, 0)][R 2 - r 2 ]d<j) 


U(r, 9) + iV(r, 9) 


i r 

2n Jo 


(4.7-5) 


R 2 + r 2 — 2Rrcos(4> — 9) 

By equating the real parts on either side of this equation, we obtain the following 
formula: 

<2n 

U(r , 9) = 


POISSON INTEGRAL FORMULA 
(FOR INTERIOR OF A CIRCLE) 


i r 

2n Jo 


U(R, 0)(R 2 - r 2 )d(j) 


R 2 + r 2 — 2Rrcos((f> — 9) 

(4.7-6) 

A corresponding expression relates V(r, 9) and V(R, 0) and is obtained by our equat¬ 
ing imaginary parts in Eq. (4.7-5). 

Equation (4.7-6), the Poisson integral formula, is important. The formula yields 
the value of the harmonic function U(r, 9) everywhere inside a circle of radius R, p r0 " 
vided we know the values U(R, 0) assumed by U on the circumference of the circle- 
Since we required that f(z) be analytic inside, and on, the circle of radius & 
the reader must assume that the function U(R, 0) in Eq. (4.7-6) is continuous. I n 
fact, this condition can be relaxed to allow U(R, 0) to have a finite number of fin lIe 
“jump” discontinuities. The Poisson integral formula will remain valid.^ 

In Exercise 4 we develop a formula comparable to Eq. (4.7-6) that works outsi e 
the circle, i.e., if the value of a harmonic function is known on the circumference 


' See J.W. Brown and R.V. Churchill, Complex Variables and Applications , 6th ed. (New York: McGraW-H^ j 
1996), section 101. The definition of a “jump discontinuity” is part of elementary calculus and can be f° Lirl _ 
in standard texts. Recall, for example, that the unit step function u(x) defined in section 2.2 has a j UIIJ 
discontinuity at x = 0. 
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0 f a circle, the formula will tell us the value of this function everywhere outside 
the circle. The formula presumes that the harmonic function sought is bounded (its 
magnitude is < a constant) in the domain external to the circle. 

All the work in this section is based on the writings of a Frenchman, Simeon- 
Denis Poisson, who lived from 1781 to 1840. The reader has perhaps encountered his 
name in connection with probability theory (the Poisson distribution) or electrostatics 
(the Poisson equation). He is credited with helping to bring mathematical analysis 
to bear on the subjects of electricity, magnetism, and elasticity. 


EXAMPLE 1 An electrically conducting tube of unit radius is separated into two 
halves by means of infinitesimal slits. The top half of the tube (R = 1, 0 < (/> < %) 
is maintained at an electrical potential of 1 volt while the bottom half (R = 1, 
„;<(/>< 2n) is at —1 volt. Find the potential at an arbitrary point (r, 9) inside the 
tube (see Fig. 4.7-2). Assume there is a dielectric material inside the tube. 

Solution. Since the electrostatic potential is a harmonic function (see section 2.6), 
the Poisson integral formula is applicable. From Eq. (4.7-6), with R = 1, we have 

m = _L f (1 - r 2 )d(j) 1 r 2n (1 - r 2 )d<j> 

2n Jo 1 + r 2 — 2rcos(4> — 9) 2ii J K 1 + r 2 — 2r cos(4> — 9) ' 

(4.7-7) 


In each integral, we make the change of variables x = (p — 9; from a standard table 
of integrals, we find the following formula, which is valid for a 2 > b 2 > 0: 


f 


dx 


a + b cos x 




xfa 


: tan 


b 2 


\ja 2 — b 2 tan (x/ 2) 


(Using this formula in Eq. (4.7-7) with a = 1 + r 2 ,b = —2r, we obtain 



(4.7-8) 


Figure 4.7-2 
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Since the arctangent is a multivalued function, some care must be taken in applying 
this formula. Recalling that the values assumed by U on the boundaries are ±1, 
we can use physical reasoning* to conclude that —1 < U(r, 0) < I when r < 1. 
Moreover, the values of the arctangents must be chosen so that U(r, 9) is continuous 
for all r < 1, and f/( 1, 0) is discontinuous only at the slits 9 — 0 and 9 — u. • 


For purposes of computation, it is convenient to have Eq. (4.7-8) in a different 
form. Recalling that tan(«7i + a) = tan a, where a is any angle and n any integer, and 
that the arctangent and tangent are both odd functions,* we can recast Eq. (4.7-8) 
as follows: 


2 

tan 1 

1 + r | 

( 71 

d W 

+ tan 1 

1 + r 

0 

1 

71 

— 

-tan 


- - 

-tan 

- 

dz — 

71 


1 — r 1 

12 

V. 

1 - r 

2 

2_ 


(4.7-9) 


where the minus sign is to be used in front of 7t/2 when 0 < 9 < % and the plus sign 
when % < 9 < 2n. All values of the arctangents are evaluated so as to satisfy —7 t/ 2 5 
tan^'C ) < 7r/2. This is the convention used in most calculators and computet 
languages. With Eq. (4.7-9) and a simple MATLAB program we have evaluated 
U(r,9) for various values of r and plotted them in Fig. 4.7-3. 


The Dirichlet Problem for a Half Plane (Infinite Line Boundary) 

As in the case of the circle, we will state our new Dirichlet problem in the w- plan e - 
Our problem is to find a function (j)(u , v) that is harmonic in the upper half-p! aIie 


This same conclusion can also be reached through the maximum and minimum principles (Exercises 
and 14, section 4.6), although strictly speaking these principles only apply when the voltage in the regi 011 
continuous. Our boundary voltage has two points of discontinuity. 

^■Recall that an odd function f(x) is one that satisfies f(x) = —/(—*). j 
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Figure 4.7-4 


(the domain v > 0). In addition, (/>(w, v) must satisfy a prescribed boundary condition 
( p(u , 0) on the line v = 0. 

Let f(w) = <p(u, v) + v) be a function that is analytic for v > 0. Consider 
the closed semicircle C (see Fig. 4.7^1) whose base extends along the w-axis from 
-R to +R. Let z be a point inside this semicircle. Then from the Cauchy integral 
formula, 


f(z) = 

2m JC w — z 


(4.7-10) 


where the integral is taken along the base and arc of the given contour. Now, since z 
lies inside the semicircle, observe that z must lie in the space v < 0 and is therefore 
outside the semicircle. Hence the function f(w)/(w — z) is analytic on and interior 
to the contour C. Thus from the Cauchy-Goursat theorem, 


.* 0 = ^ifc(^T)^ <4J - U) 

Let us subtract Eq. (4.7-11) from Eq. (4.7-10): 

t f( z )=J-<£ f(w)l— -—) dw = — £ -(LZlM w l^dw. 

2m JC \w — z w — zj 2ni JC (w — z)(w — z) 

reak the integral along C into two parts: along the base (v — 0, —R < u < R)> 
h we symbolize with —; and along the arc of radius R, which we symbolize 

=— f rfu , + ■ r (z-z)m 

2m J (w — z)(w — z) 2m J (w — z)(w — z ) 

ider the Cartesian representations z = x + iy, z = x — iy, and w = u + iv. We 
lat z — z ~ 2iy and that w = u along the base. Hence the first integrand on the 
in the preceding equation can be rewritten as 

( z ~ z)f(w) _ _ 2 iyf(u) _2 iyf(u) 

(w ~ z)(w -z) [u - (x + iy)][u - (x - ry)] ~ (u - x) 2 + y 1 ’ 
h Eq. (4.7—13) becomes 

( ^ y r +R f(u)du y f f(w)dw 

nj-x (u — x) 2 + y 2 n J (w — z)(w — z)' 


V r +R 


~ R (u-x) 2 + y 2 nj (w — z )(w — z)' 


(4.7-14) 
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In Exercise 8 of this section, we discover that, as the radius R of the arc tends 
to infinity, the value of the integral along the arc in Eq. (4.7-14) goes to zero. The 
proof requires our assuming the existence of a constant m such that \f(w)\ < m for 
all Im w > 0, that is, \f(w) \ is bounded in the upper half plane. Passing to the limit 
R -* oo, we find that Eq. (4.7-14) simplifies to 



f(u)du 
(u - x ) 2 + y 2 


(4.7-15) 


If fi w ) i s la1 nwn on the whole real axis of the w-plane (that is, along w = u), this 
formula will yield the value of the function at any arbitrary point w = z, provided 
Im z > 0. 

Let us now rewrite f(z) and f(w) explicitly in terms of real and imaginary 
parts. With f(z) = </>(•*> y) + y) and f( w ) = 4 >( u > v) + h//(u, v), we obtain, 
from Eq. (4.7-15), 


4>(x, y ) + ii//(x, y) 


y r+°° <p(u, 0) + 0) 

nj-oo (; u-x) 2 + y 2 U 


Equating the real parts in this equation, we arrive at the following formula: 

POISSON INTEGRAL FORMULA ^(^ y) = - f + °° ®) du (4.7-16) 

(FOR THE UPPER HALF PLANE) ’ % J-oo (« - x ) 2 + y 2 

A corresponding equation, relating i f/(x, y) and i f/(u, 0) is obtained if we equate 
imaginary parts. 

Equation (4.7-16), called the Poisson integral formula for the upper half-plane, 
will yield the value of a harmonic function (j>(x, y) anywhere in the upper half plane 
provided c/> is already completely known over the entire real axis. It can be shown 
that this is the only solution to the Dirichlet problem that is bounded in the upper 
half-plane. Without this restriction other solutions can be found. 

In our derivation we assumed that v) is the real part of a function f(u, v), 
which is analytic for Imu > 0. This would require that 4>(u, 0) in Eq. (4.7-16) be 
continuous for — oo < u < oo. Actually, this requirement can be relaxed to permit 
4>(u, 0) to have a finite number of finite jumps. We then can still use Eq. (4.7-16). 


EXAMPLE 2 As indicated in Fig. 4.7-5, the upper half-space Im w > 0 is filled 
with a heat-conducting material. The boundary v = 0, u > 0 is maintained at a 
temperature of 0 while the boundary v = 0, u < 0 is kept at temperature To. Find die 
steady-state distribution of temperature (f>(x , y) throughout the conducting material- 


Solution. Since, as shown in section 2.6, the temperature is a harmonic function 
the Poisson integral formula is directly applicable. We have <p(u, 0) = To, u ^ ’ 


and (j)(u , 0) = 0, u > 0. Thus 


y r° Tpdu y f°° 0 du 

’ ^ 7 1 oo ( u — x ) 2 + y 2 n Jo (u - x ) 2 + y 2 
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Figure 4.7-5 


Figure 4.7-6 


The second integral is zero. In the first we make the change of variables p = 
x — u. Thus 


4>(x, y) 


k Jx p 2 + y 2 


—- tan” 1 — =— --tan -1 -. (4.7-17) 

n y x n [2 y_ 


From the trigonometric identity tan -1 s = %/2 — tan -1 (1/s), we see that the 
Expression in the brackets on the right side of Eq. (4.7-17) is tan -1 (y/x) — 9, where 
is the polar angle associated with the point (x, y). From physical considerations, 
require that 0 < c/>(x, y) < To, that is, the maximum and minimum temperatures 
re on the boundary. This is satisfied if we take 9 as the principal polar angle in the 
pacey > 0. Thus 


<p(x, y) = — 9, 0 < 9 < n. 
n 

Mne surfaces on which the temperature displays constant values are exhibited as 
pken lines in Fig. 4.7-6. • 


Rcises 

) In Fig. 4.7-2 (Example 1) explain using a phy sical argument why the potential should 
be zero along the ray going from the origin to x = 1, y = 0. Show that our answer, 
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Eq. (4.7-9), confirms this result by considering the limit 9 —y 0 + (9 shrinks to zero 
through positive values). Be sure to use the correct formula (with the minus sign), 
b) Verify that Eq. (4.7-9) does satisfy the following boundary conditions: 


lim V(r, 9) 

r—y 1 


1, 0 < 9 < 7i. 

— 1, 7i < 9 < 2n. 


c) By means of a MATLAB program, generate the curves in Fig. 4.7-3. 

2. a) The temperature of the surface of a cylinder of radius 5 is maintained as shown in 
Fig. 4.7—7. Show that the steady state temperature inside the cylinder, V(r, 9), is given 
by 


U(r, 9) 


100 

71 


tan 


5 + r In 
~5--r tan \2 


9 

2 


+ tan' 


5 + r 
5 -r 



+ C 


where C = OforO<0<7i and C = n for n < 9 < 2n. In each case, the arctangent 
satisfies —n/2 < tan _1 (...) < n/2. 

b) Verify that the following boundary conditions are satisfied by the preceding formula: 


lim U(r, 9) 
r^y 5 


100, 0 < 9 < 7i, 
0, 7i < 9 < 2n. 


c) By means of a MATLAB program, plot U(r, 0), 0 < 9 < 2n, for r = 1,2, and 4. 

3. Use the Poisson integral formula for the circle to show that if the electrostatic potential 
on the surface of any cylinder is constant and equal to Vo, then the potential everywhere 
inside is equal to Vo- 

4. The purpose of this exercise is to obtain a formula for a function that is harmonic in the 
unbounded domain external to a circle. The function is required to achieve prescribed 
values on the circumference of the circle and to be bounded in the domain outside the 
circle. This is known as the external Dirichlet problem for a circle. 

a) Consider a function f(w) that is analytic at all points in the u;-plane that satisfy 
|w| > R. Place two circles, as shown in Fig. 4.7-8, in the u;-plane centered at u: = 0. 
Their radii are R and R', while R < R'. Let z = re 1 ® be a point lying within the annular 



Figure 4.7-7 
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domain formed by the circles. Thus R < r < R', Show that 


m=-£ m du ,+±£ 

2m J|iy| = R' w — z 2ni J\w 


f{w) 


R w ■ 


dw. 


Note the direction of integration around the two circles. 

Hint: See Exercise 25(a) in section 4.5. 
b) Let z 1 = R 2 /z. Note that this point lies inside the inner circle. Show that 


0= —<£- 
2n ij\w 


f(w) 


dw + 


—d) 


fM 


dw. 


R'w — zi ' 2niJlw\ = Rw — zi 
c) Subtract the formula of part (b) from that derived in part (a) and show that 


1 T f{w){z-R 2 /z) a 

AZ) ~2^% l= R' lw- Z )(w-RV-z) dW 


—d) 


f(w)(z - R 2 /z) 


2niJ\w\ = R (w — z)(w — R 2 /z ) 


dw. 


d) Assume that \f(w)\ < m (a constant) when |u;| > R. Let R' -+ oo. Show that in the 
limit the integral around |u;| = R' goes to zero. 

Hint: Use the ML inequality. 

^ rema i n ing integral in part (c) by using polar coordinates z = w = 

Re l<t> . Put f(z) = U(r, 9) + iV(r, 9). Show that 


1 f 

V(r, 9) = ± 

2n Jo 


•2 K 


U(r, 4>)(r 2 - R 2 )d(j> 


r > R. 


(4.7-18) 


R 2 + r 2 — 2 Rrcos((f> — 9) ’ 

| Hint: Study the derivation of the Poisson integral formula for the interior of a circle, 
exercise we have an external Dirichlet problem with a circular boundary. 
^ 0nsld er the configuration shown in Exercise 2. Assume that the temperature distri- 
I Ution along the cylindrical surface is the same as was given in that exercise but that 

i "p° w ^ region external to the cylinder is filled with a heat-conducting material. Use 
i ( 1- (4.7-18), derived in Exercise 4, to show that U(r, 9), the temperature distribution 
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is given for r > 5 by 


100 

V(r, 9) = - 


i | 5 + r In 

tan |--tan - 

r — 5 \2 


9 

2 


+ tan 1 


5 + r 
r-5 


tan 


9 

2 


+ C 


where C and the arctangent are defined as in Exercise 2. 

b) Verify that the expression derived in part (a) fulfills the boundary conditions 

lim U(r, 9) = 100, 0 < 9 < n, and lim V(r, 9) = 0, n < 9 < 2n. 
T-y 5 r-* 5 


c) Using MATLAB, obtain a plot of 17(5, n/2) for 5 < r < 50. What temperature i s 
created at r = oo by the configuration? 

d) Using MATLAB, obtain a group of plots, on a single set of axes, comparable to those in 
Fig. 4.7-3. Now however, you are outside the cylinder. Taker = 5.5, 7, 10, 15,and25. 

6. a) An electrically conducting metal sheet is perpendicular to the y-axis and passes through 
y = 0, as shown in Fig. 4.7-9. The right half of the sheet, r > 0, is maintained at an 
electrical potential of Vo volts while the left half, x < 0, is maintained at a voltage 
— Vo- Show that in the half space, y > 0, the electrostatic potential is given by 

4>{x, y) = V 0 - — tan -1 - = V 0 - — Im(Logz), 

% X 71 


where 0 < tan 1 (y/x) < n. 

b) Sketch the equipotential lines (or surfaces) on which 0(.r, y) = Vo/2, 
4>(x, y) = 0, 4>(x, y) = -Vo/2. 

c) Find the components of the electric field E x and E y at x = 1 , y = 1 , and draw a vector 
representing the field at this point (see section 2.6). 

7. a) The surface y = 0 is maintained at an electrostatic potential V(x) described by 

— oo < x < —h, V(x) = 0; 

—h<x< h, V(x) = Vo; 
h < x < oo, V(x) = 0. 

This potential distribution is shown in Fig. 4.7-10. Show that the electrostatic potential 
in the space y > 0 is given by 


0(uy) 


Vo 

n 


x - h ,x + h 

— tan-b tan - 

y y 


y 


iSM^Wkm Infinitesimal gap 11 


.. ^ 


\ 

\ 

-V 0 

V 0 


Figure 4.7-9 




Appendix: Green’s Theorem in the Plane 225 


y‘ 




\ ~ h " 

+h x 




Figure 4.7-10 


b) Consider the limit y = 0+ in the result for part (a). Show that the boundary conditions 
are satisfied for the cases x < —h, -h < x < h, and x> h when we evaluate the 
arctangent according to -n/2 < tan -1 (...) <n/2. 

c) Show that along the line x = 0, we have, when y h. 


n y 


Hint: For small arguments tan -1 w & w. 

d) Let h= 1. Plot cf)(x, 0.5) for -5 < x < 5. Let Vo = 1. 

.Complete the proof of the Poisson integral formula for the upper half-plane 
by showing that the integral over the arc (of radius R ) in Eq. (4.7-14) goes to zero as 
R —»• oo. 

Hint: Explain why | w - z \ > M - \ z \and \w - z \ > |«,| - |^| in the integrand. We must 
assume that \f(w)\ < m for Im w > 0. Now explain why \f(w)/[{w - z )(w - z)]l < 
m kl) °n the path of integration. Calling the right side of this inequality M, show 
hiat the magnitude of the integral on the arc is <MnR if we ignore the factor y/n in 
Eq. (4.7-14). Allow R ^ oo. 


MFphL P ° iSSOn integral f ° rmUla 31131080118 t0 Eq - ( 4 - 7 “ 16 ) *at applies in the lower 

Hint: Begin with the contour of integration shown in Fig 4 7-11 
Answer: 


0C x,y) = -- 

71 


p+co 

J — QO 


0 )du 

{u - x) 2 + y 2 ’ 


y < 0. 



Figure 4.7-11 
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Appendix: Green’s Theorem in the Peane 

Let us prove our theorem for a simple closed contour C that has this property: If 
a straight line is drawn parallel to either the x- or y-axis, it will intersect C at two 
points at most. Such a curve is shown in Fig. A.4-1. The points A and B are the pair 
of points on C having the smallest and largest x-coordinates. These coordinates are 
a and b, respectively. Now consider 

R 


where the integral is taken over the region R consisting of the contour C and its 
interior. The function P(x, y ) is assumed to be continuous and to have continuous 
first partial derivatives in R. 

The contour C creates two distinct paths connecting A and B. They are given 
by the equations y = g(x) and y = /(x) (see Fig. A.4-1). Thus 


If 


-dP 

^7 


dx dy = 


X=b r ry=g(x) ()P 

it d y 


nx=D ny- 

Jx=a \_Jy= 


-f{x) Sy 


dx 



i y=g(*) 


y=f(*) 


dx 



P(x, g{x))]dx 


= f P(x, f(x))dx + f P(x,g(x))dx. 

Ja Jb 


This final pair of integrals, one from atob, the other from b to a , together form the line 
integral J P(x, y)dx taken around the contour C in the positive (counterclockwise) 


Contour C 



f See section 4.3. 
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Figure A.4-2 


direction. Thus 


If 


dP 


— — dxdy = (p P(x , y)dx. 


(A.4-1) 


In a s i milar way (refer to Fig. A.4-2), we have for a function Q(x, y) , which has 
the same properties of continuity as P(x, y ), 

■d 


ff~^x dxdy = -f ^ n ^ _ y^ d y 

R e 

= £ Q(n(y),y)dy + Q(m(y), y)dy = (j} Q(x, y)dy. 


(A.4-2) 


Adding Eqs. (A.4-1) and (A.4-2), we obtain our desired result: 


P(x, y)dx + Q(x, y)dy = JJ dx dy. 


dx dy 


^he condition that straight lines drawn parallel to the x- or y-axes intersect C at two 
m ts, at most, is easily relaxed. A slightly more complicated proof is required. 

The following theorem, related to Green’s theorem, is of use in complex variable 
Isory. It enables one to prove a converse of the Cauchy-Goursat theorem (see 
"ercise 11, section 4.3). 


0EOREM 15 Let P(x, y), Q(x, y), dP/dy and dQ/dx be continuous in a sim- 


E Connected domain D. Suppose fp dx + Q dy = 0 around every simple closed 
0ur in D. Then, dQ/dx = dP/dy in D. . 


I o prove this theorem suppose that dQ/dx- dP/dy > 0 at the point x 0 , y 0 in D. 
§’ Slnce both these derivatives are continuous, we can find in D a circle C centered 
It >0 such that dQ/dx - dP/dy > 0 inside and on C. Applying Green’s theorem 
If circle, we have 


P dx + Qdy — 


~ If 


r of C 


S -§-^dxdy. 


(A.4-3) 
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Since the integrand on the right is positive, the integral on the right must result i n 
a positive number. The integral on the left is, by hypothesis, zero. Hence we have 

obtained a contradiction. . „ , , 

Assuming dQ/dx - dP/dy < 0, we can go through a similar argument and also 
obtain a contradiction. Thus since dQ/dx is neither less than nor greater than dP/dy, 
we have, at (x 0 , yo)> dQ/dx = dP/dy. 



5 

Infinite Series Involving 
a Complex Variable 


5.1 Introduction and Review of Real Series 

The reader doubtless already knows something about infinite series involving func¬ 
tions of a real variable. For example, the equations 

°° r n 2 r 3 

~ X XX _ 


Z x 

. n\ 


r — 1 + X + 


2! 3! 


(5.1-1) 


1 - x ^ 2»+ J 2 4 8 ’ 

Id look at least slightly familiar. The infinite sums appearing here are called 
2r se nes because each term is of the form (x — xo)"\ where xq is a real constant 
7 -2: 0 is an integer. When the real variable x assumes certain allowable values, 
ttfinite sums correctly represent the functions on the left. 

In this chapter, we will learn to obtain power series representations of functions 
omplex variable z. These series will contain terms of the form (z — zo) n instead 
' ~ x o) n - Here zo is a complex constant. We are interested in such series for 
treasons. First, there is a close connection between the analyticity of a function 
lts ability to be represented by a power series. Second, just as for real series, 


229 
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complex series are useful for numerical approximation. Without the benefit of either 
tables or a calculator, we could use the first three terms in the sum in Eq. (5.1 -1) to 
establish that e° 2 = 1 + 0.2 + 0.02 = 1.22, a result accurate to better than 0.15%. 
Improved accuracy is obtained with more terms. Similarly, without resorting to 
Eq. (3.1-1), we can use a power series in the variable £ to obtain a good approximation 
to e°’ 2+0Ai ■ Power series are used to obtain numerical approximations for the value 
of an integral that cannot be evaluated in terms of standard functions. For example 
given the problem of determining J^' 2 (e* — 1 )/x dx, the student might first seek, in 
a table of integrals, the antiderivative of (e x — l)/x. None will be found. However, 
an approximate evaluation of the integral can be had by replacing e x in the integrand 
by perhaps the first three terms in Eq. (5.1-1). Having done so, we find that we must 

now determine j ^' 2 (1 + x/2)dx, which is an easy matter. Given a series expansion 
for e l , we could proceed in a similar manner to find ^' 2+0h (e z ~ 1 )/zdz taken 
along some path. Power series are also used extensively in the solution of differential 
equations. 

Toward the end of this chapter, we will consider Laurent series, which contain 
(z — zo) raised to positive and negative powers. These series lead directly to the 
subject of residues (Chapter 6). Residues are enormously useful in the rapid evalu¬ 
ation of contour integrals taken along closed contours. 

A power series expansion of the real function /(x) takes the form 

OO 

f(x) ~ ^ C n (x - x 0 ) n = Co + Ci(x - x 0 ) + c 2 (x - x 0 ) 2 -\ -. (5.1-3) 

n =0 


Here, co, c\, etc. are called the coefficients of the expansion. For Ending the coeffi¬ 
cients, the reader probably recalls the straightforward procedure 


&\x 0 ) 


(5.1-4) 


When coefficients obtained in this way are used in Eq. (5.1 - 3), we say that Eq. (5.1-3) 
is the Taylor series expansion of f{x) about xq. The coefficients in Eqs. (5.1-1) 
and (5.1-2) can be derived through the use of Eq. (5.1-4). However, attempting the 
expansion 


X l/2 = C n x‘ 
n =0 


(5.1-5) 


we land in trouble since x 1 does not possess a first- or higher-order derivative a 
x = 0. Thus not all functions of x have a Taylor series expansion. £ 

Let us consider another difficulty posed by Taylor series. If in Eq. (5.1-2) 
substitute x = -1/2 in the series as well as in the function on the left, we have 


(5.1- 


! +J_ + _L 

3 2 + 8 + 32 + 128 H ' 

Adding the first four terms on the right and getting 0.664, we become convinced 
the infinite sum approaches 2/3 = 0.6666-However, with x = 2 on both si J 
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in Eq. (5.1-2), we obtain 


1 3 9 

~ 1 = 2 + 4 + 8 


(5.1-7) 


Clearly, the infinite sum will not yield the numerical value — 1. What we have seen— 
that there are values of x for which the series is not valid—is typical of Taylor series 
for functions of real variables. 

The problems just discussed also occur when we study power series expansions 
of functions of a complex variable. We will thus be concerned with the question 
of which functions f(z) can be represented by a power series, how the series is 
obtained, and for what values of z the series actually does represent or “converge 
(to” /(z). We must also carefully consider the meaning of the term “converge” when 
(applied to ser ies generally. In studying these matters, we will also achieve a better 
■understanding of the behavior of real power series. 

exercises 


Use Eq. (5.1-4) to obtain the first four nonzero terms in the Taylor series expansions of the 
following real functions. Give a formula for the general or nth term. 


expanded about x = 0 


1. —-— expanded about x = 0 2. ——-—; 

1 — x (1 + x)~ 

3. —-— expanded about x = — 1 4. -Jx expanded about x = 1 

l—x 

|j, 5. Log(l — x) expanded about x = 0 

6. x 3 expanded about x = 1 (How accurate is this series representation?) 


In this exercise, check your work with a calculator. 

a) Use the four term series obtained in Exercise 4 to obtain a numerical approximation 


to 


b) Use the four term series obtained in Exercise 5 to obtain an approximation to Log 


|tudy the ratio test and the notion of absolute convergence in a book on elementary calculus 
nd show that the following real series are absolutely convergent or are divergent in the intervals 
pecified. 

j|' X! abs - conv - for \x\ < 1, div. for |.r| > 1 
n=0 
oo 

J]( n + 1)*” abs. conv. for | jc | < 1, div. for | jc | > 1 
rWi 

Is 


2 n x n \ \ 

-abs. conv. for \x[ < -, div. for \x\ > ~ 

|m=l n 2 2 


sinh 


~—(x + 1)" abs. conv. for —2 < x < 0, div. for x < —2 and x > 0 


( continued ) 
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(continued) 

00 n TI x n 

12. V -; — conv. for \x{ < e div. for \x\ > e 1 

n\ 

n= 1 


Recall the nth term test from elementary calculus: If areal series is of the form «n (x) and 
if lim„^.oo «n(-r) # 0 (or if the limit does not exist), then the given series diverges. The test 
cannot be used to prove convergence. 

Use this test to show the following. 


13. The series in Exercise 8 diverges if x = ± 1. 

14. The series in Exercise 9 diverges if x = ±1. 

15. The test fails to establish whether the series in Exercise 10 diverges if x = ± ~. 


Recall the comparison test for convergence, from elementary calculus: If a series of pos¬ 
itive constants Z^_i c„ is known to converge, and if one is given a series ZJJZj u n (x), 
where 0 <u n (x) < c„, then the latter series converges. Assume that we know that the p-series 
2^-1 -^p converges, where p > 1, to show the convergence of the following. Use the positive 
value of any quantity that appears to be multivalued. 


“•Z 

n= 1 
oo 

18 Z 


cos nx 
~n^~ 

1 

j 1 +nx 


for — oo < x < oo 


**Z 


tanh nx 


, 1.1 


for — oo < x < oo 


n= l 


for x > 0 


«-Z 


(V” + x ) 3 


for x > 0 


Recall the comparison test for divergence. If a series of positive constants c n is known 
to diverge, and if one is given a series «n(r), where 0 < c n < u n (x), then the latter 

series diverges. Assuming that we know that the p-series (see previous exercises) diverges if 
p < 1, prove the following series diverge where indicated. 

1 + cos nx ^ cothnx „ 

20. 2_. - -p - f° r — oo < x < oo 21. > - for \x\ 

‘ ; v n i ti 

n =1 v n =1 


> 0 


5.2 Complex Sequences and Convergence 
of Complex Series 

Before involving ourselves in complex series and the question of their coriv'U 
gence, we must examine something more elementary: the notion of a segue 
of complex functions and the possible limit of such a sequence. A sequence 
complex functions (of a complex variable) is simply a list of complex functie 
that is typically expressed with the aid of an integer parameter. An example o 

infinite sequence of complex functions is z,z 2 ,z 3 , -Using n as a param e ’ 

we see that the nth member in the sequence is z n , where z is a complex v j 
able. Another example of an infinite sequence is sin z , sin 2 z , sin 3z,..., sin nz, ■ • j 
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4 \Ve interpret the word “function” broadly so as to include sequences of complex 

constants as in the case, /, —1, —1, /, — 1.which the reader may recognize as a 

sequence whose nth member is i". The general form of a complex infinite sequence 
is p\{z),pi(z), ■ ■ ■, p n {z), ■ ■ ■ , where the subscripted p(z) is a function defined 
over soine set of points in the complex plane, and there is a function p n (z ) defined 
for each positive f integer n. As n gets larger and larger the members of the sequence 
!piay more closely approximate one another; in other words, the sequence converges 
and has a limit. This has a precise mathematical meaning which we supply below. 
The resemblance to the definition of the limit of a function should be apparent. 


DEFINITION (Convergence and Limit of a Complex Sequence) The infinite 
Sequence pi (z), P2(z), ■ ■ ■ , p n {z), ■ ■ ■ converges and is said to have a limit P(z), for 
a value of z lying in some region R, if given a constant e > 0 we can find a number 
ft such that 

|P(z) — p n (z) | < £ for all n > N. (5.2-1) 

We then write lim„ oo Pn(z) = P(z). • 

if. 

The preceding quantity P(z) must be finite; infinity is not considered a limit 
here. Loosely, what the definition asserts is that as n gets bigger and bigger the 
values of p n (z) more closely approximate those of P(z). Usually, the quantity N 
■will depend on both e and z and we have N(s, z). As s is chosen smaller and 
smaller, we must generally use larger and larger values of N so as to improve the 
^agreement between the values of p n (z.) and P(z) for n> N. The following example 
hows typical behavior of N. 


EXAMPLE 1 For the sequence 1 + e z 
how that the limit is 1 if x = Re(z) > 0. 

iption. With P(z) = 1 and p n {z) = 1 
• (5.2-1) and obtain the requirement 


1 


,-nz. | 


„-2z 


1 


1 


nz and with 0 < e < 1, we employ 
< s for n > N. This is equivalent to 


< e or e nx > ^ for n > N. With the use of logs, we find that n > x 0 g g- If 
intake A as an integer that equals or exceeds the positive quantity -Log ^ then 


Rcondition 


< s will be satisfied for all n > N. Note the necessity for our 


putg chosen x as positive as it guarantees that e~ Nx > e _( A+l)x > e ~(N+ 2 )x. ^ 

i I < e is satisfied for n = N, then it is satisfied for all n > N. Since we take 
y, it is clear, as predicted, that N depends on both x = Re(z) and e, and 
vs as e shrinks. In this example, the limit of the given sequence P(z) turned out 
f a constant, independent of the point z, as long as x was positive. Later in this 
|pn> we will have more complicated situations where P is not constant. • 

e following are some useful properties of limits of complex sequences that 
ted without proof. For the last three cases that follow, the reader will have 
|tn elementary calculus, comparable formulas for limits of real sequences. 


“times when we might use sequences defined for n > 0 as in p$, pi , ... or we might begin with an 
: ^ in p 3 , p 4 ,_The starting integer is usually of little consequence. 
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limits of Complex Sequences If p n (z ) = v n (z) + iw n (z) and P(z) = V(z) + iW(z) 
V W are real functions), then 

\ v m 9 ’ 

lim d„ = P if and only if lim v n = V and lim w n = W. 

mil yn s o >oo 


n-+ oo- ' I ^°° 

If Hindoo Pn = P and lim„^c« q n = Q , then 

lim (p n + q n ) = P + Q, 

n-± OO 

lim (p n q n ) = PQ, 

n—>CO 

lim ( Pn/q n ) = P/Q if Q 7^ 0- 

n^-co 

For review, we place below some results from elementary calculus that are use¬ 
ful. Thus 


(5-2-2a) 

(5.2—2b) 

(5.2-2c) 
(5.2-2d) 


lim r n = 0 if \r\ < 1, 

> OO 

lim n k r n =0 if |r| < 1, (real, 
n—y oo 


lim (1 + x/ri) n = e x , x real. 


(5.2-2e) 
(5.2—2f) 
(5.2—2g) 


EXAMPLE 2 Using the result lim„_>oo (l + £)” = e (see Eq. (5.2—2g)), find 
the limit of the sequence (1 + e~ z )(l + 1/1), (1 + e~ 2z )(l + 1/2) 2 , (1 + e~ 3z )x 
(1 + 1/3) 3 ,..., (1 + e~ nz )(l + 1 /«)",... for Re(z) > 0. 

Solution. Consider the sequence 1 + e~ z , 1 + e~ 2z , 1 + e~ 3z , ..., 1 + e~ nz , — 
We know from Example 1 that its limit is 1 for Re(z) > 0. We also know that the 
sequence (1 + 1/1), (1 + 1/2) 2 ,..., (1 + 1 /«)",... has a limit of e. We now em¬ 
ploy Eq. (5.2-2c), taking p n = (1 + e~ nz ), P = 1, q n = (1 + 1 /«)”, Q = e. Thus 
the limit of the given sequence is simply e. • 

Complex sequences can be used to generate fascinating patterns in the complex 
plane called fractals. These are discussed in the appendix to this chapter. The reader 
in search of a little recreation might wish to skip directly to those pages. 

Having discussed complex sequences and their limits, we are now prepared to 
consider complex series and their convergence. 

Let 

OO 

mi (z) + u 2 (z)-\ -= ^ uj(z) (5.2-3) 

j =i 

be a series with an infinite number of terms in which the members u\(z), M 2 (<■) > • •' 
are functions of the complex variable z. A function u/(z) is assumed to exist ° r 
each positivef value of the integer index j. Examples of such series are e 7 + e ^ ^ 

e 3z H-and (z - 1)/1! + (z - l) 2 /2! + (z - l) 3 /3! + _• • •. Thus for the firs 

series, Uj(z) = eJ 7 \ while for the second, «/(z) = (z — 1)V/!. 


^Sometimes we will use series that begin with «o(z) or u w(z)> where N \. The discussion presented 
applies substantially unchanged to series of this sort. If necessary, such series can be reindexed to begin ^ 

j= 1. 
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We define 

Si(z) = ui(z), 

S 2 (z) = ui(z) + u 2 (z), 

S 3 (z) = Ml (z) + U2 (z) + M3 (z) , 

and so forth. 

A sum 

n 

s n(z) = Yj u j(z) (5.2-4) 

j =1 

involving the first n terms in Eq. (5.2-3) is called the nth partial sum of the infinite 
series. Partial sums can be arranged to create a sequence of functions of the form 

Si(z),S 2 (z),S 3 (z),...,S n (z),.... (5.2-5) 

For example, if the series shown in Eq. (5.2-3) were e2z > then the sequence 

of partial sums would be e z , e z + e 2z , e z + e 2z + e 3z ,_ 

Let us assume that the sequence of partial sums in Eq. (5.2-5) has a limit S(z) 
as n -»■ oo. This permits the following definition. 


^DEFINITION (Ordinary Convergence) If the sequence of partial sums, 
Eq. (5.2-5), formed from the infinite series in Eq. (5.2-3) has limit S(z) as n oo, 
we say that the infinite series in Eq. (5.2—3) converges and has sum S(z). The set 
of all values of z for which the series converges is called its region of convergence.^ 
For z lying in this region, we write 

, 00 

* S(z) = J]uj(z). (5.2-6) 

.. j=1 

j? the sequence of partial sums does not have a limit, we say that the series in 
Eq. (5.2-3) diverges. 9 


I In informal language, the series in Eq. (5.2-3) “converges to S(z)” if the 
|equence of partial sums S\ (z), S 2 (z),... approaches S(z) or, to be precise, has 
jfz) as a limit. Referring to our definition of the limit of a sequence, we require for 
s convergent series that, given e > 0, there exists an integer N(s, z) such that 


(5.2-7) 


I S n (z) — S(z)| < e for all n > N. 

» , ^ Us we can make the magnitude of the difference between the sum of the series 
It t k a PP r0x * ma ti° n 1° the series, the nth partial sum, as small as we wish (but not 
|j| 0 ) by taking enough terms in the partial sum. 

Occasionally, we will deal with series of the form cj, where cj, c 2 , ... 
^omplex constants. The definition of convergence of such series is identical 
fhat just given for a series of functions, except that the sum and partial sums 


r e gion of convergence is often, but not always, a region in the sense in which this word was defined ir 
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are independent of z. The convergence or divergence of such series likewise is 
independent of z- 
EXAMPLE 3 Show that 


£ ? /-i = 1+z + z 2 + ... = S(z) = t ^, 1*1 < L 
y= i 


(5.2-8) 


7 — 1 

Solution. This result should lookplausible since, if we replace z by x in Eq. (5.2-8), 
we obtain a familiar real geometric series and its sum. 

. - ~ * • r / - \ _ 


VUlvuil v* -- w 

The nth partial sum of our series is S n (z) = l , - ■ - n 

S n (z)-zS n (z) = 0+z + - + z^)-(z + z 2 + -- + ^ = ^^ 80 th * 

s n (z)(i ~ z) = l-z n or, for 

(5.2-9) 

(5.2-10) 

(5.2-11) 


+ z + z 2 H-1 -z n 1 - Notice that 


1-Z" , , 2 , , _«-l 

— = 1 + i + i + ' ' 


Since the sum in Eq. (5.2-8) is S(z) — 1/(1 *)> we ^ ave 


|5(z) - 5„(z)| 


1-(!-*") 


II - z\ 


Referring to Eq. (5.2-7), we require for convergence that 


II -z\ 


< e for n > N 


or that 


> 


ell 


Taking logarithms of the preceding, we obtain 

|H 1 

«Log 


.„. >LOi T|l-el 

Inside die disc |c| < 1 we have ll/cl > 1 and Log ll/cl > 0. me above meqnaht, 
can be rearranged as 

L ° 8 ell — zl Log ell - z\ (5.2-12) 


n > 


Log 


Log |z| 


If we choose d/ as aposidve integer that equals or exceeds the right side ofEd-C^l'^ 

andtaken > N, thenEq. (5.2-1 l)is satrsfied.Hence.l S C> “ f definllionofcoover- 
will be < e. Thus Eq. (5.2-7) is satisfied and, according to our defin . 

gence, Eq. (5.2-8) has been proved. 


inaf* 


With Theorem 2 (the nth tend test for complex „ L IK* 

pages, we will readily prove that the senes in Eq. (5.2-8) diverges |zl - 
L relationship described in Eq. (5.2-8) holds only if |z| < 1. 

EXAMPLE 4 Use the known sum of a geometric series, shown in Eq. (5.2- \ 

tXAiV • State the region of convergence. i 


sum ZZo einz = 1+e 
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igolution. We replace z by e iz in Eq. (5.2-7) and obtain 

-U-, k fe i < l. 


1 + e iz + e l2z ■ 


1 


•Now 


\e iz \ = \e^ x+iy) \ = \e ix e~ y \ = \e ix \\e~ y \ = e~ y . 


To justify the final step on the right, recall that \e lx \ = 1 and that e ~ y is not negative. 
The requirement for convergence of our given series \e lz \ < 1 now becomes e~ y < 1. 

of e~ y against y reveals that the inequality is satisfied only if y > 0, that 


■gs, Im z > 0. 


Comment. In this example, we used a familiar series and its known sum (Eq. (5.2-8)) 
sto obtain a new series and its sum. We achieved this by making a change of variable 
j n the original series. The technique is a useful one, and we will employ it on other 
occasions. 

1 Often the functions w/(z) in an infinite series appear in the form 
^ uj(z) = Rj(x,y) + ilj(x,y), (5.2-13) 

where Rj and Ij are the real and imaginary parts of uj. Thus 

OO 00 

# YjUjiz) = Y J Rj{x,y) + iI j {x,y). (5.2-14) 

J= i 


SOREM 1 The convergence of both the real series ZJL\ Rj(x, y) and 
|£i Ij(x, y) is a necessary and sufficient condition for the convergence of 
f=\ u j ( z )> where Uj(z) = Rj(x, y) + Hj(x, y). If } Rj(x, y ) and Ij(x, y) 

|iverge to the functions R(x, y) and I(x, y), respectively, then Z°Z\ uj(z ) con- 
jtges to S(z) = R(x, y) + il(x, y). Conversely, if ZjZ\ u j(z) converges to S(z) = 
j) + U(x, y), then Rj{x) converges to R(x, y) and //(*) converges 
|k y). • 

pThe rather simple proofs will not be presented here. 


PLE 5 Consider the series 




cos 


x + e 2y cos 2 x + ■ ■ ■, 


i|y/ s °btained by taking the real part of each term in the series of Example 4. 
g^he sum of this new series. 

th”' ser ' es °f Example 4 converges to 1 / (1 — e 17 ) in the domain Im z >0. 

|4ve SCrieS ° f thC present exam P le converges to Re[l/(I - e iz )] in this domain. 


1 - e iz 


= Re 

= Re 


-izj 2 


p—iz/2 


2 cot I ~ 


(I) 


eh./ 2 

1 

f 2 


= Re 


cos(z/2) - isin(z/2) 
~2i sin(z/2) 
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Now 

^ / z \ sin x — i sinh y 
V2I coshy —cos x 

(Exercise 29, section 3.2). Thus the sum of our series is 

sinh y 1 

2(cosh y — cos x) 2 * 

We should recall that two convergent real series can be added term by term 
The resulting series converges to a function obtained by adding the sums of the two 
original series. Convergent complex series can also be added in this way. Subtraction 
of series is also performed in an analogous manner. 

The nth term test, derived for real series in elementary calculus, also applies to 
complex series, and is described by the following theorem. 

THEOREM 2 (nth Term Test) The series u n (z) diverges if 

lim u n (z) 0 (5.2-15a) 

«->-oo 

or, equivalently, if 

lim \u n {z)\ 0. (5.2—15b) 

n^-oo 

Loosely speaking, if the terms of a series do not ultimately start shrinking to 
zero, then the series cannot converge. Notice that the phrase “only if” does not appear 
in this theorem; there are divergent series whose nth term goes to zero as n -» oo. 
The test can, however, be used to establish the divergence of some series, as the 
following example illustrates. 

EXAMPLE 6 Use Theorem 2 to show that the series of Example 3 ' 

diverges for |z| > 1. 

Solution. We take u n (z) = z n ~ x and |«„(z)| = \z n ~ l \ = \z\ n ~ l . If |z| = h ^ 

lim^oo \u n {z)\ — lim„^oo \ n ~ l = 1. Since this limit is nonzero, the series diverges 

if ]z] = 1. For ]z] > 1, lim„^oo )z) n ~ 1 = oo, which is clearly nonzero. The series 
again diverges. 

Notice that with |z| < 1 we have lim„ >oc \z\ n ~ l = 0. However, this is of no use 
in proving that the series converges for |z| <1. * 

The notions of absolute and conditional convergence that apply to real series 
also apply to complex series, as we see from the following definition. 

DEFINITION (Absolute and Conditional Convergence) The sed^ 
Uj(z) is called absolutely convergent if the series i s c onverg e 

,i 

Thus a series is absolutely convergent if the series formed by taking the 
tude of each of its terms is convergent. It is possible that the series consisting ot | 



1 5.2 Complex Sequences and Convergence of Complex Series 239 

Magnitude of each term diverges while the original series converges. We then have 
; the following. 

pEFlNITION (Conditional Convergence) The series YdjL\ u j(z) > s called 
conditionally convergent if it converges but i \uj(z)\ diverges. • 

An absolutely convergent complex series has some useful properties that we will 
nOW list without proof. In each case the proof is similar to that for a corresponding 
property of absolute convergent real series. The reader is referred to standard texts 
on die calculus of real variables. 

iHEOREM 3 An absolutely convergent series converges in the ordinary sense. 

yi • 

THEOREM 4 The sum of an absolutely convergent series is independent of the 
tjrder in which the terms are added. • 


THEOREM 5 Two absolutely convergent series can be multiplied together in 
the same way as one multiplies two polynomials. The resulting series is absolutely 
.convergent. Its sum, Xvhich is independent of how the terms are arranged, is the 
•product of the sums of the two original series. • 


Theorem 5 has the following implications: Suppose we have two series that are 
Sth absolutely convergent when z is confined to some region. They are u j (z) — 

If^and^i^j vj(z) = T(z )-Recalling how we might multiply two polynomials, we 
onsider the product (n\ + U 2 + ■■■)■ (v\ + V 2 + ■ ■ •)< According to the theorem, 
Mohave, in our region, 

pdl^l) + (u\V2 + U2V\) + (uiV3 + U2V2 + U3V1) b-= S(z)T(z). (5.2-16) 


IS. 

IP senes on the left is absolutely convergent. The parentheses can be dropped 
P|out affecting the result. This particular way of multiplying series is called the 
|techy product. If c\ is uiv\ (the terms in the first set of parentheses), C 2 is u\V 2 + 
1 etc -, then we have, for the set of terms in the nth set of parentheses, 


Cn (z) = UjV n -j+ 1, 

/=! 


\ e Can rewrite Eq. (5.2-16) 


as 


|S„(z) = ^)r(z). 


n =1 


P 1 of the resulting series is the product of the sums of the two original series 
*T rat i° test, which is used to establish the absolute convergence of a rea 
jferies, also applies to complex series. 


240 Chapter 5 Infinite Series Involving a Complex Variable 


THEOREM 6 


(Ratio Test) For the series j uj (z), consider 


r(z) = Urn 

j-^oo 


Uj +1 (z) 
uj(z ) 


(5.2-17) 


then 

a) the series converges if F(z) < 1, and the convergence is absolute; 

b) the series diverges if T(z) > 1; 

c) Eq. (5.2-17) provides no information about the convergence of the series if 

the indicated limit fails to exist or if T(z) = 1. • 

It is an easy matter to use Eq. (5.2-17) to show that the series of Example 3, 
£oo i yj-i ; j s absolutely convergent for ]z) < 1. Instead, we shall consider a slightly 
harder example as follows. 


EXAMPLE 7 Use the ratio test and the nth term test to investigate the conver¬ 
gence of 


J^(-l) j j2 j+1 z 2j = -4z 2 + 16z 4 - 48z 6 


Solution. 


Uj = (-1 )-'/2- ; ' 'z 2 -' and u j+{ = (-iy +1 (; + l)2 /+2 z 2 °' +1) . 


Thus 


u j + 1 


Uj 



{-l) J+l (j + l)2 j+2 z 2j+1 


j + l 2 z 2 


(— l)i j2i+ l z 2 i I I ] 

In the preceding equation, we put j —oo on the right side and notice that (j + 1)/ j 
equals 1 in this limit. FromEq. (5.2-17) we have, for our series, 

r(z) = 2 |z 2 |. 

Now we use part (a) of Theorem 6 and set T < 1. This requires that 

, 1 

2]z 2 | < 1 or |z| < —- 

Thus our series converges absolutely if z lies inside a circle of radius 1 /\/2 centered 
at the origin. Using part (b) of the same theorem, we readily show that the sene 
diverges for |z| > 1 /V2, that is, when z lies outside the circle just mentioned. 

On |z| = l/y/2 we have F = 1, which provides no information about conver 
gence. However, observe that on \z\ = 1/V2 we have 


u(0l = i 2J+1 ( 


l \ 2 7 2 J+1 

71 / 


'17 = 2 '- 


2 , W 


Clearly, as j -> oo, we do not have uj -> 0. Thus according to Theorem ^ 
series diverges on |z| = 1/V2. 


J 
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EXERCISES 

1. From home, you walk one mile east, turn 90° and walk 1/2 mile north, then turn 90° 
and walk 1 /4 mile west, then turn 90° and walk 1 /8 mile south, then turn 90° and go 
1/16 th mile east. You continue on this journey, always turning 90° counterclockwise and 
making each segment of your trip equal to half the length of the previous one. There are 
an infinite number of such segments in the journey. If you plot your spiral voyage in the 
complex plane you can make each segment correspond to the terms in the infinite series 
contained in Eq. (5.2-8) if z = i/2. 

a) When you have completed your trip what is the straight line distance, in miles, between 
your destination and your home? 

b) How many miles have your feet actually traversed? 

c) If you walk at three miles per hour, how long did your trip take? Assume that the 
rotations are instantaneous. Since the trip involved an infinite number of segments, 
why didn’t it require an infinite amount of time? 


d) Suppose you followed a path like the one described above but each segment is 
90 percent of the length of the previous one. You begin with a segment of length 
one. How long does your journey take? 

, a) Follow an argument like that used in Example 1 to establish that the sequence z, z 2 , 
z 3 ,..., z n , ■ ■ . has limit 0 for |z) < 1. How should the quantity N(s, z) in Eq. (5.2-1) 
be chosen in this problem? 

b) Use the preceding result, as well as that contained in Example 1, to show that the 
sequence z(l + e~ z ), z 2 ( 1 + e~ 2z ), ... , z"(1 + e~" z ), ... has limit 0 for z in the 
half-disc domain |z| < 1, Re(z) > 0. Employ an argument like that in Example 2. 


,.Use the nth term test to prove that the following series are divergent in the indicated regions. 

f OO oo , 

for W -9 4. y (n + l)(t + l)"(z+1)" for|z+l|> — 

| n= 1 2 n=0 V2 

|* - v (n)(i- 1)” r 

| 5 -syy for I, - 2/| s V2 

[*■ e+i+o* for i,+1+/[ > t 


t Se die ratio test to prove the absolute convergence, in the indicated domains, of the following 
lyes. Where does the ratio test assert that each series diverges? 

K7 V 1 / 1 \" 00 

f , 2 _ l ” 2 U +2 for |z + 1/2| < 1 8. nle" 2 * forRe(z) < 0 


r V (2 + i) n r ^ 1 (n\ n 

i£(^W+o 2 fw,z+,l>v? lo *S^(i) forizi>e 


pkethe substitutions z = & i0 in Ffi- (5.2-9), N = n — 1, assume 9 is real, and separate 
|l- (5.2-9) into its real and imaginary parts to show that 
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a) 1 + cos0 + cos 


sin [(IV + 1)0/2] 


b) sin 0 + sin 20 + • • • + sin(IV0) = sin [IV0/2] ^ ^ /2] . 

c) Explain why we cannot let N -* oo in the preceding formulas and hope to obtain a 
meaningful result for the sum of an infinite series. 


d) Let N = 10. Using MATLAB, make a polar plot of the left side of part (a) f or 
0 < 0 < 27i. Also, as a check, plot the right side and verify that identical curves 
are obtained. Notice that some care must be exercised at 0 = 0 and 0 = 27i to avoid 
dividing by zero. 


12. The infinite series in Example 3 must converge if z = .5 + .5i. With this value, use 

' MATLAB to sum the first n terms in the series. Let n = 1,2-,25. Plot these partial 

sums as points in the complex plane, labeling them with the corresponding n as far as 
practicable. Compute the sum of the infinite series and indicate its value on the plot. 


In Exercises 13 and 14, find the sum of the series by making a suitable change of variables in 
Eq (5 2-8). In each case, state where in the complex plane the series converges to the sum. 

!3. i + (* — l) 2 + (z - l) 4 + (z - l) 6 + • • • 14- 1 + 1 /z + 1 /z 2 + 1/z 3 + • • • 


15. a) Prove that j nz^ 1 = 1/(1 - zf for |z| < 1 by using series multiplication, i.e., 

Theorem 5, ami the result z^ 1 = 1/(1 - z) for |z| < 1. 
b) Using the result derived in part (a) and an additional series multiplication, show that 

V n-1 _ 1 

^ 2 (1-z) 3 ' 

n= 1 

The identity £" =1 ; = «(«+ l)/2 can be helpful here. 

16. Consider the series j kz k ~ l = 1 + 2z + 3z 2 + • • •• Show that its nth partial sum, 

1 + 2z + 3z 2 H-b nz n ~ 1 , is given by 

z"[n(z-l)- 1]+ 1 {o[ L 

(1 -z) 2 

Hint: Refer to Eq. (5.2-9), which gives the nth partial sum of the series ® 

Example 3. Notice that if we differentiate the series in that equation, we will obtain 
series for the (n — l)st partial sum in the present problem. ^ 

17. UsingthekindofargumentpresentedinExample3,provethat2ili kz k = 1/(1 
for |z| < 1. Use the nth partial sum derived in Exercise 16. 


5.3 Uniform Convergence of Series 

In Example 3 of the previous section, we showed that the series 2/=i 
verges to 1/(1 — z) for z < 1 , To accomplish this, we found a number N sU /'^ sUI u 
]S(z) - 5„(z)| < e for n > N. Here S n was the nth partial sum, and s ( z ) ttie bot b 
of the given series. We should recall (see Eq. 5.2-12) that our N depende on 
e and z. 
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Suppose, however, that in the course of establishing the convergence of a series 
; we find, when z lies in some region R, an expression for N that is independent of z. 
f Such a series has special properties and is called uniformly convergent in R. More 
precisely: 

DEFINITION (Uniform Convergence) The series u j(z) whose nth par¬ 
tial sum is S n (z) is said to converge uniformly to S(z) in a region R if, for any e > 0, 
there exists a number N independent of z so that for all z in R 

! |S(z) - S n (z )| < £ for all n > N. (5.3-1) 


There are various ways to show that a series is uniformly convergent in a region. 
In Exercise 8 of this section, for example, the reader will encounter one method. 
The series z ] ~ l is shown to be uniformly convergent in the disc \z\ < r (where 
r < 1) since we are able to find the required value of N in Eq. (5.3-1) that depends 
, bn only r and e. This approach is time consuming. It is often easier to establish 
■'• 'uniform convergence with the Weierstrass M test, which is described as follows. 


^THEOREM 7 ( Weierstrass M Test) Let YjJL\ Mj be a convergent series whose 

erms M\, M 2 ,... are all positive constants. The series u j(z) converges uni- 


ormly in a region R if 


\uj(z.)\ < Mj for all z in R. 


(5.3-2) 


The test asserts that a series of complex functions u\(z) + uiiz) + • • • is uni- 
jjamly convergent in a region R if there exists a convergent series of positive constants 
h + M 2 + ■ ■ ■ each of whose terms M\ , M 2 , .. • equals or exceeds the magnitude 
gthe corresponding term \ui |, |« 2 |, • • • throughout R. 

If Eq. (5.3-2) is satisfied, then £2^ uj(z ) is also absolutely convergent in R. 
is follows from the “comparison test” that the reader encountered for real series; 
(Iso applies to complex series. 

, s' Theorem 7, the M test, has a counterpart in the theory of real series. The proof 
|the real case, which is not difficult, is virtually identical to that for the complex 
p- The steps of the proof for complex series are outlined in Exercise 6. 

• The test was devised by Karl Weierstrass (1815-1897), whose name we have 
||ountered before in connection with the Bolzano-Weierstrass theorem (see 
Clse 53 in section 1.5). He is known in part for developing complex variable 
fT from the point of view of power series. His background is not typical of that of 
|ort of highly productive mathematician which he became. As an undergraduate 
- University of Bonn, from ages 19 through 23, he spent much of his time drink- 
^ fencing and failed to collect the law degree for which he was a candidate. 

' Prepared himself to be a secondary school teacher and taught a variety of 
|school subjects including gymnastics and mathematics. In his spare time, he 
W his mathematical research, and by age 41 he had so distinguished himself 
5fe was offered a position as mathematics professor at the Royal Polytechnic 
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School in Berlin and later at the University of Berlin, where he was admired for his 
brilliant lectures. 

EXAMPLE 1 Use the M test to show that ' i s uniformly convergent in 

the disc |z| < 3/4. 

Solution. From Eq. (5.2-7) with z = 3/4 or from a previous knowledge of real 
geometric series, we know that if Mj = (3/4 y ~ 1 , then 

5>- ,+ i + i) 2+ - = iA <»- 3 > 

j=l W 1 4 

Now with uj = z j ~ l , we have the given series: 

oo oo 

Y J u j = ^z 1 ~ l = l+ z + z2 + ---. (5.3-4) 

f=i 7=1 

If \z | < 3/4, then the magnitude of each term of the series in Eq. (5.3 -4) is less than 
or equal to the corresponding term in Eq. (5.3-3), for example, \z 2 \ < (3/4) 2 , \z 3 \ < 
(3/4) 3 , etc., so that \uj\ < Mj and the M test is satisfied in the given region. 

Comment. We can, by an identical argument, show that YIjLi z ^~ 1 i s uniformly con¬ 
vergent in any 1 circular region \z\ < r provided r < 1. The proof involves replacing 
3/4 by r in the preceding example. • 

We have dwelt on uniform convergence because series with this feature have 
some useful properties, which we will now list. The scope of this text does not allow 
for a derivation of all these properties. Most are derived as part of the exercises at the 
end of this section, and the reader is referred to more advanced texts for justification 
of the others.f 

THEOREM 8 Let Uj(z) converge uniformly in a region R to S(z). Let f(z) 
be bounded in R, that is, \f(z)\ < k (k is constant) throughout R. Then in R, 

OO 

Yj f( z ) u i( z ) = f( z ) u 10) + f( z )u 2 (z) + ■■■- f(z)S(z). 

7=1 

The series converges uniformly to f(z)S{z). * 

For example, since Y/j=\ 1 converges uniformly for z < r, where r 

1 converges uniformly in the same region. (Recall that since e z is c ° n 
tinuous in the disc kl < r it must be bounded in this region.) From Eq. (5.2-7) an 
the preceding theorem, we have in this region 2,?^ e z z J '~ l = e z /(1 — z). 

THEOREM 9 Let «/(z) be a series converging uniformly to S(z) in R- 
the functions u\(z), U 2 (z), ... are continuous in R, then so is the sum S(z)- 


t See, for example, T. Apostol, Mathematical Analysis , 2nd ed. (Reading, MA: Addison-Wesley- 
Chapter 9, 
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I For example, all the terms in the series l +z + Z 2 + • ■ ■ are continuous in 
e ^-plane. We showed previously that this series is uniformly convergent if |z < 
r 1). Thus the sum must be continuous in \z\ < r. A glance at the sum 1/(1 — z) 
ee Example 3 in the preceding section) reveals this to be true. 

HEOREM 10 (Term-by-Term Integration) Let uj(z.) he a series that 
uniformly convergent to S(z) in R and let all the terms u\(z), u 2 (z), ■. . be 
mtinuous in R. If C is a contour in R, then 

fc S(z)dZ = u uj(z)dz = u\(z)dz + U 2 (z)dz-\ -, (5.3-5) 

at is, when a uniformly convergent series of continuous functions is integrated 
.fjterm by term the resulting series has a sum that is the integral of the sum of the 
^original series. • 

11 To illustrate this theorem, we again consider 




\z\ < r and r < 1. 


integrate this series term by term along a contour C that lies entirely inside the 
Esc |z| < r. The contour is assumed to connect the points z = 0 and z = z' . Thus, 
in m Eq. (5.3-5), 


r' 1 r 7 ' r z 

- - dz= I dz + 

Jo f — Z Jo Jo 


' + J z dz -\-' 


(5.3-6) 


MH 

J^left side involves an integrand 1/(1 — z), which is the derivative of an analytic 
||nch of multivalued function. Such integrations were considered in section 4.4. 
■(We have 


r 1 z ' i \ 

- - -dz = —Log (1 — z) = Log - - - 

Jo 1 - z o V1 - z! 


(5.3-7) 


we have elected to use the principal branch of log(l - z) since it is 
|g|(V ^ ^ SC UnC * er cons ideration. Notice this branch satisfies —Log w = 

Bt 16 result inEq. (5.3-7) can be used on the left in Eq. (5.3-6); the integrations 
■Ip n Sl ,t l n Eq. (5.3-6) are readily performed. We have, finally, 

KL. = z ' + <Lf + (J! + ... = |(5T, r <L (5.3-8) 

Hectical matter, the restriction on z! in this equation can be written simply 

Hk 111 the Preceding equation we set z' = x, where - 1 < x < 1, we have an 
■k Se nes capable of generating the logarithm of any real number w satisfying 
■■F < oo. However, by permitting z to be complex we obtain yet more series. 
Hip °ne for determining the value of n, as shown in Exercise 7. 
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As shown in the exercises, Theorem 10 can be used to establish the following 
theorem. 

THEOREM 11 (Analyticity of the Sum of a Series) If u j{z) converges 
uniformly to S(z) for all z in R and if u\ (z), 117 ( 7 .),... are all analytic in R, then 
5(z) is analytic in R. 

The preceding theorem guarantees the existence of the derivative of the sum of 
a uniformly convergent series of analytic functions. We have a way to arrive at this 
derivative. 


THEOREM 12 (Term-by-Term Differentiation) Let 'hf = \ u j(z) converge 
uniformly to S(z) in a region R. If u\(z), U 2 (z ),... are all analytic in R, then at 
any interior point of this region 


dS __ yi duj{z ) 

dz r-\ dz 
i=l 


(5.3-9) 


The theorem states that when a uniformly convergent series of analytic functions 
is differentiated term by term, we obtain the derivative of the sum of the original 
series. 

We illustrate the preceding with our geometric series. Since 1/(1 — z)- 
zJ~ 1 = 1 + z + z 2 + ■ ■ ■, where convergence is uniform for |z| < r (with 
r < 1), we have upon differentiation 

d 1 1 d _ 9 9 

~T7 — ~7\ \2 ~ Z r(l+2 + ^ +■•■) = 1 + + 3z H-, 

dzl-z (1 - z) 1 dz 

or 

1 00 

- -Z 2 = y,jz J ~\ |z| < r, r < 1. (5-3-10) 

(! ~zY f-j 

J x 

This result was obtained relatively painlessly with the use of Theorem 12. With¬ 
out this theorem the same result could be had from the more difficult manipulattt® 
required in Exercises 15-17 of section 5.2. 


EXERCISES 


Use the Weierstrass M test to establish the uniform convergence of the following series in 
indicated regions. State the convergent series of constants that is employed. 


in the 


!• 1 for ‘ 


999 


Hint: Consider a convergent real geometric series of constants. 


7=o 


j+ 1 


(— z)i for lz| < r, where r < 1 (See previous hint.) 


(,contin 
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! 6 . In this problem, we prove the Weierstrass M test. We are given a series Zyl i u j (z) whose 
sum is S(z) when z lies in a region R. We have also at our disposal a convergent series of 
I constants x Mj such that throughout R we have |«y(z)| < Mj and wish to show this 
guarantees uniform convergence of the original series as well as absolute convergence. 

[j a) Using the comparison test from real calculus (or see Exercises 16-19 of section 5.1), 
explain why the series «y(z) must be absolutely convergent. Recall that absolute 
t convergence guarantees ordinary convergence. 

| b) Using the definition of convergence explain why 

l k n k 

I |S(z) — S„(z)| = lim V«y(z)— V «y(z) = lim V «y(z) ifwetakefc>n. 

& k~> oo >-nn 


|c) Explain why |lim^oo Zy = „ +i «/(z) \ < lim^o, Zy =n+ i Mj. 

?' Hint: Recall the triangle inequality and its generalization. 

*d) Prove that given s > 0 there must exist a number N such that limj^oo Z/=„+i Mj < s 
| for n > N. U 

f-' Hint: Study the difference between the sum of the series Zyli Mj and the nth partial 
;; sum of the same series. 

I) How do the results contained in steps (b), (c), and (d) establish the uniform convergence 
.. of the series Z^ «y(z)? 

K ^ et z ' ~ iy in Eq. (5.3-8). Now taking the corresponding parts of both sides of the 
■k resulting equation, obtain the expansions 

HK 1 y - y - y 3 /3 + y 5 /5- and ^Log (1 + y 2 ) = //2 - y 4 /4 + y 6 /6 - 

Bfefor y real, |y| < 1. 

|ftWhat value for y in the first of the above series yields the following result? 

II 6 = ^ ~ 33 + 5p ~ 733 + 

H^suming that you know you can use the preceding series to compute n. Using 
^UfATLAB, compute the nth partial sum for the above series for 71 and list these values 
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in a table together with the corresponding n as n goes from 1 to 20. How many terms 
do you need in your series to obtain the first six digits of n correctly (3.14159)? Be 
sure to work in “long format.” 

d) At the 20th partial sum, what is the percentage difference between the approximation 
to 7i obtained and the value of n gotten directly from MATLAB? 

8 . In this exercise, we show that the series ( z-' -1 converges uniformly to 1 /(I - z) in 

the disc |z| < r, where r < 1. The proof requires that we obtain a value for N satisfying 

Eq. (5.3-1). 

a) Explain why Log (l/|z|) > Log (1/r) in the disc. 

b) Prove \/\ 1 — z| < 1/(1 - r) and Log [l/(e|l - z|)] < Log [l/(e(l - r))]for|z| < r _ 
Take e > 0. 

c) Assume that 0 < s < 1/2. Show that in the disc |z] < r we have 

1 1 

Log- Log —--- 

S g|1 ~ z| g(l ~ r) 

1 1 

Log — Log - 

l-zl r 

d) Observe that the left side of the preceding inequality is equal to the right side of 
Eq. (5.2 - 12). Explain why we can take N as any positive integer greater than or equal to 


Log 


e(l - r) 


1 

Log - 
r 

and Eq. (5.3-1) will be satisfied. Observe that N is independent of z. 
9. We will prove Theorem 10, that is, establish that in a region R, 


,11 u.S(z)dz^ 


where u j{z) is assumed to converge uniformly to S(z). From the definition of 
convergence, we must prove that, given e i > 0, there exists a number N such that 


f S(z)dz~Yj f uj(z)d. 
JC j=l J C 


< s i forn > N. 


(5-3-11) 


a) Notice that for a finite sum 


n p p n 

I uj{z)dz = ( Y u j( z ) dz 
7 = i Jc Jc i= i 

since «i, « 2 , etc. are assumed to be continuous (see Eq. (4.2-7c)). Explain why ^ 
following is true: 


fc S(z)dZ ~ u uy(z)rfz| = | J ^ S(z)dz — x§ uj{z)dz} 


r 

n 


_ o 

S(z) - Y u i( z ) 
./=! 

dz 


J 
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b) Given s > 0, determine that there exists an N such that 



n 


X 

S{z ) - 

j -1 

| dz 


< sL for/; > N, 


(5.3-12) 


where L is the length of C. (Recall the definition of a uniformly convergent series and 
use the ML inequality.) Now observe that if we take s = s\/L in Eq. (5.3-12), we 
have proved Eq. (5.3-11). 

. Morera’s theorem states that if, in a simply connected domain D, §f(z)dz = 0 for every 
possible simple closed contour of integration in D, then /(z) is analytic in D. A proof 
is given in Exercise 11, section 4.3. Use this theorem as well as Theorem 10 to prove 
Theorem 11. 

. Prove Theorem 12. 

Hint: Consider the series 1 uj(z') = S(z'), where convergence is uniform in a region 
R of the z'-plane. Let z be any point in R except a boundary point. Consider a simple 
closed contour C lying in R and enclosing z- Then, dividing the preceding series by 
(z' — z) 2 and invoking Theorem 8, we have 


S(z') 


«i(z') 


“2 (z') 


«3(z') 


2ni(z' — z)\ 2ni(z' — z) 2 2ni(z' — z) z 2ni(z' — z) 2 

V 

where z! is now assumed to lie on C. Note that l/(z' — z) 2 is bounded on C. Integrate the 
left side of the preceding equation around C, and make a term-by-term integration of the 
right side around the same contour. Use Theorems 8 and 10 for justification. Evaluate each 
integral by using an extension of the Cauchy integral formula and thus obtain Eq. (5.3-9). 


4 Power Series and Taylor Series 

s we noted earlier, a power series is a sum of the form Y^ = o c n(z — zo)”- Part of 
£.task in this section is to see when the theorems of the previous section, especially 
S>se on uniform convergence, are applicable to power series. The series notation 
ij=i u j(z) used in the previous section can be used to generate a power series with 
|'substitution 

uj(z) = c/_i(z - zo) 2 ' 1 - (5.4-1) 

begin by discussing two theorems that apply specifically to power series. 

jjOREM 13 If c n (z — zo) n converges when z = z\ , then this series con¬ 
ies for all z satisfying |z — zol < \z 1 — zo I - The convergence is absolute for these 
Pofz. 9 

^understand this theorem, imagine a circle in the z-plane centered at zo, as 
P in Fig. 5.4-1. Suppose the given series is known to converge for z = z 1 . Then 
ipes will converge for any z lying within the solid circle in the figure. 
l? e proof of Theorem 13, which involves a comparison test, is not difficult; in 
pvill not be presented here because it is sufficiently similar to the proof to be 
|pd for Theorem 14. 
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Figure 5.4-1 


THEOREM 14 (Uniform Convergence and Analyticity of Power Series) If 

D°° Q c n (z — z.o) n converges when z = zi, where zi ^ Zo, then the series converges 
uniformly for all z in the disc |z - zol < r, where r < |zi - zol- The sum of the 
series is an analytic function for \z - zol < r. • 

We assume in this theorem that zi ^ zo', therefore, the distance |zi — zol is 
nonzero. The theorem asserts that if the power series converges at zi in Fig. 5.4-1, 
then the series converges to an analytic function on and inside the broken circle 
shown in this figure. 

The proof of Theorem 14 involves the Weierstrass M test. To begin, we consider 
the convergent series 


00 

y] c„(zi - zo)" = Co + ci(zi - Zo) + C 2 (zi - Zo) 2 H-■ (5.4-2) 

n =0 

For a convergent series of constants, such as the preceding one, we can find a 
number m that equals or exceeds the magnitude of any of the terms. 1 ' Thus 

|c„(zi-zo)"l <rn, n = 0,1,2,.... (5-4-3) 

Now consider the original series 


2>(z- zo)" = Co + Ci(z - zo) + C 2 (z - Zo) 2 + 


;.=0 


where we take |z — zol < r and r < \z\ — zol- Notice that the terms in Eq 
can be written 


(5.4-4) 

(5.4-4) 


c„(z - zo)" = c„(zi - zo)" (t-7") ■ 

\zi - zo) 


_ 

convergent series satisfies the nth term test (Theorem 2). If this test is satisfied, it is an easy matter j 
that a bound must exist on the magnitudes of the terms of the series. J 
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Taking magnitudes yields 

\c n (z - Zo) n \ = \Cn{zi - Z 0 )"l 


Z ~ ZQ 


\Z 1 - ZQ 

Let p — r/\z\ ~ -ZoU where, by hypothesis, p < 1. Since \z — zo\<r, we have 

z~ ZQ 


(5.4-5) 


< p. (5.4-6) 

\Z\-ZQ\ 

Simultaneously applying this inequality, as well as Eq. (5.4-3), to the right side of 
Eq. (5-4-5), we obtain 

\c n (z-zo) n \<mp n . 

Let M n = mp n . From Eq. (5.4-7), we have 

I c n (z - z 0 )"| < M n . 


(5.4-7) 


(5.4-8) 


The summation 


P < 1 


(5.4-9) 


9), and 
11 


\ Yj M n = Yj m P n = m YjP n 

* 0 n =0 n —0 

}.* 

^involves a convergent geometric series of real constants (see Eq. 5.2-8). 

E The inequality shown in Eq. (5.4-8), the convergence of Eq. (5.4 
Theorem 7 together guarantee the uniform convergence <«(z - z.o)" for 
\z-zo\<r. Because the individual terms c n {z~ Zo) n in this series are each 
analytic functions, it follows (see Theorem 11) that the sum of this series is an 
analytic function in \z — zq| < r. The proof of Theorem 14 is complete. 

Now consider all the possible values of z for which c n (z — z<>) n is con¬ 
vergent. Suppose we find that value of z lying farthest from zq for which this series 
fpnverges. Calling this value zi and taking jz 2 — zol = p, we see from Theorem 13 
|at \z — zo\ < p describes the largest disc centered at zo within which our power 
eries is convergent. By Theorem 14, this series converges uniformly to an analytic 
Sanction on and inside any circle centered at z 0 whose radius is less than p. A circle 

pch as the one just described is known as the circle of convergence of a power 
Pies. 

EFINITION (Circle of Convergence) The largest circle centered at zo inside 
ach the series c n (z - Zo)" converges everywhere is called the circle ofcon- 
th ^ S ser ‘ es ' rac iius p of the circle is called the radius of convergence 
ser i es - The center of the circle zo is called the center of expansion of the 

"b ' • 

r I( J s possible for the radius p to be as large as infinity in some cases. There are 
| senes such that 0 c n (z - zo) n converges only when z = z 0 - In such a case, 
i «o. Theorem 14 now does not apply, and we cannot assert that the sum of the 
jP J s an analytic function. An example of such a series is Z^- 0 ( n + l)!z n+1 . An 
•Ration of the ratio test shows that this series converges only at z = 0. 

Tr Ve n an analytic function, is it always possible to find a power series whose 
8111 some domain, is that function? In other words, is an analytic function always 
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representable by a power series? The answer is yes, as we will see by proving the 
following theorem. 

THEOREM 15 (Taylor Series) Let f(z) be analytic at z.o- Let C be the largest 
circle centered at zo, inside which f(z') is everywhere analytic, and let a > 0 be the 
radius of C. Then there exists a power series c,i ~ z o)" which converges to 
f(z) in C; that is, 

oo 

f{z) = c n (z - z 0 ) n , \z — z 0 | < a, (5.4-10) 

n =0 

where 

n) ( z o) 

Cn — ■ 

n\ 

This power series is called the Taylor series expansion of f(z) about zo 
case zo — 0, we call the Taylor series a Maclaurin series. 

Notice that the preceding theorem makes no guarantees concerning the conver¬ 
gence of the series to f(z) when z lies on C. Here each series, and each value of z 
on C, must be examined on an individual basis. 

For simplicity we will prove the theorem by making an expansion about zo = 0, 
and we will then indicate how to extend our work to the case Zo ^ 0. We thus begin 
with a function f(z) that is analytic at z = 0. Let be that singularity of f(z) lying 
closest to z = 0. We construct a circle, as shown in Fig. 5.4-2, that is centered at the 
origin and that passes through The radius of the circle a = | z s |. Let z i lie within 


(5.4-11) 
. In the special 



Figure 5.4-2 


tif there is no one singularity closest to the origin, but there are two or more singularities that are closesh 
the circle C will pass through them. If f(z) has no singularities, then the radius of C is infinite. 


J 




5.4 Power Series and Taylor Series 253 


this contour. We enclose Z \ by a second circle C centered at the origin but having a 
radius less than that of C. Since the radius of C' is b, we have \zi I < b < a. By the 
Cauchy integral formula, 


f(z 


t) = —£ 

u 2niJc 


fc'(z-zi) 2 ni 


f(z)dz 


i'-j) 


(5.4-12) 


JSTow consider 




= l + ^ + 
z 


f-m 3 


+ 


(5.4-13) 


This is just the series of Example 1 of section 5.3 with z replaced by z\/z. 
Recording to that example, the series of Eq. (5.4-13) is uniformly convergent when 


— < r, 
z I 


where r < 1. 


(5.4-14) 


^ is confined to the contour C' (see Fig. 5.4-2), we observe that \z\/z\ < 1, and 
j^e can readily find a value of r satisfying Eq. (5.4-14). 

The function f(z)/z is bounded on C'. By invoking Theorem 8, we can formally 
Multiply both sides of Eq. (5.4-13) by f(z)/z and obtain 

/GO ^ sZi 


1-^i 

z 


— f(z)~ + f(z)-n + f(z)-n + 


(5.4-15) 


gghich is uniformly convergent in some region containing C'. 

| Notice that the right side of Eq. (5.4-15) is a series expansion of the integrand 
|Eq. (5.4-12). Each term of this series is continuous on C'. Thus from Theo- 
Igfn 10 a term-by-term integration of the series in Eq. (5.4-15) is possible around 
I Therefore, fromEqs. (5.4-12) and (5.4-15), 


1 

2ni 


f(z) zi 

- ,- dz + — 

c' z 2.UI 


4/4“^ M 

iJc z 2 2m JC 


f (<0 


dz + • ■ 


(5.4-16) 


Br . 

g£ e z\ is a fixed point, it was brought out from under each integral sign. 
t-There are an infinite number of integrals on the right in Eq. (5.4-16), each of 
| 5 h can be evaluated with the extended Cauchy integral formula. With zq = 0 in 
1(4.5-13), we have 


1 

Ini 


m &\o) 

c' Z n + 1 n\ ' 


n = 0 , 1 , 2 , 


(5.4-17) 


JMing Eq. (5.4-16) with this formula, we obtain 

00 

f(z l) = ^ c n z\ = CQ + C!Zl + C 2 Z 2 + ■ 
te' < b < a, where 


(5.4-18) 


n =0 


/ (n) ( 0 ) 


A_ 
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Replacing what is now the dummy variable zi in Eq. (5.4-18) by z, we find that we 
have derived Eqs. (5.4-10) and (5.4-11) for the special case zo = 0. The constraint 
on |zi| now becomes \z\ < b < a, and because b can be made arbitrarily close to 
a, we will write this as |z| < a. Thus with zo = 0, z is constrained to lie inside the 
largest circle, centered at the origin, within which f(z) is analytic. 

The more general result zo ^ 0 described in Theorem 15, is obtained by a 
derivation much like the one just given. The contours C and C' in Fig. 5.4-2 become 
circles centered at zo- Again, zl lies inside C. Equation (5.4-12) still holds, but the 
integrand is now written 

f(z) f(z) 


Z - Z 1 


(z - Zo) 


(z 1 - Zo) 
(z - Zo) 


and a series expansion is made in powers of (zi - zo)/(z - z o). The reader can 
supply the additional details in Exercise 2 of this section. 

Theorem 15 is enormously useful. It tells us that any function /(z), analytical 
zo, is the sum of a power series, called a Taylor series, containing powers of (z — zo). 
In Eq. (5.4-11), the theorem tells us how to obtain the coefficients for the Taylor 
series. Since all the derivatives of an analytic function exist (see section 4.5), all the 
coefficients are defined. The procedure for getting the coefficients is identical to that 
used in Taylor expansions of functions of a real variable (see Eq. (5.1-4)). Finally, 
the theorem guarantees that as long as z lies within a certain circle, centered at zo, 
the Taylor series converges to f(z). The radius of this circle is precisely the distance 
from zo to the nearest singularity of f(z) in the complex plane. Some examples of 
Taylor series follow. 

A corollary to Theorem 15 is known as Taylor’s theorem. It states that if /(z) 
satisfies the conditions described in Theorem 15, then /(z) can be represented within 
the domain \z — zol < b (where b < a) by the sum of a power series with a finite 
number of terms plus a remainder, i.e., 

N -1 

f(z) = ^ c n (z - zoT + r n(z). 

n =0 

Here c n is again /" (zo) /n \, while R,\f z) is expressed as a contour integration around 
thecircle |z — zol = b. We can often establish an upper hound on /?,v(z)| and thereby 
establish a bound on the error made if we use only the finite series c » ( z " 20 ^ 
to approximate /(z). The proof of Taylor’s theorem as well as an expression for Ry(z) 
are obtained in Exercise 32 for the special case zo = 0. 

Taylor’s series is named for an Englishman, Brook Taylor (1685-1731), ^ 
derived this expansion for real functions of a real variable and published his finding 
in 1715. He gave scant attention to the question of convergence and was also unaW 
that a Scotsman, James Gregory (1638-1675), had obtained this result 40 years ear ie ^ 

Taylor was a member of the Royal Society at the time Isaac Newton was p ^ 
ident. In 1712, he served on a committee appointed by the Society to invest)g a 
whether Newton or Gottfried Leibnitz, a German, had invented the calculus—'^’ ■ 
of the more acrimonious disputes in mathematics. Not surprisingly, the comnb j 
endorsed Newton. J 
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| The Maclaurin series is named for another Scotsman, Colin Maclaurin 
(1698-1746), who did not invent this expansion (it was part of Taylor’s earlier 
work) but who demonstrated its usefulness in a publication of 1742. Some examples 
of Taylor and Maclaurin series follow. 

EXAMPLE 1 Expand e z in (a) a Maclaurin series and (b) a Taylor series about 


Solution. Part (a): 


e z = Co + Cyz + C2Z 2 H-. 


.from Eq. (5.4-11), with zo = 0, 

d n 


n\ | z= o n\ 


00 1 

= y 

*-L n! 


(5.4-20) 


Because is analytic for all finite z, Theorem 15 guarantees that the series in 

I lfq. (5.4-20) converges to e z everywhere in the complex plane. Putting z = x in 
p. (5.4—20) yields a familiar expansion for the real function e x . 
t Part (b): 

t eZ — co + Cl (z - i) + c 2 (z - i) 2 H - . 

rom Eq. (5.4-11), with zo = i. 


nl\ z =i n\ ’ 


series representation is again valid throughout the complex plane. 
Other useful Maclaurin series expansions besides Eq. (5.4-20) are 


z 3 z^ 

sin z — z -h — 

3! 5! 

z 2 z 4 
cos z - 1 - — + — 

z 3 z 5 
sinhz = z: H- — H- — 

z 2 z 4 
COShz- 1 + -+^ 


cos z = 1 — 


sinh z = z 


(5.4-21) 
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Because the four preceding functions on the left are analytic for |z| < oo, the series 
representations are valid throughout the z-plane. 1 

The question of convergence is of consequence in the following example. 


EXAMPLE 2 Expand 

/w = rb 

in the Taylor series Z^L 0 Cfi - Z + !)"• F° r what values of z must the series converge 

to m? 

Solution. The expansion is about zo = — 1. From Eq. (5.4-11), with f(z) — 
1/(1 — z), we find c 0 = 1/2, c\ = 1/4, and, in general, c„ = l/2" +1 . Thus 

1 00 1 

/ ( z ) = T^ = X^ (z + 1)n - ^ 4 ' 22 ) 

r.=0 

To study the validity of this series representation, we must see where the singular¬ 
ities of 1/(1 — z) lie in the complex plane and determine which one lies closest to 
zo = -l- 

Since f(z) is analytic except at z = 1, Theorem 15 guarantees that the series 
in Eq. (5.4-22) will converge to f(z) for all z lying inside a circle centered at -1 
having radius 2. We will soon see that it is impossible for the series to converge to 
f(z) outside this circle. • 


Given any analytic function f(z) we know that it can be represented in a Taylor 
series about the point zo- Might there be some other power series using powers of 
(z — zo) that converges to /(z) in a neighborhood of zo? The answer is no. 

Let 

f(z) = b 0 + bi (z - zo) + b 2 (z - zo) 2 + •••, |z-z 0 |<f- (5.4-23) 

We can show that this must be the Taylor expansion of /(z) about zo- Invoking 
Theorems 14 and 12, we differentiate Eq. (5.4-23) and find that 

f'{z) = bi + 2b 2 (z - zo) + • • • , |z - zo! < r. (5.4-24) 

This series can be differentiated again, 

f"(z) = 2b 2 + 3- 2b 3 (z - zo) + • • •, (5- 4 ~ 25) 


and again. 

Setting z = zo in Eqs. (5.4-23), (5.4-24), and (5.4-25), we get 

bo = f(zo), b\ — f'izo ), b 2 = f 2 °^ ’ 


and, in general, one readily shows that 


b 


n 


f {n \zo ) 

n\ 


n = 0, 1,2,.... 


t Series expansions for the inverse functions sin 1 z and cos 1 z are developed in Exercises 29 
following section. 
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gut these coefficients are precisely those used in the Taylor expansion (see 
Eq- (5.4-11)). Thus we conclude the following. 

THEOREM 16 The Taylor series expansion about zo of the analytic function 
f(z) is the only power series using powers of (z — Zq) that will converge to f(z) 
everywhere in a circular domain centered at zo- • 

According to Theorem 15, when a function f(z) is expanded in a Taylor series 
about zq, the resulting series must converge to f(z') whenever z resides within a 
certain circle centered at zq. 

Theorem 15 explains how to find the radius of the circle. We can prove that this 
is the largest circle, centered at zo, in which the Taylor series converges to /(z). 

LetZs be that singularity of /(z) lying closest to zo- The circle shown in solid line 
in Fig. 5.4-3 is the one described in Theorem 15. Assume that the Taylor expansion 
of /(z) converges to /(z) in the disc |z - zol < a, where a > a = |zj — zol- We 
thus have a power series that converges in the disc |z — zol < a. Now, according to 
Theorem 14, such a power series converges to a function that is analytic throughout 
! a disc that is larger than, and contains, the disc of radius a shown in Fig. 5.4-3. 
This larger disc contains the point z s , where /(z) is known to be nonanalytic. Thus 
our assumption that the Taylor expansion converges to /(z) in a circle larger than 
| = a must be false. To summarize: 

/ 

(THEOREM 17 Let /(z) be expanded in a Taylor series about zo- The largest circle 
Within which this series converges to /(z) at each point is |z — zol = a, where a is 
e distance from zo to the nearest singular point of /(z). • 

Notice that this theorem does not assert that the Taylor series fails to converge 
|utside | z — zol = a. It asserts that this is the largest circle throughout which the 
es converges to /(z). 

The circle in which the Taylor series / n ^-\( z ~~ zo)” is everywhere 

vergent to /(z) and the circle throughout which this series converges are not 
pcessarily the same. The second circle could be larger. This fact is considered in 



Figure 5.4-3 
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Exercise 29 of this section. It can be shown, however, that when the singularity 
z s lying nearest zo is one where \f(z)\ becomes infinite, then the two circles are 
identical. This is the case in most of the examples that we will consider. 

EXAMPLE 3 Without actually obtaining the Taylor series give the largest circle 
throughout which the indicated expansion is valid: 

j 00 

f(z) = J-J = X c n (z - 2)". (5.4-26) 

n=0 

Solution. Convergence takes place within a circle centered at z = 2, as shown in 
Fig. 5.4-4. The singularities of f(z) lie at ±i. The nearest singularity to z = 2 is, 
in this case, either +z or — z. They are equally close. The distance from z = 2 to 
these points is V5. Thus the Taylor series converges to f(z) throughout the circular 
domain \z — 2\ < V5. • 

EXAMPLE 4 Consider the real Taylor series expansion 

, 00 

= £ c „ (l - 2 y. (5.4-27) 

n=0 

Determine the largest interval along the x-axis inside which the series converges to 

l/(x 2 + 1). 

Solution. By requiring z to be a real variable (z = x) in Eq. (5.4-26), we will 
obtain the series of the present problem. If z is a real variable and if, in addition, 
the series on the right in Eq. (5.4-26) is to converge to the function on the left, not 
only must z lie on the real axis in Fig. 5.4-4, it must be inside the indicated circle as 
well. Thus we require 2 — V5 < x <2 + V5 for convergence. Whether the series ® 
Eq. (5.4_27) will converge to l/(x 2 + 1) at either of the endpoints of this interva, 
that is, x = 2 ± V5, cannot be determined from Theorem 17. * 

Remarks on Analyticity 

We have seen from Theorem 15 that there is an intimate connection betw eefl 
analyticity and Taylor series. Summarizing what we know about analyticity f r0,fl j 



5.4 Power Series and Taylor Series 259 


Theorems 15 and 16, the extended Cauchy integral formula, and our work in 
section 2.4, we have the following equally valid definitions of analyticity. Functions 
satisfying any one of the following satisfy the others. A function f(z) is analytic in 
a domain D if 

a) f'(z) exists throughout D; 

b) f(z) has derivatives of all orders throughout D; 

c) f(z) has a Taylor series expansion valid in a neighborhood of each point 
in D; 

d) f(z) is the sum of a convergent power series in a neighborhood of each point 
in D. 


% Historical Note Ordinarily, modem advances in the theory of complex variables 
for problems that are of a level comprehensible to readers of this book are extremely 
are. A remarkable exception occurred in the year 1984—within the lifetime of many 
l re aders—for it was then that a relatively obscure mathematician at Purdue University, 
Louis de Branges, published his solution of a famous unsolved problem in functions 
jof a complex variable: the Bieberbach conjecture. 

j. Ludwig Bieberbach (1886-1982) was a German mathematician who in 1916 
{guessed that the coefficients in the Maclaurin series for certain kinds of analytic 
j functions must have a property that we will now describe. Assume that the function 
«satisfies f(0) = 0, f'(0) = 1 and is analytic in the disc jz) < 1. Now the reader 
' hould see rather easily that for f(z), the Maclaurin expansion should have the form 


f{z) = z + C n z n . 

n=2 

fe now add another condition, that f(z) be univalent. To say that a function f(z) is 
univalent in a domain D implies two things: that it is analytic in D and it does not 
chieve the same value twice in D, i.e., the equation f(z \) = /(Z 2 ) is only solvable in 
f'f z | = Z 2 - By adding on the stricter condition that f(z) be univalent, Bieberbach 
ggested that the coefficients in the above expansion will have the property |c„| < n 
l n ~ 2, 3, 4.... Thus the conjecture places a bound on the size of the coefficients 
- the Maclaurin expansion of certain univalent functions. Some investigations of 
t Property are made in Exercise 34. 

The conjecture had attracted the attention of a number of distinguished 
Jhematicians over the nearly seven decades preceding its proof, perhaps because 
Ipstification looks so seductively simple. De Branges’ derivation was remarkable 
geveral reasons. He was 54 years old at the time of his breakthrough, an age at 
most mathematicians are beyond their best work, and he was not held in high 
jd by the mainstream mathematics community in the United States. As a result, 
|dlution achieved recognition when he presented it to a more appreciative audi- 
the Soviet Union. He is now something of a legend. 1- Incidentally, the proof 


_® Se Proof of an Old Conjecture,” Science, 225:7 (September 1984), 1006-1007. See also the nicely 
(The Bieberbach Conjecture: A Famous Unsolved Problem and the Story of de Branges’ Surprising 
J’y Paul Zom, Mathematics Magazine, 59, 3 (June 1986), 131-148. The preceding does not seek to 
£ e the proof but does describe it at a level that is commensurate with this book. 
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is not simple—it initially ran to over 350 pages—but has now been pared down. At 
one point, a computer was used by de Branges to confirm the validity of the work, 
but the proof itself does not rely on a machine. 

History has dealt disparagingly with Bieberbach, the author of the conjecture, 
and rightly so. Aside from his fame in authoring the problem, he is remembered as 
a notorious uniform-wearing Nazi and vicious anti-Semite, who sought to eliminate 
Jews from the profession of German mathematics.^ 

EXERCISES 

1. Derive the Maclaurin series expansions in Eq. (5.4-21). 

2 . Theorem 15 on Taylor series was derived for expansions about the origin z 0 = 0. Follow 
the suggestions given in that derivation and give a proof valid for any z 0 . 


State the first three nonzero terms in the following Taylor series expansions. The function to 
be expanded and the center of expansion are indicated. Give also the nth (general term) in 
the series and state the circle within which the series representation is valid. Use the principal 
branch of any multivalued functions. 

3 . -, z = i 4 . e z , z = 2 + i 5 . Log z, z — e. 6 . —, z = 1 + i 
z z 2 

7. coshz — cosz, z = 0 8. z l , z= 1 9. i z , z = 0 


10. a) Find all the coefficients in the expansion of z 5 about zo (a constant) and write out the 

entire series in terms of z and zo. 

b) For what values of z is the preceding series a valid expansion of the function? 

c) Explain how you could have obtained the result in (a) by using the binomial theorem. 
Note that z = (z - z 0 ) + zo- 

11. a) Explain why z 1 / 2 (principal branch) cannot be expanded in a Maclaurin series. Also, 

explain why the series expansion sought in Eq. (5.1-5) does not exist, 
b) Explain whether this same branch of z 1 ^ 2 can be expanded in a Taylor series about 1. 
If so, find the first three terms and state the circle within which the expansion is valid. 

12. Consider the two infinite series, 1 + z + z 2 + z 3 + • • • and 1 + (z/Log 2) + (z 2 /Log 3) + 
(z 3 /Log4) + • • •, Both of these series will converge to 1/(1 — z) atz = 0. Yet the second 
series is not the Taylor expansion of 1 /(I — z). Does this not contradict Theorem 16 
which asserts that the Taylor series expansion of a function is the power series expansion 
of the function? Explain. 


Without actually obtaining the coefficients in the following Taylor series, determine the center 
and radius of the circle within which each converges to the function on the left. Use the princip j 
branch of any multivalued functions. 


1 00 

13.— = 2c, !( z + ir 


14 . 


z i + 


T = 2>b-.r 


11=0 


{continue 


•ed) 


^For more on this unsavory piece of history, see Sanford Segal, Mathematicians under the Nazis 
NJ: Princeton University Press, 2003). 
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(, continued ) 
1 

15. 


cosz 


= Z c »(z-l - 0" 


16. 


M=0 


Log z 


= £ C n (z ~ 1 - 20 " 


1 00 1 oo 

17- 7I7JZT = Z c »< z - 2) " 18 - 7W^- y = Z c »< z - 2) 

4 n=0 4 H =0 


Without obtaining the series, determine the interval along the a;-axis for which the indicated 
real Taylor series converges to the given real function. Convergence at the endpoints of the 
interval need not be considered. 

19 . Z— expanded about x = — 1 


1-x 


(How do your findings confirm Eqs. (5.1-2), (5.1-6), and (5.1-7)?) 


20 . 


x 2 + 9 


expanded about x — 2 


22. —— expanded about x = 2 
sin a: 

24. -Jx expanded about x — e 25, 


21 . —— expanded about x = 1 /4 
sin x 

23. tan x expanded about x = 2 
1 


x 3 + 1 


expanded about * = 1 


26. An apparent paradox. Let us approximate e z by its Nth partial sum, as obtained from 
Eq. (5.4-20). We have e z & 1 + z + ■ ■ ■ + ^v-IJi • We would expect that the approxima- 
b, tion improves with increasing N. Notice, however, that this approximation is a polynomial 
br. of degree ^ - 1 a nd therefore (see section 4.6) has N - 1 roots in the complex plane. 

Thus there are exactly N — 1 locations in the complex plane where the polynomial ap- 
^ Proximation vanishes (some of these may be multiple roots). Recall, however, that e z ^ 0 
‘3. for ^ Thus it would appear that as more and more terms are included in the partial 
. sum, the number of points in the complex plane at which the partial sum cannot 
adequately represent the exponential function increases and that there is no point in 
fc our trying to improve the approximation with more terms. Try to resolve this paradox by 
11 th^vf a program that finds the roots of the polynomial approximation. Use 

L. 6 AIUAB command called roots. Make a plot that shows, for each N, the distance of 

IL uiT 31681 r ° 0t to z = Do not take N — 1 as the partial sum is a constant and so there 
IfWill be no roots. Take N = 2... 50. 

il| 86 (5.4-20) and a triangle inequality to prove that in the disc |z| < 1 we have 

l 1 - i| < (e- l)|z|. 

Z 7 o ~ 2 n= i c n{z — Zo) n valid for all z. N is a positive integer. Show that 

—n , r . ✓ , T . ... ° 


m} Replac, 


n /W-{N - «)!] 


:e z in tbe above with z + Zo and show that 


(z + Zo) 




= y _ N % 

■i n 


,N-n 


l(N — n)\‘ 


is the familiar binomial expansion. 

I 3 Unction /(z) be expanded in a Taylor series about z 0 . The circle, centered at z 0 , 
Which this series converges is in certain cases larger than, but concentric with, the 
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circle in which the series converges to f(z). We will investigate this possibility in on e 
particular case. 

a) Let f(z) = Log(z), where the principal branch of the logarithm is used. Thus f( z ) i s 
defined by means of the branch cut y = 0, x < 0. 

Show that 

00 

f(z) = ^ c n (z + 1 - 0". 

n =0 


where 

r Bn J (- 1) B+1 e- , ( 3 ”/4)» 

Co = LogV2+ T and c n = -- , n*0. 

b) What is the radius of the largest circle centered at — 1 +i within which the series of 
part (a) converges to f(z)7 

Hint: Draw the branch cut mentioned in part (a). 

c) Use the ratio test to establish that the series of part (a) converges inside |z — (-1 + i)| 
= ~Jl and diverges outside this circle. Compare this circle with the one in part (b). 


30. a) Let f(z) be analytic in a domain containing z = 0. Assume that /(z) is an even function 
of z in this domain, i.e., f(z) = f(~z). Show that in the Maclaurin expansion f(z) = 
c„z n the coefficients of odd order, c\ , C3 , c$ , ..., must be zero. 

b) Show that for an odd function, f(z) = -/(-z), analytic in the same kind of domain, 
the coefficients of even order, c 0 , C2, c 4 , .. . , are zero. 


c) What coefficients vanish in the Maclaurin expansions of z sin z, z 2 tan z, and 
coshz/(l + z 2 )? 

31. Suppose a function f(z) is analytic in a domain which contains the origin, and we expand 
it in a Maclaurin series f(z) = ZT=o CnZ ”• the circle 1^1 = r lies within the domain and 
if on the circle we have the bound |/(z)| < K , then we can place a bound on \c n \, namely 
\c n \ < K/r n , for n = 0, 1,2, .... This is called Cauchy’s inequality and it is sometimes 
useful in telling us if we have made an error in computing the coefficients in a Maclaurin 
series expansion; i.e., if the inequality is not satisfied, there is a mistake. The inequality 
is easily generalized to Taylor series. 


a) Derive the Cauchy inequality by using Eq. (5.4-17), taking the contour C' as |z| — r ’ 
and using the ML inequality. 

b) Consider the expansion e z = Z^lo c nZ n • We want to obtain a bound on \c n \ without 
actually obtaining the coefficients. Through suitable choices of r show that for 

n > 0 we have \ c n \ < e and \c n \ < e 2 /2". Do the known coefficients (see Example 
satisfy this inequality? 


c) Generalize Cauchy’s inequality so that it can be applied to a Taylor series 


expa B ' 


sion f(z) = Z™ =0 c„(z - z 0 )". Use your result to explain why in the expansion ^ 
I“o ° n ( z ~ 3 )” we can sa y, without finding any of the coefficients, that |c„| f- e ' 

32. This problem investigates Taylor series with a remainder, which is also known as T a y^^ 
theorem. In numerical calculations, we often use the first n terms of a Taylor series in s 
of the entire (infinite) expansion. The difference between the sum f(z) of the i n g 
series and the sum of the finite series actually used constitutes an error and is caile 
remainder. The size of the remainder is of interest. An upper bound for its mag 111 ^ 
can be determined with the help of Taylor’s theorem. We will derive this theorem f° r 
special case of an expansion about the origin. j 
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a) Refer to the proof of Theorem 15 and to Fig. 5.4-2. Use Eq. (5.4-12) to show that 



Hint: Refer to Eq. (5.2-8), which implies that 

r U = 1 + z + ^ + ... + -. + I t!_, 

and replace z by zi /z. 

b) Use the expression for f(z i) given in part (a) to show, after integration, that 

f(zi) = /(0) + mzi + f ~^z\ + • • • + + R n , (5.4-28) 

where 


R n 




2niJc' z"(z - zi) 


dz. 


(5.4-29) 


We see that R n , the remainder, represents the difference between f{z\) and the first n 
terms of its Maclaurin expansion. 

c) We can place an upper bound on the remainder in Eq. (5.4-29). Assume |/(z)| < m 
everywhere on |z| = b (the contour C’). Use the ML inequality to show that 


" mb 
b- |z x | 

Hint: Note that for z lying on contour C', 


1^.1 < 


(5.4-30) 


1 1 

- < - 

|z-zi| b-\zi\‘ 

Why? 

In passing, we notice that since \zi/b\ < 1, the remainder R n in Eq. (5.4-30) tends 
to zero as n -► oo. Using this limit, we find that the right side of Eq. (5.4-28) be¬ 
comes the Maclaurin series of f(zi). This constitutes a derivation of the Maclaurin 
expansion shown in Eq. (5.4-18) not requiring the use of uniform convergence. A 
similar derivation applies for the Taylor expansion. 

d) Suppose we wish to determine the approximate value of cosh i by the finite series 

I / 2! 5-f i 10 /10! (see Eq. 5.4-21). Taking the contour C’ in Eq. (5.4-29) as 

lz| — 2, show by using Eq. (5.4-30) that the error made cannot exceed (cosh 2) /2 10 A 
3.67 x 10~ 3 . ” 

Hint: Observe that |cosh z\ < cosh x and use this fact to find m. 

a ) Let a function f(z) be entire and have the property that /(") (z) = f( z ), n = 1 2 
Show by using a Taylor series expansion that this function must have this “addition 
Property”: f(zi + z 2 ) = f{zi)f{zi). 

Hint: Begin by determining the Maclaurin series representation of f(z 2 ). Now con¬ 
sider Eq. (5.4-10) and let z = zi + zi, zo = zi, and find the coefficients. How does 
this complete the proof? 
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h) The function under discussion is of course the exponential. Would it be possible to 
find some other entire function satisfying the conditions given in part (a) which does 
not agree with the exponential elsewhere in the complex plane? Explain. 


M a) Does the function f{z) = - 1 satisfy the requirements of the Bieberbach 

conjecture? Do the coefficients in the Macalunn expansion of this function agree 
with what Bieberbach conjectured? 

hi Find all the coefficients in the Maclaurin expansion of f(z) =z{2z + \). Observe that 
at least one of the coefficients fails to satisfy the Bieberbach conjecture. Why is this? 
What requirement of the conjecture has not been satisfied? 

0 Consider the series expansion f(z) = z + 2z 2 + 3z 3 + • • •. This is the series expan¬ 
sion of what simple closed form function? 

Hint Look at the discussion following Theorem 12 in the previous section. Show 
that this function satisfies all the requirements for the application of the Bieberbach 
conjecture and notice that the magnitude of the coefficients are the largest allowable 

when this is the case. 


g g Techniques for Obtaining Taylor Series Expansions 

Equation (5.4-11) allows us, in principle, to obtain the coefficients for the Taylor 
series expansion of any analytic function. Alternatively, there are sometimes 
shortcuts that can be applied that will relieve us of the tedium of taking high-order 
derivatives to obtain the coefficients. We will explore some of these techniques in 
this section. 

Substitution Method 

Sometimes a change of variable in a simple geometric series will yield a desired 

Taylor series expansion. For example (see Eq. (5.2-8) but use ui), we are familiar 

with 

—-— = l + m + m 2 -|-, M < 1. 

1 — w 

Suppose we replace w with 1 — z, where we now require 11 — z\ = \z — 1| < ^ ^ 
now have obtained the new Taylor expansion 

- = 1 + (1 - z) + (1 - zf + (1 - zf + ■ ■ ■ (5.5-1) 

Z = 1 _( Z _ i) + (z- l) 2 -(z~ if + ■■■> U-l| < L 

Such changes are investigated in Exercises 1-4. 


Term-by-Term Differentiation and Integration 

In our derivation of Theorem 16, we observed that the Taylor series of f(z) ca ^ c j 6 
differentiated term by term. If the original series converged to f(z) inside a c 
having center zq and radius r, the series obtained through differentiation . gS 

to f(z) inside this circle. The procedure can be repeated indefinitely to yield a s 
for any derivative of /(z). 
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Finally, Theorem 10 permits us to integrate the Taylor series for f(z) term by 
term along a path lying inside the circle of radius r. The resulting series converges 
to the integral of f(z) taken along this path. 

EXAMPLE 1 Use term-by-term differentiation and the result in Eq. (5.5-1) to 
obtain the expansion of 1 /z 2 about z = 1. 

Solution. Differentiating both sides of Eq. (5.5-1) with respect to z and multiplying 
-by (-1), we obtain 

/ 00 

f -i- = 1 — 2(z — 1) + 3(z — l) 2 + • • • = ^(—i)”(n + l)(z — i)”. (5.5-2) 

Z n=0 

valid for \z - 1| < L • 

Term-by-term integration is illustrated in the following example. 

EXAMPLE 2 Obtain the Maclaurin expansion of 


Si(z) = I f{z)dz , 


; where 


Jo 

sin z! 


m = z'*o, 

z' 

/(o) = 1, z' = 0. 


(5.5-3) 

(5.5-4a) 
(5.5-4b) 


tie function Si(z) is called the sine integral and cannot be evaluated in terms 
j>f elementary functions. It appears often in problems involving electromagnetic 
pdiation. 

glutton. From Eq. (5.4-21), we have 

(^) 3 , (^) 5 , 


iithat 


sinz = z — 

3! 5! 

sin z! __ j _ ( z ') 2 , ( V ) 4 


3! 5! 

pt'ce that this series converges to f(z') in Eq. (5.5-4) for z' ^ 0 and z! = 0. We 
|F integrate as follows: 

r*'+r^*' + r^ + ... 

do z Jo Jo 3! Jo 5! 


= z — 


3-3! 5 • 5! 


"f* 


Si(z) = 2 


£«Z 


2n+l 


(5.5-5) 
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where 

(~l) n 

C " (2n+l)!(2n+l) 


The expansion is valid throughout the z-plane. 




Series Expansions of Branches of Multivalued Functions 

An analytic branch of a multivalued function can be expanded in a Taylor series 
about any point within the domain of analyticity of the branch provided one takes 
care to use this branch consistently in obtaining the coefficients of the series. The 
following problem illustrates this. 


EXAMPLE 3 Find the Maclaurin expansion of f(z) = (z + l) 1 ! 2 , where the 
principal branch of the function is used. Where is the expansion valid? 

Solution. Recall that the branch in question is identical to e('/ 2 ) L°g(z+i) ( see 
section 3.8) and that its derivative is given by 

(l/2)Log(z+l) 1 = CZ + 1 ) 1/2 

2(z + 1) 2(z + 1) 

We may of course differentiate indefinitely and thus have 

/<»« = + l) 1/2 -‘, f m (z) = 1 (i - l) (* + l) 1 ' 2 - 2 . 

/ |3, W = j(?- 1 )(?-2) ( Z + 1) ' ,M , etc. 

In general, 

fin \z) = I (I _ ij (I - 2 ) ■ • • - (n - I)) (z + i) 1 / 2- ”, (5.5-6) 

Note that (z + I) 1 / 2 -” must be interpreted as 

( z+ 1)1/ 2 g (l/2)Lpg(z+l) 

(z + l) n (z + l) n 

When z. = 0, this function equals c- l ,/2 i Log 1 / 1 " = I. With this result and Eqs. ( 5 . 5 - 6 ) 
and (5.4- 11 ), we finally have 


where 


(l +Z )0/2> = 2«\ 

n=0 

Co = 1, 


n 


1 

n\ 



(n 



(5.5-^a) 


(5.5-7W ; 

i 


c, 


n > I. 
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|fhe singularity of (z + l) 1 / 2 nearest the origin is the branch point z = — 1. Thus 
Igq. (5.5-7) is valid in the domain \z\ < 1. • 


jyjultiplication and Division of Series 

Tet g(z) and h(z) be analytic functions. Then a Taylor series expansion of f(z) = 
I %(z)h(z ) can be obtained, in principle, by multiplying together the Taylor expansions 
forg(z) and h(z). This is because Taylor series are absolutely convergent and, as dis¬ 
cussed in section 5.2, the product of two absolutely convergent series is an absolutely 
Convergent series whose sum is the product of the sums of the two original series. To 
fobtain the Taylor series for f(z), the method of series multiplication that should be 
Sised is the Cauchy product (see Eq. (5.2-16)). Of course, both of the original series 
|iust employ the same center of expansion zo- The procedure is readily extended to 
|nding the Taylor expansion of the product of more than two functions. 

Multiplication of series is often a tedious procedure, especially if we want a 
general formula for the nth coefficient in the resulting series. However, if we need 
nly the first few terms in the result, it is easy to use. 

Iexample 4 

a) Using series multiplication, obtain the Maclaurin expansion of f(z) = 
e z /(l — z). 

* b) Use your result to obtain the value of the 10th derivative of f(z) at z = 0. 

wplution. Part (a): We are fortunate that in this case a general formula for the nth 
^efficient can be found. With e z = J^Lq z n /n\ (valid for all z) and 1/(1 — z) = 
(for |z| < 1), we have 


/(■) = (1 + Z + |j + + ■ • • J (1 + z + z 2 + ■ ■ ■ ) 


i + (i + iK- + |i + i + 2U + (i + i + l + ip 


’ equivalently, 


Igre 


1 — z 


- Y_t C nZ n , 


n =0 


Cn 


n 1 

-2 7 - 

? n J' 


(5.5—8a) 


(5.5-8b) 


pe expansion for 1/(1 - z) is valid for \z\ < 1, while that for e z holds for all 
|e more restrictive condition, \z\ < 1, applies to Eq. (5.5-8a) since it is in this 
1 that the two series used to obtain this result are simultaneously valid. 

|p (b): It is a little tedious to obtain the 10th derivative of f(z) by differ- 
this function 10 times. Note, however, that in the Maclaurin expansion 



268 Chapter 5 Infinite Series Involving a Complex Variable 


f( Z ) = ££Lo we have c « = / {n) (0)/«! (see Eq. 5.4-11). Thus using the result 
of part (a) and taking n = 10, we find 

10 1 /II 1 \ 

/ 0«)(0) = 10l2 7 ; = 10! (1 + YT + 57+ - + lo7 • 

which with the aid of a calculator turns out to be 9,864,101. , 

Suppose /(z) and g(z) are both analytic at zo- Then if g(zo) ^ 0, the quotient 

h(z) ~ §> (5 ' 5 - 9 » 
is analytic at Zo and can be expanded in a Taylor series about this point. Let us use the 
series h(z) = E~ 0 c»(z - z 0 ) n ,f(z) = E~ 0 a n (z - z 0 ) n ,g(z) = E~ 0 b n (z - z 0 ) n , 
where a n and b n are presumed known (we can obtain them, in principle, by differ¬ 
entiation) and the coefficients c n are unknown. Now from Eq. (5.5-9) we have 
h(z)g(z) = f{z). Using the Taylor series for each term in the product, and multiply¬ 
ing the two series appearing on the left side of the equation in accordance with the 
Cauchy product (section 5.2), we have 

oo oo oo 

J] c n(z - ZvT Yj bn ( Z ~ = X a ' l( - Z ~ 


cobo + (c 0 bi + cib 0 )(z — zo ) 1 + (cofo + c\b\ + C2bo)(z — zo ) 2 H 

= ao + a\(z - zo) + «2(z - zo ) 2 H—• 
Equating coefficients of corresponding powers of (z — Zo), we have 

cobo = ao, (5.5-10a) 

co&i + ctfe 0 = at, (5.5-10b) 

cob 2 +c\b\ +C 2 bo — a 2 , (5.5-10c) 


From the first equation, we have 

ao 

c o = -r, 

bo 

and with this result used in the second, we find 

a\ aob\ 
bo &Q 

The preceding allows us to solve Eq. (5.5- 10c) for C 2 , with the result 


C2= -7- 
bo 


a{bi + aob2 aob\ 


(5.5-11*) 
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The process can be repeated to yield any coefficient c n , where n is as large as we wish. 
This is an example of arecursive procedure, i.e., we use those values c\, 02 ,..., c„_i 
that have already been determined to find the next unknown c n . 

In Exercise 24, the reader will verify that the same coefficients are obtained 
through a formal division of the Taylor series for f(z) by the series for g(z). This 
method is used in the following example. 


EXAMPLE 5 Obtain the Maclaurin expansion of (e z — l)/cos z from the 
Maclaurin series for e 7 — 1 and cos z. 


Solution. From Eqs. (5.4-20) and 5.4-21, we have 


(5.5-12) 


cos z = 1- 

2 ! 


iWe divide these series as follows: 


2! 4! 


z 3 

Z+ 2! +Z 

2 3 

Z+ 2! + 3! 


3! 2! 


(5.5-13) 


z 3 

— 


3! 2! 


3! 2! 


falling that cos z = 0 for z -= ± 7 i/ 2 , we have 


e z — 1 


= J] c nZ H , 


| f or |z| < 71 / 2 . Our division shows c 0 = 0, Cl = 1, c 2 = 1/2!, c 3 = 
| + V2!) = 2/3. 

a check, we use Eqs. (5.5-11). From Eq. (5.5-12), we have a 0 = 0, a\ = 1, 

I "” ^/2!,andfromEq.(5.5-13),b 0 = 1, h =0 , b 2 =-l/2!.FromEq.(5.5-lla), 
1 confirm that c 0 = 0, from Eq. (5.5-lib) that ci = 1, and from Eq. (5.5-11c) 
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The Method of Partial Fractions 


Consider a rational algebraic function 


f(z) 


P(z) 

Q(z)’ 


where P and Q are polynomials in z. If Q(zo) i=- 0, then f(z) has a Taylor expan¬ 
sion about z.(). The coefficients in this series can, in principle, be obtained through 
differentiation of f(z), but the process is often tedious. 

When the degree of Q (its highest power of z) exceeds the degree of P, the use 
of partial fractions provides a systematic procedure for obtaining the coefficients in 
the Taylor series. When the degree of P equals or exceeds that of Q, the method to 
be presented also helps, provided we first perform a simple division (see Exercise 23 
in this section). 

The reader should review the techniques learned in elementary calculus for 
decomposing real rational functions into partial fractions.^ The method works equally 
well for complex functions—the algebraic manipulations are the same. The form of 
partial fraction expansions is governed by the following rules. 


RULE I (Nonrepeated Factors) Let P(z)/Q(z ) be a rational function, where 
the polynomial P(z) is of lower degree than the polynomial Q(z). If Q(z) can be 
factored into the form 


Q(z) = C(z - ai)(z - a 2 ) ■ ■ ■ (z - a n ), 
where a \, 02 , • • • are all different constants and C is a constant, then 
P(z) A x A 2 An 


(5.5-14) 


(5.5-15) 


where A 1 , A 2 ,.. 


Q(z) z- a\ z- a 2 z- a n 

are constants. Equation (5.5-15), called the partial fraction 


expansion of P(z)/Q(z), is valid for all z 7 ^ aj(j = 1,2 


This rule does not apply to the function z/[{z + 1 )(z 2 — 1)] since Q(z) = 
(z + l) 2 (z — 1). The first factor here appears raised to the second power and not 
to the first as required by Eq. (5.5-14). Instead, we use the following rule. 


RULE II (Repeated Factors) Let Q(z) be factored as in Eq. (5.5-14), except 
that (z — a\) appears raised to the m\ power, (z — a 2 ) to the m 2 power, etc. Then 
P(z)/Q(z) can be decomposed as in Eq. (5.5-15), except that for each factor of Q(z) 
of the form (z — Oj) mj , where mj > 2, we replace Aj/(z — aj) in Eq. (5.5-15) by 

Aj\ Aj 2 Aj, nj t 

(z - aj) + (z- aj ) 2 + + (z ~ aj) m i 


Thus Rule I tells us that 


z 

(z-l)(z+l) 


A\ A 2 
z — 1 + z + 1 ’ 


+See, for example, G. Thomas, R. Finney, M. Weir, and F. Giordano, Thomas Calculus , 10th ed. 
Addison-Wesley, 2001). section 7.3. 


j 



5.5 Techniques for Obtaining Taylor Series Expansions 271 


whereas Rule II establishes 

z __ A n An + A 2 

! (z-l) 2 (z + l) Z-I (z- l) 2 Z+l 

The utility of partial fractions in the generation of series and various procedures for 
'obtaining the coefficients are illustrated in Examples 6 and 7. 

' First, however, for future reference we state four Maclaurin expansions: 


F 

I 


1 

1 — w 

1 

1 + w 

1 

(l — w) 2 
1 

(l + w) 2 


— 1 + w + w + • • • , 

M < l; 

(5.5-16a) 

= 1 —) w + w 2 — w 3 + • 

M < l; 

(5.5-16b) 

= 1 + 2w + 3w 2 + • • •, 

M < 1; 

(5.5-16c) 

= 1 — 2w + 3w 2 — ■ ■ ■, 

10 < 1. 

(5.5- 16d) 


Equation (5.5- 16a) is actually Eq. (5.2-8) with z replaced by w. Equation (5.5- 16c) 
II.similarly derived from Eq. (5.3-10). Equations (5.5-16b) and (5.5- 16d) are 
obtained if we substitute — w for w in Eqs. (5.5- 16a) and (5.5- 16c), respectively. 
A general expansion for 1/(1 ± w) N , which one sometimes needs, can be 
(btained from Exercise 7 in this section. 


EXAMPLE 6 Expand 


/(*) = 


z* — z — 2 
l a Taylor series about the point z =1. 
glutton. We have, from Rule I, 

z 


(z + l)(z - 2) 


b 


-2 


(5.5-17) 


(z + l)(z~2) z+l 

|is simpler to use a and b here instead of the subscript notation Ai and At.) 
Clearing the fractions in Eq. (5.5-17) yields 

z = a(z - 2) + b(z + 1). 

Rcan find a and b by letting z in the above equation equal — 1 and then 2. This 
jpf_°f procedure is useful and can be generalized to yield the required partial 
|uons whenever Q(z) has any number of nonrepeated factors (see Exercise 14 in 
|section). For another approach, we rearrange the previous equation as 

z = (a + b)z + {—2a + b). 

c °efficients of like powers of z on each side of the equation must be in agreement, 
hen have 

1 = a + b (z l coefficients), 

0 = {—2a + b ) {z° coefficients), 

| solution is a = 1/3, b = 2/3. 
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Thus, from Eq. (5.5-17), 


1/3 2/3 


(z + l)(z — 2) z + l z — 2 


(5.5-18) 


To expand z/[(z + l)(z — 2)] in powers of (z - 1), we expand each fraction on the 
right in Eq. (5.5-18) in these powers. Thus 


1/3 


1/3 


1/6 


1 


z + l (z- l)+2 (z ~ 1) 6 

+ 2 


1 - 


(z 1) , (z - l) 2 


for |z — 1| <2. (5.5-19) 

The preceding series is obtained with the substitution w = (z — l)/2inEq. (5.5-16b) 
The requirement |z — 11 < 2 is identical to the constraint m;| < 1. 

Similarly, 


2/3 


2/3 


—2/3 2 

7^2 = (,_!)_ 1 = T-(z~T) = ~ 3 [1 + (z ~ 1) + (Z ~ 1)2 + ••■]’ 

for |z — 1| < 1, (5.5-20) 

where we have usedEq. (5.5-16a) and taken w = z — l.The series inEqs. (5.5-19) 
and (5.5-20) are now substituted in the right side of Eq. (5.5-18). Thus 


1 


(z + l)(z — 2) 6 [ 


1- 


(z — 1) , (z - l) 2 


|z-l|<2 

— - [1 + (z — 1) + (z — l) 2 + • • • ]. 

3 '-v-^ 

lz-l|<l 

In the domain |z — 1| < 1, both series converge and their terms can be combined- 
Thus 

(z + l)(z - 2) \6 3/ { 12 3 h ' ^24 3/' 

or 


(z + l)(z — 2) 


= 2>(z-l)", lz — 1| < 1, 


(5.5-21) 


where 


n =0 


1 / 1V' 2 

C ” _ 6 ( 2) 3' 


of i 


We could have obtained the constraint |z — 11 < 1 by studying the location 
the singularities of z/[(z + l)(z — 2)] to see which one (z = 2) lies closest 
( 1 , 0 ). 
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EXAMPLE 7 Expand 


m = 


{z + l) 2 (z - 2) 

in a Maclaurin series. 

Solution. Since (z + 1) is raised to the second power, we must follow Rule II and 
seek a partial fraction expansion of the form 

z ABC 


(z + 1 ) 2 (z - 2) z + 1 (z + l) 2 z 2 


(5.5-22) 


Clearing fractions, we obtain 

" z = A(z+l)(z-2) + B(z-2) + C(z+l) 2 , (5.5-23) 

qr 

z = (A + C)z 2 + (—A + # + 2C)z + (—2A -2B+C). (5.5-24) 

By putting z = 2 and then z = — 1 in Eq. (5.5-23), we discover that C = 2/9 and 
P = 1/3. Note that z 2 does not appear on the left in Eq. (5.5-24), which means z 2 
jjjbust not appear on the right; hence A = — C = —2/9. Thus from Eq. (5.5-22), 

z -2/9 1/3 2/9 


(z + l) 2 (z — 2) z+1 (z + 1) 2 z — 2' 


(5.5-25) 


[We now expand each fraction in powers of z- Taking w — z, we have, from 
q. (5.5-16b), 

|d, from Eq. (5.5-16d), 

1/3 1 7 , 

(1+z) 2 ~ 3 1 ~ 2z + 3z -4z H ], lz| < 1. 


|th w = z/2 in Eq. (5.5- 16a), we obtain 


2/9 


-1/9 


1 + “ H —~ 

2 4 


kl <2. 


z - 2 1 - z/2 

^ substitution of the three preceding series on the right in Eq. (5.5-25) yields 

(T+T)%^2) = +l[l Z 2z + 3z^-_] 


kl<i 


, z z 
1 + 2 + 7 


kl<i 


| z |<2 
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Inside |zl = 1, we can add the three series together and obtain 

oo 


— = 2 ^"’ 1*1 < 
n =0 


where 


(z + l) 2 (z-2) ^ 




(5.5-26) 




EXERCISES 


The following exercises involve our generating a new Taylor series through a change of vari¬ 
ables in the geometric series Eq. (5.2-8) or some other familiar expansion. Here a is any 
constant. Explain how the following are derived: 


1. 

2 . 

3. 


1 

1 + az 
1 

1 + z 2 
1 


= 1 — az + a 2 z 2 - cc'z 2 + ■ 


kl < 


1 + a + z 


= l - z 2 + z 4 -, |z| < 1 

= 1 — (z + a) + (z + a) 2 — • • •, \z+ a\ < 1 


2 7 4 7 6 

4. a) e~ z = 1 — z 2 + — —— H-, all 7 


b) Use the preceding result to find the 10th derivative of e z at z = 0. 


5. Differentiate the series of Eq. (5.5-2) to show that 


= 1 - - *) + - 1)2 - ~2~ (z - 1)3 + -• ’ k- il < L 

6. By differentiating the series of Eq. (5.2-8) several times, find c n in the expansion 

1/(1 - Z) 4 = 2*0 C»7M7l < 1. 

7. Use the series in Eq. (5.2-8) and successive differentiation to show that, for N > 0, 

(N — 1 + n)\ 


4-3 


5-4 


1 

= W<1 - 

8. a) Integrate the series of Exercise 2 along a contour connecting the origin to an arbitrary 
point z, where |z| < 1, to show that 


i.5-27) 


tan 'z= Y'(-l)"——y, kl < 1- ( 5 ' f 

to 2n + 1 

b) We might put z = 1 in the preceding expansion to obtain tan -1 1 = w/4 = 1 " ^ t j 
1/5 — • • •. This expansion, which could be used to obtain ji/ 4, is valid, although 11 J 
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justified by our method, which assumed |z| < 1. A justification can be found in more 
advanced texts, t 

This series converges slowly and is not useful for computing n. A more useful 
series is obtained in the following. 

Prove thattan _1 (l/2) + tan -1 (1/3) = 7t/4 (see Exercise 43, section 1.3) and with 
the aid of (b) derive the more rapidly converging series: 


n 

4 


1 1 
2 + 3 


G + 27 ) + (32 + 243 ) _ ( 128 + 2187) + 


c) Compare the two series for n/4 given in (b) by using the first 10 terms in each and 
seeing how well n/4 is approximated. MATLAB is recommended here. 

a) Consider Si(z) discussed in Example 2. Show that f(z) = J ^ Si (z')dz' can be ex¬ 
pressed as f(z) = Z^i c„z ln (for all z). State c n . 

b) Evaluate approximately f(2i) by using the first four terms of this series. 

The Fresnel integrals C(P) and S(P) are used in optics and in the design of microwave 
antennas. They are defined by 

C(P) = 1 cos (ir) dt 


and 


r p / nt 2 \ 

S(P ) =| sin — ) dt, 
Jo \ 2 / 


where P > 0 is a real number and t a real variable. In Exercise 30 of section 6.6 the reader 
can prove that when P = 00 , C = S = 0.5. For finite P both C and S must be evaluated 

^ numerically. Notice that 

rP 


F(P) = C(P) + iS(P) = f e in,1,2 dt. 

Jo 


/Whyis this so? 

| a) Expand the preceding integrand in a Maclaurin series and integrate to show that 


p2n+l 


C(P) + iS(P) =Y.~ 


n=0 


(2n +1) 


|b) The Cornu Spiral is a graphical device used in optical and antenna engineering 
problems.* It is derived from the Fresnel integrals. If we calculate F(P) as defined by 
the preceding integral for real values of P such that 0 < P < oo, plot the correspond¬ 
ing values of F in the complex plane, connect the data points with a smooth curve, 
and label the points with the corresponding values of P, we have obtained the portion 
of the Cornu Spiral in the first quadrant. For many practical purposes, we only need 


• Ahlfors, Complex Analysis, 3rd ed. (New York: McGraw-Hill., 1979), section 2,5). For an intro- 
|d° ways n has been computed, see an entertaining book: D. Blatner, The Joy of n (New York: Walker 
-1997). 

> J.D. Kraus, Antennas, 2nd ed. (New York: McGraw-Hill, 1988), p.185. 




276 Chapter 5 Infinite Series Involving a Complex Variable 

F for 0 < P < 1.5, and for this interval the data on the curve can be approximated 
by our using a series approximation to F(P). Using the first five terms in the series of 
part (a), generate the portion of the Cornu Spiral 0 < P < 1.5, taking P in increments 
of .1. Do this with a MATLAB program. Repeat this procedure with a 10-term series 
and compare your two results with a picture of the Cornu Spiral that you can down¬ 
load from the World Wide Web (do a search with the keywords “Cornu Spiral”). p 0 
generate the curve for relatively large values of P, you would evaluate numerically 
the integral defining F(P). 

11. a) By considering the first and second derivatives of the geometric series in Eq. (5.2-g) 
show that « 2 z" = (z + z 2 )/(l — z) 3 for |z| < 1. 

b) Use your result to evaluate n 2 /2". 


Use series multiplication to find a formula for c„ in these Maclaurin expansions. In what circle 
is each series valid? 


12 . 


cosh z Y' 1 

1 -z “ Zj 


CnZ 


13. 


Log(l - z) 
1 + z 


= £ CnZ n 
n =0 


14. Assume P(z)/Q(z) satisfies the requirements of Rule I for partial fractions. Thus Q(z ) 
has no repeated factor and 


m = _ p _ 

Q(z) C(z-a 1 )(z-a 2 )---(z-a n ) 

- Al + Al + + An 
Z Cl\ Z &2 Z Cl ft 


a) Multiply both sides of the preceding equation by (z — a\)(z ~ a 2 ) ■ ■ ■ (z — a„) and 
cancel common factors to show that 

p ( z ) 

—£T = (z - a 2 )(z - < 23 ) • • • (z - a„) + A 2 (z - fli)(z - < 23 ) • • • (z - a n ) 

H-h A n (z — ai)(z — a 2 ) ■ ■ ■ (z - a n -i)- 

b) Show how to obtain any coefficient Aj(j = 1,2,..., n) by setting z = i n 
previous equation. 

c) Show that the result obtained in part (b) is identical to 


Aj 


lim 

z-+aj 


(z - aj) 


m 

G(z) 


Pifli) 

Q'{ a j) 


Hint: Consider L’ Hopital’s Rule. 

d) Expand z/[(z 2 + l)(z — 2)] in partial fractions by using the results of part (b) ° r ^ 


Obtain the following Taylor expansions. Give a general formula for the nth coefficient, an j 
state the circle within which your expansion is valid. 


15. 


(z - 1) (z + 2) 


expanded about. 


= 0 


16. 


----expanded about Z " 

U + 1)( z + 2) 
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(, continued ) 

17. -4 expanded about z = 1 + t 18. -r- expanded about z = i 

-r2 


19. 


20 . 


21 . 


z + 1 


(z- l) 2 (z + 2 ) 


(Z-D 2 (z+1) : 


expanded about z = 2 


expanded about z = 2 


expanded about z = 0 


(z - 2 )(z+ 1 ) 

22. Use the answer to Exercise 20 to find the value of the 10th derivative of 

, l/[(z~ l) 2 (z + l) 2 ]atz = 2 . 

4 . 2 z 2 + z — 1 

23. -=-expanded about z = 1 . 

z 2 — 4 

The denominator is not of higher degree than the numerator; thus we cannot 
immediately make a partial fraction decomposition. Show by a long division that the 
given function can be written as 

(z + 2 ) + T ± 7 = (^- 1 ) +3+ % ± 7- 

z z — 4 z z — 4 

Now apply the method of partial fractions. 


Let h(z) = f(z)/g(z), where /(z) = 0 a„(z - z 0 ) n and g(z) = ZZo b ”( z ~ z «) n - 

and g(zo) = A / 0. We seek a Taylor expansion of h(z) of the form h(z) = 
£JL 0 c„(z — zo)". Find co, cj, C 2 by long division of the series for /(z) by the series 
for g(z). Show that you obtain results identical to Eq. (5.5-11). 

■ Find the coefficients co- ci, ci, C 3 in the Maclaurin expansion Log(l + z)/cosz = 
XJJLo c„z n , |z| < 1, by the series division of Exercise 24 or by the technique used in 
deriving Eq. (5.5-11). 

Obtain all the coefficients in the following Maclaurin expansion by doing a long division: 


1 + z 




— = '^ i c nZ n , \Z\<1. 


n =0 


• Explain why there are only two nonzero coefficients in your result, 
i a) The Bernoulli numbers Bq, B\, B 2 , ■ ■ . are defined by 1 ' 


B„ = n\c„. 


where 


/o 


Az) = \ eZ ~ 1 = V c„ z n . 

[ 1, Z=0j n = 0 


g|* e nioulli numbers also appear in other expansions. Tables of the numbers can be found in various 
|goks, e.g,, M. Abramowitz and I. Stegun, Handbook of Mathematical Functions (New York - . Dover 
|ti°ns, 1965), 810. 
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Note that /(z) is analytic at z = 0 since, for all z, 


2 


1 


, + t+t + ... l + ^ + ^ + --- 

" 2! 3! 21 3! 

Perform long division on the right-hand quotient to show that B 0 = 1, S, = -1/2, 

b ) Show that the coefficients of odd order beyond 1, i.e., B 3 ,B 5 *7, • ■ ■, are all zero. 
Hint: /(z) + z/2 = (z/2)cosh(z/2)/sinh(z/2) is an even functron of z. See Exer¬ 
cise 30 of the previous section. 

c) Where is the series expansion of part (a) valid? 

28. a) Consider the Maclaurin expansion 

i 00 77 

_J- = y 

coshz n- 

n =0 

where E are known as the Euler numbers. What is the radius of convergence of this 

where are _ p = - E _gi by a long division for the 

series? Show that Eq - 1, 2 ^ ^ £ zero. The E uler numbers 

Maclaunn senes of cosh i. Explain wny ni, ^, ^5, 

are tabulated in handbooks.^ 

b) Show that 

1 _ r — V 4 - — Z 6 + ---. 

— 0 2! + 4! ' 6! 

c) Multiply the Maclaurin series for sin z by the series obtained in part (b) to show that 

E 0 ( E 2 Eo \ 3 (E4_ E2_ Eo_) z 5 

tanZ= 0T Z_ ll!2! 3!U/ 1114! 3!2! 5101 / 

!b- + E±- + ^- + —\z 7 + ■■■, izi<tt / 2 

1!6! 3!4> 5121 7!0.'/ 

29. a) Let a be any complex number except zero or a positive integer. J 116 br 

(1 + z )« defined by e aL °g( 1+;:) (principal branch), show that for Ul < L 

a(a-l)z 2 a(a - l)(a-2)z 3 
(1 + z) a = 1 + az +-J + 3! 


OO 

= 1 + Yj CnZ> ’’ 


«=1 


where c. = <l/»!)[«(« - »(« - 2) ■ ■ - (« - <» - D)l- f° U °» meth0li * ^ 

. , ,, . _ i , ya c where c n i s P 

b) Show that if a is a positive integer, then (1+0 — 1 + L„=i » 
in part (a). Where is this expansion valid? 


iveB 


tAbramowitz and Stegun, op. cit. Other handbooks may use a 


slightly different definition of these 
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30. a) Use the result derived in Exercise 29(a) and a change of variable to show that 

(T^i)T72 = 1 + 1 + (l)(l) iV + (I)(1)(I) fy + • ’ ’ ’ kl<L 

i 

} Use the first four terms of this series to evaluate approximately ~J2. Compare this with 
| the value obtained from your calculator. 

b) Show that 


1 


’1 , 

= 1 + + 


axiu, may 


+ 


(1 -Z 2 ) 1 / 2 ~ ~ ' 2' ' 2! ' 3! 

c) Use the preceding result and a term-by-term integration to show that 

’ 3 1 • 3z 5 1 • 3 • 5z 7 


H-, |z| < 1- 


sin z = z + 


+ 


+ 


2-3-1! 2 2 ■ 5 • 2! 2 3 • 7 • 3! 


+ • 


|z| < 1, 


where this branch of sin 1 z is analytic inside the unit circle, and sin 1 (0) = 0. Note 
that cos^ 1 z = n/2 - (the series on the above right), provided |z[ < 1. 
d) Use the series for sirU 1 z to obtain a numerical series for n/6. Use the first four terms 
of your result to evaluate approximately n/6. 


|6 Laurent Series 

fetus look at Eq. (5.5-16a) for a moment and make the substitution w=l/z■ We 
S@w have the series expansion 


i- 


7 — 1 


= 1 


1 


for 


< 1, or equivalently, |z| > 1. 


|e preceding equation, 

7 


r7 ==1 +7 1 +7“ 2 + --- = ---+7' 2 + 7' 1 + l for 1 7 1 > 1, (5.6-1) 


wot 


Bmes 


a Taylor series as it contains terms of the form 7 ", where, except in the case z°, n 
negative integer values—negative exponents never appear in Taylor series, 
.eover, a Taylor series expansion is valid in a disc-shaped domain, while here 
°niain in which the expansion holds is ring-shaped and given by 1 < J 7 1 < 00 . 
center of the ring is at the origin, its inner radius is unity, and its outer radius 


ute 


[ 0 complicate matters a little, we have by substituting 7/2 for w in Eq. (5.5 -16a), 


jiylor 


senes 


= 1 


I 1 L 
2^4 


or 
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If we add together Eqs. (5.6-1) and the preceding, we have the series expansion 

z 2 z z 2 

7 + - = •• • z 2 + z 1 + 2 + - + — H-, 1 < |z| < 2 . (5.6-2) 

z — i 2 — z 24 ' 

The ring-shaped domain 1 < |z | < 2 is the intersection of the sets of points where 
the two series used in the calculation are valid. Note that z appears raised to both 
positive and negative powers and we do not have a Taylor series. 

What we have in Eqs. (5.6-1) and (5.6-2) are special cases of a new kind of 
series, the Laurent series J that we define as follows. 


DEFINITION (Laurent Series) The Laurent series expansion of a function 
f(z) is an expansion of the form 

00 

f(z) = ^ c„(z-zo) n = -hc_ 2 (z-zo)“‘ 2 + c_i(z-zo)“‘ 1 

" = -°° + CO+ ci(z-*<)) + •••, (5.6-3) 

where the series converges to f(z) in a region or domain. • 

Thus a Laurent expansion, unlike a Taylor expansion, can contain one or more 
terms with (z — zo) raised to a negative power. It can also contain positive powers 
of (z - zo). 

Examples of Laurent series are often obtained from some simple manipulations 
on Taylor series. Thus 

u 2 

e u = \ + u + — +•••, all finite u. 

Putting u = (z — l) -1 in the preceding equation, we have 


? 1/(Z-1) = I + ( z _ !)-i + 


! (z - 1) 2 (z - 1)' 


. z/1. 


2! 3! 

We can reverse the order of the terms on the right to comply with the form of 
Eq. (5.6-3) and obtain 

«■/<*-■> = . - ■ + - (Z ~ ]) - + - (Z ~ - + (Z ~ ' r ‘ + 1. z*\. (5.6-4) 

3! 2! 1! 

This is a Laurent series with no positive powers of (z — 1). Multiplying 
sides of Eq. (5.6-4) by (z — l) 2 , we have 

(z- l)V/fe-i) = (z ~ l ) 1 + l + (z -i) + (z-l) 2 , z 7 ^ 1 (5-6- 5 ) 

This is a Laurent series with both negative and positive powers of (z — !)• 


^This series is named for the first person to present it: Pierre Alphonse Laurent (1813-1854), a F renC ^„y 
His work was disclosed by Cauchy in 1842. Laurent served in the Engineering Corps of the French ^ 
and worked on the enlargement of the port of Le Havre. He should not be confused with another 
mathematician, Matthieu Paul Hermann Laurent (1841-1908), who also worked with complex series an j 
wrote a book called Traite des Series. m 
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\ 

f A knowledge of Laurent series is necessary for an understanding of the calculus 
f residues. Residues, treated in Chapter 6, are an invaluable tool in the evaluation 
ii many types of integrals. 

In section 5.8 of this chapter another use of Laurent series is given. The z 
'transformation, used in applied mathematics and various branches of engineering, 
based directly upon the Laurent series representation of an analytic function, 
lifter finishing this section the reader may wish to turn to section 5.8, where various 
iroperties of the transformation are developed and applied. 

What kinds of functions can be represented by Laurent series, and in what region 
f the complex plane will the representation be valid? The answer is contained in 
following theorem, which we will soon prove. 


HEOREM 18 

domain n < \z 
ansion 


8 (LaurenFs Theorem) Let f(z) be analytic in D, an annular 
z — zq\ < r 2 . If z lies in D, f(z) can be represented by the Laurent 


|z) = 2 - z °y i = 


e coefficients are given by 


+ c- 2 (z-zo) 2 + c-i(z-zq) 1 
+ Co + Cl (z - zo) + c 2 (z - Zo) 2 + • ■ 


(5.6-6) 


(5.6-7) 


" 2mJc( z - Z0 )n+i-’ 

ere C is any simple closed contour lying in D and enclosing the inner boundary 
= r \. The series is uniformly convergent in any annular region centered at 
and lying in D. • 

The theorem asserts that if f(z) is analytic in a “washer-shaped” domain, like the 
| shown in Fig. 5.6-1, then it can be represented by a Laurent series throughout 
domain. The coefficients can be found by a line integral (see Eq. 5.6-7) taken 
un d a loop C, such as the one shown in the figure. 

For simplicity we consider a proof in which zq is zero; that is, we seek an 
ansion in an annulus centered at the origin. The annulus, having inner and outer 
} r \ and r 2 , is shown in Fig. 5.6-2(a). 

.Now, using the contour C', which lies in the annulus, we apply the Cauchy 
|ral formula. Observe that C' encloses the point z i and that f(z) is analytic on 



Figure 5.6-1 
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Figure 5.6-2 


and inside this contour. Thus 


f{z t) = r- 


f(z) 


dz. 


(5.6-8) 


2niJc' z — z i 

The portions of the preceding integral taken along the contiguous lines l\ and h 
(see Fig. 5.6-2(b)) cancel because of the opposite directions of integration. Thus 
Eq. (5.6-8) becomes 


where 


and 


IA = 


f(z\) — 1a + Ibi 

> <£ m 


(5.6-9) 

dz (5.6-10) 

r dz. (5.6-H) 

2%iJ\z\=pi z — z\ 

Note the directions for each of these two integrations. The integral l a is dealt 
in the same manner as the integral in Eq. (5.4-12) in our derivation of the Tay 
series. We have 

= J_(£ /(*) - 1 £ SW 


h 


2niJ\z\=P2 z — z\ 

><£ /(z> 


1a 


2niJ\z\=P2 Z L _ £i\ 


dz 


\z.\=P 2 


Z / 


= —(ft- 

2%i J\z 

OQ 

E c " z i’ 


z 


(t) 


dz 


(5-6- 




n =0 
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where 


InEq. (5.6-12), we require that \z\/z\ < 1 or Ui| < p 2 (since |z| = p 2 ). 

In the integral I B (see Eq. (5.6-11)), we reverse the direction of integration and 
compensate with a minus sign in the integrand. Thus 

m 


h 


_ .. m dz _±£ 

2niJlzl=pi zi - z Z 2niJ\z\=Pi 


= —<£ 
2%i J\z.\ 


z\ 1 


z 

z\ 


-dz. (5.6-14) 


{Now 


1 


1 


z 

zi 


= 1 


^1 Uu 


if 


< 1 or |z| < |zi|. 

r z i 

!• . . 

|Kns series converges uniformly in a region containing the circle \z\ = p\ (since 
jfl = Pi< 1*1 D- Usin g this series in Eq. (5.6-14), and integrating, we obtain 

ft 1 1 r r, x f , , 9 \ 

• •• \dz 


I 2mJ\z\=pi zi 


1 


* 

r 2ni J\z\=pi 


- + ( £ 

*1 Uh 

^ _2 r 


) 


f(z)dz+ h%, n z f^ + 


Sl£ 

2ni J\z.\=pi 


2 f(z)dz - 


(5.6-15) 


pwiavc muveat 
gore succinctly 


as 


aere 


ta" 

II 

c,iz\. 

Izil > Pi, 

(5.6-16) 

n=— oo 




SifL, = 

~£ 
2ni J|; 

\ m , 

- -dz, n = . 

7 -\=P\ z n+1 

.,-2,-1. 




(5.6-17) 


fits fnr mpare EqS ' ( ' 5 ' 6 ' l3) and (5- 6 —I 7 ). The former equation gives the coeffi- 
Bq 15 a IT representatlon of the integral I A (see Eq. (5.6-12)). The index n 
Es exrian • 1S /f ° or P osltlve - Equation (5.6-17) gives the coefficients for a 
leatiw bZb ^ 'l <! “ Eq - < 5 - 6 ->®)- index „ in Eq. (5.6-17) 

I s of inteuratio q " ^• T ( ' 5 ' 6_17 ^ ) are identical in form except that the 

lalvti ,! 8 ’ 316 Cirdes 0f dlfferen t radii. Observe, however, that f( z )/ z »+ l 

th r annUlar n < lzl < rz - Thus ’ b y the Principle of 

13 ) L rt n F t0Ur ;, ^ T 10n H X We Cai l Perf0rm the integrations in both 
K t-3) and Eq. (5.6-17) around any simple closed contour C lying in this 

^'tmmukis rClmg thC mner b ° Undary ,Zl = n ‘ The same conto nr can be used 
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Substituting series expansions, as shown in Eqs. (5.6-16) and (5.6-12), for the 
two integrals on the right in Eq. (5.6-9), we have 

OO -1 

f(z i)= c n z1+ c n z\, (5.6-18) 

n —0 n = oo 

\zi\<P2 kll>fl 


where 

c n = — £• ^-^rdz, n = 0, ±1,±2,- (5.6-19) 

" 2niJc z n+1 

We can rewrite Eq. (5.6—18) as a single summation, 

+ 00 

f(z i)= 2 CnZ "’ (5 - 6 ~ 20) 

n=~ oo 


that is valid when zi satisfies p\ < |zi| < Pi- Since p\ can be brought arbitrarily 
close to r\ and pi arbitrarily close to r 2 (see Fig. 5.6-2) this restriction can be relaxed 
to r\ < |zi | < n. Replacing z\ by z in Eq. (5.6-20), we find that we have derived 
Eq. (5.6-6) for the special case zo = 0. A derivation valid for an arbitrary z 0 is 
developed in Exercise 19 of this section. 

The M test (see Theorem 7) can be used to study the uniform convergence 
of each series on the right in Eq. (5.6-18). It is easily established that the overall 
series shown in Eq. (5.6-20) is uniformly convergent in any closed annular region 
contained in, and concentric with, the domain r\ < |z| < n (see Fig. 5.6-2). Just as 
is the case for a Taylor series, the uniform convergence of a Laurent series permits 
term-by-term integration and differentiation. New series are obtained that converge 
to the integral and derivative, respectively, of the sum of the original series. 

The imaginative reader may compare Eq. (5.6-19) with the extended Cauchy 
integral formula (see Eq. (4.5-15)) and conclude that the coefficients for our Laurent 
series with zo = 0 are given by 


Cn 


f {n) ( 0) 

nl 


for n > 0. 


( 5 . 6 - 21 ) 


In fact, this very step was taken in the derivation of the Taylor series (see Eq. 5.4-1 )• 
This manuever is not permitted here. The Cauchy integral formula and its extension 
apply only when /(z) in Eq. (5.6-19) is analytic not only on C but throughout its 
terior. We have made no such assumption concerning /(z) • Our derivation admits 
possibility of /(z) having singularities inside the circle z| = r\ in Fig. 5.6-2. }\ z 

were analytic throughout the disc |z| < ri, as well as in the annulus r\ < C ' < 
shown in Fig. 5.6-2, then co, ci, c 2 , ... would indeed be given by Eq. (5-4 ^ 
Moreover, according to Eq. (5.6-19) and the Cauchy integral theorem, the co ^ 
ficients c_i, c_ 2 , ... would be zero. A special kind of Laurent series, name^ 
Taylor expansion of /(z), is obtained. The preceding discussion is easily alters 
deal with Eq. (5.6-7); in other words, that integral, in general, is not f n (zo)/ n :^ 
Although the coefficients in a Laurent expansion can, in principle, be deriv 
from Eq. (5.6-7), this formula is rarely used. In practice, the coefficients are obta1 ^ 
from manipulations involving known series, as in the derivation of Eq. (5.6-4), j 
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with partial fraction decompositions. The techniques are illustrated in the following 
examples. A useful corollary to Theorem 18, which we will not prove, is that in 
a given annulus the Laurent series for a function is unique. Hence, if we find a 
Laurent expansion of f(z) valid in an annular domain, we have found the only 
Laurent expansion of f(z ) in this domain. We will learn from Examples 2 and 3 in 
this section that a given f(z ) can have different Laurent expansions valid in different 
annuli sharing the same center z () . 

A discussion of Laurent series and of analytic functions sometimes involves the 
notion of an isolated singular point, which is defined as follows: 


DEFINITION (Isolated Singular Point) The point z p is an isolated singular 
■point of f{z) if f(z ) is not analytic at z p but is analytic in a deleted neighborhood 
[of Zp- ( • 


Forexample, l/[(z — l)(z — 2) 3 ] has isolated singular points at z = 1 andz = 2 
since we can find a disc, centered at each of these points, in which this function is 
everywhere analytic except for the center. 

Let a function f(z) be expanded in a Laurent series involving powers of (z — za ), 
iyhere z o happens to be an isolated singular point of f(z). We can find a series 
pat converges to f(z) in an annular domain centered at z o- The inner radius r\ of 
lie domain can be made arbitrarily small but cannot be made zero since the point 
1 must, according to Laurent’s theorem, be excluded from the domain. A series 
^presentation in such a domain (a disc with the center removed) is valid in a deleted 
eighborhood of za- An instance of this occurs in Example 3 below. In our work on 
|sidues in the next chapter, we will be especially concerned with such series. 

Finally, if f(z) is analytic at all points in the z-plane lying outside some circle, 
fen it is possible to find a Laurent expansion for f(z) valid in an annulus whose 
|||ter radius r 2 is infinitely large. Equation (5.6-4) shows this possibility. Here we 
ve a Laurent series expansion that is valid in a deleted neighborhood of z = 1. The 
ter radius of the domain in which the expansion holds is infinite. 


PLE1 Expand 


/(*) = 


1 


z 3 


1 Laurent series in powers of (z — 1). State the domain in which the series con- 
gesto/( z ). 

||frwn. Noting that f(z) has its only singularity at z = 3, we see that a Taylor 
LPS representation of f(z) is valid in the domain |z — 1| <2 (see Fig. 5.6-3). 
|°rding to Theorem 18, with zo = L we can represent f(z) in a Laurent series in 
Jjlomain |z — 11 >2. We proceed by recalling Eq. (5.5-16a), 

1 9 

--= 1+ «; + «/ + ..., |u,| < i. (5.6-22) 

1 — w 


Viz - 1 ) 


(z - 1) - 2 1 - 2/ (z - 1) • 


(5.6-23) 



286 Chapter 5 Infinite Series Involving a Complex Variable 

i Laurent series applies 



Comparing Eqs. (5.6-22) and (5.6-23) and taking w = 2/(z - 1), we obtain our 
Laurent series. Thus 


1 

z — 3 


1 

(z - 1) 


1 + 


2 

(z - 1) 


4 


= (z — l)' -1 + 2(z — l) -2 +4(z — 1) 3 + ---- 

The condition |m| < 1 inEq. (5.6-22) becomes |2 /(z - 1)| < 1, or |z - 1| > 2. We 
anticipated that our Laurent series would be valid in this domain. • 


EXAMPLE 2 Expand 

1 

/(Z) - (z + l)(z + 2) 

in a Laurent series in powers of (z — 1) valid in an annular domain containing the 
point z = 7/2. State the domain in which the series converges to f(z). Consider also 
other series representations of f(z) involving powers of (z — 1 ) and state where they 
are valid. 

Solution. From Theorem 18, we know that a Laurent series in powers of (z ~~ -0 
is capable of representing f(z) in annular domains centered at zo = I • Ref er 
Fig. 5.6-4. Since f(z) has singularities at -2 and - 1 , we see that one such domain 
is D\ defined by 2 < \z — 1| < 3, while another is Z >2 given by \z — 1| > ' 
Taylor series representation is also available in the domain O 3 described by |z \ 

2. Since z = 7/2 lies in D\, it is the Laurent expansion valid in this domain 
we seek. 

We break f(z) into partial fractions. Thus 

1 _ 1_J_ (5.6- 2 ^ 

(z + l)(z + 2) _ (z + 1 ) (z + 2)' 

Because we wish to generate powers of (z — 1), we rewrite the first fraction as 

1 _ 1 1/2 (5.6-25) 

z + l~ (F^H 7 ^ 1 + (z - l )/2 
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or, alternatively, as 

jj _L = 1 = i/(z -1) 

| z + l (z- l)+2 l + 2/(z- 1)' 

Recall now Eq. (5.5- 16b): 


(5.6-26) 


= l~w+w 2 -w 3 -\ -, |< 1 . 


1 + w 


ith w= (z- l)/2, we expand Eq. (5.6-25) to obtain 

|z + 1 _ 2 [ 2 + “'J lf — < lor ^-H <2- 

| ( 5 - 6 - 27 ) 

|ing w = 2/( z - 1), we can expand Eq. (5.6-26) as follows: 

I. __ 1 [ 2 4 

(z- 1) + (z- l) 2 

~( z ~ l ) 1 ~2(z- 1)~ 2 + 4(z - l) -3 - • • • if —< 1 or \z - 1| > 2. 

Z (5.6-28) 

^ expressed 1/(z + 1) as a Taylor series and a Laurent series, both in powers 

a ^ ^ s * rn ^ ar P roce dure can be applied to the remaining partial fraction in 
0-24). Thus, with w = ( z - l)/3, 

z + 2 ~ (z 2 - l) + 3 = i | | z- l j 

_ 1 [ 1 (z 1) , (z l) 2 

- ~3 1 -3- 1 -9-> lz 11 < 3 


(5.6-29) 
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and, with w = 3 /(z — 1), 

1 -1 


z + 2 


= -l/(z- 1) 
(z — 1) + 3 1 + 3/(z — 1) 


z — 1 


1 - 


+ 


(z - 1) (z - l) 2 


= -(z -m 1 + 3 (z -1 r 2 - 9(z -1r 3 + ■ ■ •, u - ii > 3 . 

( 5 . 6 - 30 ) 

In the domain D\, the series in Eqs. (5.6-27) and (5.6-30) are of no use 
However, the series in Eqs. (5.6-28) and (5.6-29) converge to their respective 
functions in this domain. Using these equations, we replace each fraction on the 
right in Eq. (5.6-24) by a series and obtain 


= (z - 1) -1 - 2 ( z - ir z +4(z - i)- j - ■ 


-2 


{z + I)(z + 2) 


l ~—11 >2 


(5.6-31) 


lz—1|<3 

which, when written more succinctly, reads 


1 


+oo 


(z + l)(z + 2) 


= 2 


where 


and 


Cn ~\ 3 


n+l 


n > 0, 


Cn = (-1) 


n+lrx— n~ 1 


n < — 1. 


(5.6-32) 


(5.6—33a) 


(5.6-33b)i 


We see from Eq. (5.6-31) that the Laurent series in Eq. (5.6-32) is compose 
two series that simultaneously converge to their respective partial fractions only®! 
the annulus 2 < |z — 11 < 3. 

Comment. A Laurent series expansion of f(z) in the domain \z — 1| > 3> 

Z> 2 , is possible. We represent the partial fractions in Eq. (5.6-24) by the series s 
in Eqs. (5.6-28) and (5.6-30). Both are valid in Z> 2 - Adding these series, weI 

-2 

= ^ C n (z- 1)", U — 1| > 3, 


1 


where 


(z + l)(z + 2) 


Cn = (-1)"[3 _ " _1 - 2~” _1 ], n = 3,-2. 
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|XAMPLE3 

I 

fe 


Expand 


f(z) = 


1 


z(z - 1) 

in a Laurent series that is valid in a deleted neighborhood of z = 1. State the domain 


throughout which the series is valid. 

M 

Solution. Observe that f(z) has singularities at z = 1 and z = 0. The annulus 
<; \z — 1 1 < 1 i s the largest deleted neighborhood of z = 1 that excludes both 
Angularities of f(z)- Hence we take zo = I in Theorem 18 and seek a Laurent 
Ipansion in powers of (z — 1) . Decomposing f(z) into partial fractions, we obtain 


■ '~M _ 1 1 

z(z — 1) Z Z — 1 


(5.6-34) 


iis equality breaks down at z — 0 and z = 1. The second fraction, (z - 1) 1 , is 
ready expanded in powers of (z — 1). It is a one-term Laurent series. No other 
|pansion of this fraction in powers of (z — 1) is possible. For the fraction —l/z, 
: have the choice of two series containing powers of (z — 1). Thus 

1 _1 = (1 (z 1) + (z l) 2 ■ ■ ■ )> |z - 1[ < I, 


2 I + (Z - I) 


(5.6-35) 


| = ~l/(z-l) = 

m l+l/(z-l) U 



(5.6-36) 


jig Eq. (5.6-35) on the right in Eq. (5.6-34) to represent — l/z, we get 
1 


z(z - l ) 

p>re neatly, 

1 


= - I + (z — 1) — (z 



z(z - 1) 


= Z (~l) n+l (z- l) n , 0 < u — 1| < 1. 


n——l 


fnt. Had we used Eq. (5.6-36) instead of Eq. (5.6-35) to represent — l/z 
|nght in Eq. (5.6-34), we would have obtained the Laurent expansion 
1 


z(z - 1) 


= (z -1 r z - (z - 1 r j + (z-1 r 4 - 


pansion is valid in the same annulus as the series in Eq. (5.6-36), that is, 
I, which is not the required deleted neighborhood of z = 1. • 

preceding examples have shown how to obtain Laurent expansions when 
Jp n to be expanded is a ratio of polynomials. In Eqs. (5.6-4) and (5.6-5) 
||d how the transcendental function (z — l) 2 e 1/ '( z ~ 1 ) could be expanded 
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in a Laurent series about z = 1 if we make a change of variable in the Maclaurin 
expansion of e z . Laurent series for transcendental functions are sometimes obtained 
either by division of Taylor series or by a recursive procedure equivalent to series 
division, as in the following example. 


EXAMPLE 4 Expand 1/ sin z in a Laurent series valid in a deleted neighbor¬ 
hood of the origin. Where in the complex plane will your series converge to this 
function? 


Solution. Recall that sin z = 0 is satisfied when z = 0, ±7i, ±271,_Thus z = Q 

z = —7t,andz = n are isolated singular points of 1 / sin z. A Laurent expansion of this 
function, employing powers of z, is thus possible in the punctured disc 0 < |z| < n 
We seek a series expansion of the form 1/ sin z = £^L-oo c n z n . It is helpful to 
now show that many of the coefficients in the series are zero. Note that 


z 

sinz 



• ■ + C_3Z 2 T" C— 2 Z 1 + C _1 + Coz + Ciz 2 H-. 

(5.6—37a) 


Now from L’Hopital’s Rule, we have 


lim —— - lim-= 1. 

z^osinz z^ocosz 


If the series on the right in Eq. (5.6-37a) is to produce this same limit, we require 
that c_ 2 , c - 3 , C— 4 , ... all be zero. Otherwise, the terms C- 2 Z~ X , c_ sz7 2 , c_ 4 .L 3 , 
etc., on the right would become infinite as z —> 0.’ 

Having eliminated all c n for n < —2, we have 


—— = c_iz 1 + co + ciz + C 2 Z 2 H-, 0 < |z| < n. 

sin z 

We now follow the recursive procedure described in section 5.5 to obtain the above 
coefficients. Multiplying both sides of the preceding equation by sin z and using the 
expansion sin z = z — z 3 /3! + z 5 /5! + ■ ■ •, we have 

l = + -j (C-lZ^ 1 + C 0 + CiZ + C2Z 2 + C3Z 3 H-)■ 

Now multiplying the series on the above right and equating the coefficients of th e 
various powers of z to the corresponding coefficients on the left, we find 


1 = C —1 

0 = c 0 
0 = ci — 


[z° term], 
[z 1 term], 

c -i c_2, 

3! 


[z 2 term], 


- (\ n ^ ' 

t The preceding argument is rather loose, lacking in rigor. For a convincing demonstration that c n = u ’ '5 

expand = - J- ; in a Maclaurin series by series division, where the method of ExafflP 

~~h t + ~‘ 


section 5.5 is used. Singularities in functions, such as the one we have here at z = 0, are dealt with n 10 ^ 
in section 6.2 under the heading of removable singularity. 
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U = C2 ' 3! 

„ c ’l , C -! 

0 = C3 " 3! + IT 


[z 3 term], 


[z 4 term], 


'rom the preceding it becomes apparent that the coefficients of all even powers, 
c 4 , .... are zero. For the odd coefficients, c_i = 1, c\ = 1/6, C 3 = —1/5! + 
1/3!)/ 3 ! = 7/360. A general formula for any odd coefficient is given in Exercise 23. 
us we have 


= - + 

Z-'' 


z 7z 
6 + 360 + ‘ ‘ 


(5.6-37b) 


In Figure 5.6-5, we have plotted an approximation to | obtained by our 
ling the first five terms in the Laurent expansion of i.e., we have graphed 
+ co + ciz + C2Z 2 + C3Z 3 \ for the domain 0 < \z\ < n. For comparison, we 
Ive plotted in Figure 5.6-5 the function | |. Both figures show the steep rise as 

Ois approached; note, however, that the approximation is incapable of displaying 
jbsingularities in Jp; at z = ± 71 . The series approximation rises only gently as we 
roach these two values of z but would rise more steeply if we chose to use more 
s in the series. However, it is clear that any truncated version of the Laurent series 
ployed here is not a particularly useful approximation to near these two points, 

jpiapter 9, we study approximations, other than Laurent series, that are especially 
ful for functions like pp-; that have an infinite number of singular points. 
merit. The Laurent series in Eq. (5.6-37b) converges to 1/ sin z in domain Z>i 
in Fig. 5.6-6. From the location of the singularities of 1/ sin z, we see that it 


Five Tend Laurent Series Approx : 
■ to 11/sin .-) 



Figure 5.6-5 
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(b) 

Figure 5.6-5 (Continued) 



should be possible to obtain another Laurent series, in powers of z, va ^ 
the same figure; i.e., 


1 


sin z 


= ^ d n z r 


n < |z| < 2it. 


i the domain D3 described by ^ , 
. each van 


tt = —00 

Similarly, there is a third Laurent series valid in _ 

|z| < 371. In fact, an infinite number of such Laurent senes are posable 
in a different annular region centered at the origin. The coefficients ^ fo t 
series cannot be obtained by a straightforward division of the Maclaunn 
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sin z, as was just done in this last example. We will postpone the problem of finding 
the Laurent series in each ring until we consider the subject of residues in the next 
chapter. In principle, we could find each coefficient by an application of Eq. (5.6-7), 
but for now we see no easy way to evaluate these integrals. • 


EXERCISES 


Obtain the following Laurent expansions. State the first four nonzero terms. State explicitly 
the nth term in the series, and state the largest possible annular domain in which your series 
is a valid representation of the function. 


sinhz , ,. 

1 . -expanded in powers ot z 


cos(l/z) 

2.---expanded in powers or z 


3. sin ^1 + 

4. Log[ 1 + 


1 


z - 1 

1 


1 


expanded in powers of z — 1 
expanded in powers of z — 1 


Hint: Make a change of variable in Eq. (5.3-8). 

n 7 

s 5. I z H— expanded in powers of z (Give all the terms.) 

z 


iobtain the indicated Laurent expansions of ^L,. State the nth term of the series. 
m 6. An expansion valid for |z| >1 7. An expansion valid for ]z — i] > 2 


Expand the following functions in a Laurent series valid in a domain whose outer radius is 
pifinite. State the center and inner radius of the domain. Give the nth term of the series. 

l/(z — 1) expanded in powers of z + 3 
1 /(z + 2) expanded in powers of z — i 
z /(z — i) expanded in powers of z — 1 


i»> Consider f(z) = 1 /[z(z — l)(z + 3)]. This function is expanded in three different 
Laurent series involving powers of z. State the three domains in which Laurent series 
are available. 

I 1 ) Find each series and give an explicit formula for the nth term. 


■ the following functions, find the Laurent series valid in an annular domain that contains 
[Point z = 2 + 2i. The center of the annulus is at z = 1. State the domain in which each 
|es is valid, and give an explicit formula for the nth term of your series. 

1 13. /(z) = 1 . 1 


iAz): 


z(z - 2) 


f(z) = 


Z — l 

z - 1 


16- f(z) = 


z(z - 4) 
1 


(z - l) 3 


1 

H— 
z 


14. /(z) = 
17. /(z) = 


(z- l)(z-3) 
1 r 

-L 7^ 

(z-1) 3 
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18. The exponential integral E\ (a) is defined by the improper integral 

C°° €~ X 

E\(a) = I - dx, a > 0. 

Ja x 


Thus 


r b e~ x 

E\ (a) — Ei (b) = I - dx. 

Ja X 

Use a Laurent expansion for e~ z /z and a term-by-term integration to show that 

b — cP b~* — cP 

Ei (a) - E x (b) = Log -~(b-a) + --- + ■■■. 

w B a y 2 (2!) (2) (3!)(3) 

19. A derivation of Laurent’s theorem was given for the case zo = 0. Derive this theorem for 
the more general case where zo is not necessarily 0. 

Hint: Redraw Fig. 5.6-2 with all circles centered at zo / 0. Notice that 


f(z 


i) = 


f(z)dz 


2ni J\z-zo\=P 2 (z - zo) - (zi - zo) 
1 X f(z)dz 


2niJ\z-zo\=Pi (zi - zo) - (z - zo) 


Now expand each integral in either positive or negative powers of (zi — zo)- 

20. Explain why Log z (principal branch) cannot be expanded in a Laurent series involving 
powers of z. 

21. Explain why (sin z) /z 1/2 cannot be expanded in a Laurent series valid in a deleted neigh¬ 
borhood of z = 0. Use the principal branch of z 1 ^ 2 - 

22. Obtain the Laurent expansion of z 1,/2 /(z — 1) valid in a punctured disc centered atz = 1- 
Give an explicit formula for the nth term, and state the maximum outer radius of the disc. 
Use the principal branch of z 1//2 . 

Hint: Use the result contained in Exercise 29(a) of the previous section. 

23. a) Extend the work of Example 4 to show that in the expansion 

-— = y c n z n , o < izi < 7t, 
sin z * 


we can get c n from the recursion formula 

[ Cn—2 C n —4 


Cn 


3! 


5! 


+ ^ + ...± 

7! 


c -1 


(n+2)!j 


when n is odd. Recall that c n = 0 if n is even and that c_i = 1. 

b) Find c$ for the series. ^ 

c) Consider the Laurent expansion a n z n forO < |z| < 7i. Find, by 016 ^ 

of a change of variable, the simple relationship between coefficients a n an ^ Cn 
part (a). 
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d) Derive a recursion formula like that given in part (a) for the a n coefficients. Proceed 
as we did in Example 4. 

e) Using MATLAB, obtain figures like those in Figs. 5.6-5 and (b) so that one can 
compare with a five-term Laurent expansion approximating this function. Use 
the domain 0 < |z[ < n as in the previous figures and a five-term Laurent series. 

24. Consider the expansion 1/Log z = Y,T=-m c n(z - 1)", 0 < |z - 1| < r. 

a) Using the method of Example 4 show that m = 1. 

b) Find r (maximum value). 

c) Find a recursion formula for the nth coefficient c n like that given in Exercise 23. What 
is c_i? What is a,T> 

25. a) Obtain the expansion 

B 0 B 2 2 2 z 

cot z =- - + 

z 2! 

| t \ -7 "7^ 

u = _ 

Z 


B 4 2V 
4! 


B 6 2 6 z 5 


6 ! 

0 < Izl < it. 


Z Z ZZ~ 

3 ~ 45 ' 945 

where B„ are the Bernoulli numbers defined in Exercise 27 of the previous section. 
Hint: Replace z in that problem with 2iz. 

b) Check the first three terms of the preceding result by multiplying the Maclaurin series 
for cos z by the Laurent series in Eq. (5.6-37b). 
p6. One way of defining the Bessel functions of the first kind is by means of an integral: 

-•-Hi 


i r +n 

J n (w) = — cos(nO — wsin 9)d9, 

271 v_/ - 7T 


where n is an integer. The number n is called the order of the Bessel function. There is 

a connection between this integral and the coefficients of z in a Laurent expansion of 

e w[z-Ui)/2_ 

Kf Let 

+oo 


>/2)(z-r I ) 


= E «"■ 

n=—oc 


|z| > 0. 


Show using Laurent’s theorem that 


C n = J„{w). 


(5.6-38) 


(5.6-39) 


tHint: RefertoEq.(5.6-7).Takeasacontour |z| =- 1. Make a change of variables to polar 
P coordinates (z — e’ e ). Then use Euler’s identity and symmetry to argue that a portion of 
Tyour result is zero. 

The expression e( u '/ 2 )C _ z ‘) i s called a generating function for these Bessel 

|fitnctions. 

®) R efer to Eqs. (5.6-38) and (5.6-39). Show that 

(-l) k (w/2) n+2k 

k=0 


•fn(tw) = J] 


k'.(n + k)\ 


n~ 0,1,2,... 


^ The left side of Eq. (5.6-38) is e wz H e Multiply the Maclaurin series for 

Uhe first term by a Laurent series for the second term. 
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b) Let w be a real variable in the preceding. Consider the Bessel function /o(uj), 
which we will try to approximate using three different Mh partial sums in the series 
derived above. Using MATLAB, plot on one set of axes these sums for the cases 
N = 11, 12, and 15 for the interval 0 < w < 10. (You may wish to reindex the sum.) 
Notice the rather significant differences. Bessel functions are built into MATLAB and 
there is not usually a need to use series approximations. Plot on the same axes To(uj) 
for 0 < w < 10 using the MATLAB supplied function, and compare it with the three 
partial-sum approximations. 

5.7 Properties of Analytic Functions Related to Taylor 
Series: Isolation of Zeros, Analytic Continuation, 
Zeta Function, Reflection 

In this section, we will consider a few of the many properties of analytic functions 
related to their power series expansions. For the most part, these properties were 
selected because of their usefulness; in addition, we will learn about the Riemann 
zeta function, which, while it has no obvious application, is of great interest to 
mathematicians and a topic of current research. 

Isolation of Zeros 

Suppose the function /(z) satisfies f(zo) = 0. We say the z.o is a zero off(z). Thus 
the zeros of z 2 + 1 are at ±i, while the zeros of sin z are at nn, n is any integer. 

An isolated zero of /(z) is one that has the following property. 

DEFINITION (Isolated Zero) If f(zo) = 0, zo is said to be an isolated zero of 
f{z) if there exists a deleted neighborhood of zo throughout which f(z) 0. • 

Thus f(z) = (z — l)(z - 3) has an isolated zero at z = 1 since any punctured 
disc centered at z = 1 with radius less than 2 will be a domain in which /(z) # 0- 
There is also an isolated zero at z = 3. 

If a function is analytic at zo, and if /(zo) = 0, we can make this generalization: 
either zo is an isolated zero of /(z) or /(z) = 0 throughout a neighborhood of zo. F° r 
our proof, we notice that since /(z) is analytic at zo, we have a Taylor expansion: 

OO 

f(z) = ^ C n (z - zo)" = Cq + Cl(z - zo) + C2 (z - Zo) 2 H-• 

n =0 

Since /(zo) = 0, we require cq = 0. Now it is possible that c\ = 0, C 2 = 0, etc. If ^ 
the coefficients c„(n =0,1,..., oo) are zero, then the Taylor series representation 
of/(z) about zo is zero, and according to Theorem 15, section 5.4, andEq. (5.4- 
f(z) must be zero throughout a disc of nonzero radius centered at zo- 

Suppose, however, that not all the coefficients are zero. Let c m be the first nonze 
coefficient in the series. Thus f <m Hzo) t- 0, and we have 

f(z) — c m (z — zo) m + C m +\(z — zo) m+1 + • • • • 

We now factor out (z - zo) m on the right and get 

/(z) = (z -zo) m 4>(z), (5- 7 " 1) | 
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.where 


4>(z) — c m + c m+ i(z — zo) + • • • — Cn ( z z °y 


(5.7-2) 


Note that 4>(zo) = c m 0. This leads us to the following. 


DEFINITION (Order of a Zero) Let m be an integer > 1. A function /(z) that 
|g 5 0 th analytic and zero at zo and has throughout a neighborhood of zo the form 
z _ zo)' n 4>(z), where <p(zo) ^ 0, has a zero of order m at zo- • 

We have shown that when /(zo) = 0 the order of the zero is the index of the 
irst nonvanishing coefficient in the Taylor expansion of /(z) about zo- Of course, if 
f(zo) 7 ^ 0 it makes no sense to define the order of the zero. 

If' The function <f(z) of Eq. (5.7-1) has a Taylor series expansion about zo (see 
Eq. (5-7-2)) and is therefore analytic and hence continuous at zo- Thus, given an 
IE > 0, there must exist a neighborhood of zo, say, |z - Zol < S, throughout which 

V \4>(z) - 4>(zo)\ < £. (5.7-3) 

f 

|he reader may wish to review the concept of continuity in section 2.2.) 

Suppose now in Eq. (5.7-3) we choose e = ]</>(zo)/2|. Thus there exists a 
|ighborhood of zo in which 

\<Kz) - 0(zo)| < \4>(zo)/2\. (5.7-4) 

jjis clear that (j>(z) 0 throughout this neighborhood, because if <p(z) = 0, then 

|. (5.7-4) would require that ]— </>(zo)| < |c/>(zo)/2| at some point—an impossi- 
ity. 

I In this same neighborhood we have /(z) = (z - zo) m 4>(z). Since 4>(z) -fc 0, it 
fiows that zo is the only zero of /(z) in the neighborhood. The preceding argument 
Buired that not every coefficient in the Taylor expansion of /(z) about zo be zero, 
ing into account this possibility, and recalling its consequences, we have the 
|0wing. 

iOREM 19 (Isolation of Zeros) Let/(z) be analytic at zo, and let f(zo) = 0. 

||n either there is a neighborhood of zo in which /(z) = 0 is satisfied only at zo, 
ttere is a neighborhood of zo in which f(z) = 0 everywhere. • 

|Recall that the latter possibility in this theorem holds only when f(z) and all its 
tatives vanish at zo. Thus a zero of f(z) at zo is isolated unless there is a disc 
wredat zo in which f(z) = 0 everywhere. The radius of this disc is determined 
|e distance from zo to the nearest singular point of /(z). 


PLE1 Give the location and order of the zeros of /(z) = sin(l/z). Show 
fcch zero is isolated. 


,n - We know that the solutions of sin z — 0 are z = nit, where n is any integer 
[ction3.2,Exercise 16).Thus sin(l/z) = 0 forz = 1/frni), n = ±1, ±2, .... 
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As n increases in magnitude, the zeros of sinfl /z) become increasingly close to 
z = 0, as shown in Fig. 5.7-1. At z = 0, sin(1 /z) is undefined and thus not analytic. 

Consider a zero at l/(nit), where n > 2. The two closest neighboring zeros are 
at 1 /((n — l)n) and 1 /((n + l)it), of which the latter is closest to l/(nn) (this i s 
easy to prove). Thus a neighborhood of l/(nit) having radius <5, where <5 < 1 /(nn) - 
1 /((?? + 1)ji) is one in which sin(l/z) = 0 is satisfied only at the center. A similar 
discussion applies to zeros at l/(nn), n < —2, and also to zeros at ±1/ it. 

Notice that f'(z) = — z~ 2 cos(l/z) and that f'(l/(nit)) = — (nn) 2 cos(nn) == 
— (nn) 2 (~l) n , which is nonzero. Since the first derivative of sin( 1 jz) is nonvanishing 
at the zeros of sin(l/z), it follows that the zeros are all of first order. 

It is interesting that every neighborhood of the origin contains zeros of sinf 1/z)- 
thus sin(l/z) = 0 somewhere in every disc centered at z = 0. Indeed, the origin is 
a limit point (this term is defined in section 1.5) of the set of zeros of sin(l/z). This 
does not contradict our assertion that the zeros of sinf 1 /z) are isolated. The point 
z = 0 is not a zero of sin(l/z) but rather a singular point of this function. % 

A relationship such as sin 2 x = 1/2 — 1/2 cos(2.r), which we already know is 
valid when x is real, can, with the aid of Theorem 19, be shown to be true throughout 
the complex plane, i.e., sin 2 z = 1/2 — l/2cos(2 z). 

Consider F(z) = sin 2 z+ 1/2 cos(2z) — 1/2. When z = x, we know that F(z) = 
0. Thus F(z) = 0 all along the real axis. The zeros of F(z) on the real axis are thus not 
isolated. Hence, from Theorem 19, each point on the real axis has a neighborhood 
throughout which F(z) = 0. Expanding F(z) in a Taylor series about such a point, 
we find that every coefficient vanishes. Because F(z) is analytic throughout the 
complex plane, this Taylor series, which converges to F(z), is valid everywhere 
in the complex plane. Thus F(z) = sin 2 z + l/2cos(2z) — 1/2 = 0 for all z, and 
therefore sin 2 z = 1/2 — 1/2 cos(2z) for all z. 

We have shown that the form of the equation sin 2 x = 1/2 — l/2cos(2x) is 
preserved (i.e., is still valid) when x is replaced by z. It is apparent that other rela¬ 
tionships can be extended in this way from the real axis into the complex plane, and 
we have the following self-evident corollary to the preceding Theorem. 



Figure 5.7-1 
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COROLLARY TO THEOREM 19 If two entire functions f(z) and g(z) are equal 
everywhere along a segment of the real axis a < x <b, then f(z) and g(z) will be 
equal everywhere in the complex plane. • 


Analytic Continuation 

Suppose we are given a function f(z) that is analytic at a point zq. The function 
Is not described by a simple formula like sin z or e z but instead is given by a 
convergent power series involving powers of (z — z.q). We know that this series 
c n (z, — zo) n = f(z) will converge inside a disc centered at zq whose radius 
is determined by that singularity of f(z) lying closest to zq. 

In Fig. 5.7-2(a), we show this disc, which we call region R. For any z lying in 
R we evaluate f(z) by summing all the terms in the infinite series. The disc-shaped 
region R\ depicted in Fig. 5.7-2(b) lies partly inside and partly outside R. Is it 
possible to find a function g(z) that is analytic in R i and has this additional property: 
'for each z belonging to both 1 R and R \ , the function g(z) assumes the same values 
as f(z) ? Often the answer is yes. Under these circumstances, we say that g(z) is an 
j analytic continuation of f(z) into the region R\. 

| As an example of an analytic continuation, we are given a function f{z) defined 
tby a series: f(z) = 1 + z + z 2 + ■ ■ ■■ Application of the ratio and nth term tests 
fshows that the series converges for |z| < 1 and diverges for \z\ > 1. Thus f(z) is 
aalytic inside a unit circle centered at the origin. Is there an analytic continuation of 
f(z) beyond this circle? We should recognize that our power series is the Maclaurin 
bqaansion of 1/(1 — z). Since 1/(1 — z) agrees with our given f(z) for \z\ < 1 and 
is analytic for z 5 *= 1 , it is apparent that 1/(1 — z) is the analytic continuation of 
f(z) into the entire complex plane with the point z = 1 deleted. Thus for the present 
|p m ple g(z) =1/(1 - z). 


R' (inside this circle) 



R inside 
this circle 


(inside this circle) 



(b) 


Figure 5.7-2 


t e va lues of z lie in the intersection of R and R\ (see Exercises 19—22, section 1.5). 
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We were fortunate in this example that we could find an analytic continuation of 
f(z) by recognizing that the given series has sum 1/(1 — z). If we cannot establish a 
closed-form expression (“a formula”) for the sum of the series, analytic continuation 
may still be possible. Refer now to Fig. 5.7-2(a). Suppose we are given f(z) defined 
by means of a series in powers of (z - zo). The series is valid in R. To find g( Z ) 
we now proceed to expand f(z) in a Taylor series about zi, which lies in R; i.e., we 
obtain the series d n (z - zi)", where d„ = / w (zt)M Each coefficient d n is 
obtained by repeatedly differentiating and summing c n(z ~ z.o) n . Thus 
oo oo 

do= J]c n (zi - zo) n , di = ^ j c n n{z\-zo) n ~ l , etc. 

H=0 n= 1 

According to Theorem 15, the series Y^ = q d n (z ~ z\) n must converge to f(z) 
inside the circular region R' centered at z i and shown in Fig. 5.7-2(a). R' lies inside 
R. However, it is possible that this series will converge in the larger region R\ that 
extends beyond R as shown in Fig. 5.7-2(b). If this is the case we will define g(z) as 
£°% d n (z — z\ ) n . Recalling that a power series converges to an analytic function, 
we see that g(z) must be analytic in Ri and, as such, is an analytic continuation 
of f(z) into a region that has points lying outside R. We note that although we are 
guaranteed by Theorem 15 that g(z) agrees with f(z) for those values of z in R\ that 
also belong to both R and R', an additional proof is required to show that g(z) and 
f(z) are identical for values of z simultaneously belonging to both R i and R, but 
lying outside R' . This relatively simple proof will not be given here. 

The procedure just used may sometimes be repeated to provide an analytic 
continuation of g(z) itself. This would provide a further analytic continuation of 
f(z). Refer to Fig. 5.7-3. We select a point z.2 lying in R\ and expand g(z) in a 
Taylor series here. If this series converges in R 2 , which lies in part outside R 1 , we 
have another analytic continuation. Sometimes we can, by means of series and a 
chain of circles like that shown in Fig. 5.7-3, obtain an analytic continuation of 



inside 
this circle 


i?! inside 
this circle 


R inside 
this circle 



Figure 5.7-3 
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,f(z) into most of the complex plane. In practice, this is not done, and the analytic 
continuation of a function is performed by our using a relatively simple formula, 
as in our original example where we recognized that our given series converged to 

1/(1 -*)• 

The questions of when this “circle chain” method of analytic continuation can 
be performed and whether the functions obtained are unique (do we obtain the same 
function by approaching a region via two different chains?) cannot be dealt with 
iier e - The reader is referred to more advanced texts for their consideration.! 


(EXAMPLE 2 A student is given the function f(z) defined by the Maclaurin series 

_ z + z 2 — z 3 H-. Using the ratio test, he concludes correctly that this series 

^defines an analytic function inside jz| = I. He now seeks to expand f(z) in a Taylor 
"series about z = 1/2 and thus wants the coefficients c„ in the following: 


n— 0 


1) =/M 


l — Z + Z 


(5.7-5) 


e knows nothing about the sum of the series on the above right, but he does have 
^calculator Using c n — f (n ' l (\ /2)/n\ to obtain his Taylor coefficients, he finds that 
1 — 1/2 + 1/4 — 1/8 H— •. Summing a large number of terms, he concludes 
|bat co = 0.6666, to which he assigns the value 2/3. Differentiating Eq. (5.7-5) and 
g z = 1 /2, he obtains ci = — 1 + 1 — 3/4 + 4/8 — • • •. Again using a calcula- 
Hr he concludes that tq = —0.444, which he calls —4/9. Continuing in this way, he 
cides correctly that c n = (—1)”(2/3)” +1 . (Of course he could have obtained this 
|sult more easily had he realized that for | z | < 1 his series converges to 1/ (1 + z).) 
Sjjoes his Taylor expansion D^/ 0 (—l)”(2/3)” +1 (z — 1/2)” represent an analytic 
ntinuation of /(z), and, if so, into what region? 

dilution. Consider the function g(z) = X!^L 0 (— l)"(2/3)” +1 (z — l/2)”.Usingthe 
io test, we find that the series is absolutely convergent inside the circle [z — 1/2 [ = 
Ip. Thus g(z ) is an analytic function inside the circle C’ (see Fig. 5.7-4) and is an 
|alytic continuation of f(z) into that region. Recall that /(z) was defined only inside 
^circle C of the same figure. The analytic continuation of f(z) into \z — 1/2| < 3/2 
J/yides us with an analytic function defined in the crescent shape lying between C 
|3 C. Here f(z) is undefined. 

jwnent. Taylor series expansions about other points inside |z| = 1 can result in 
fictions defined in other crescents lying outside | z | = 1. It will be found in each case 
gt'the values assumed by each series are identical to those of the function 1 /(1 + z). 


|So far we have been concerned with finding the analytic continuation of a func- 
|jfefined by an infinite series. Recalling that an integral is the limit of a sum, it is 
surprising to us that analytic continuations of functions created by integrals are 
tble. 


J. Marsden and M. Hoffman, Basic Complex Analysis, 3rd ed. (New York: W.H. Freeman, 1998), 
16 . 1 . 
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In Chapter 7, we will be studying an important integral that creates functions, 
i.e., f°° f(t)e~ zt dt, defined as limz^oo Jq L f(t)e~ zt dt. Here t is a real variable and 
z is a complex variable. If the integral exists it defines a function F(z), which we 
call the Laplace transform of f(t). Typically the integral exists if Re z > x 0 , where 
xq is some real constant whose value depends on f(t). Thus F(z) is defined by the 
integral only when z lies in a half-plane lying to the right of a vertical line in the 
complex plane. 

Let us study F(z) when f(t) = 1, for t > 0. We have 

r°° r L 1 T 

F(z)= | e~ z ‘dt = lim I e~ z, dt= lim -[l - e z ] 

Jo L^ooJq L^oo z 

= lim -[1 - e^ x+iy)L ] - lim -[1 - <r* L cis(-yL)]. 

L^-oo z L^-oo Z 

lfx > 0, then lim z e~ xL cis {-yL) = 0; while if x < 0, no limit exists as L °°- 

Thus the Laplace transform of f(l) = 1 is F(z) = 1/z for Re z > 0, while F(z) 
is undefined for Re z < 0. However, it should be apparent that 1/z is an analytt 
continuation of F(z) (the function defined by our integral) into the entire comp eX 
plane with the origin deleted. 


The Riemann Zeta Function 

The Riemann zeta function f (z) is defined by an infinite series that conver § es ,^ ve f 
analytic function in the half-space Re z > L By means of an integral perfonne , 
a contour in the complex plane, the function defined by the series can be con ^ 
analytically into the entire complex plane. The series which is our starting P ^ 
was presented for complex z, by G.F. Bernhard Riemann in 1859 but was ® .jy 
introduced in 1787 by Euler, who took z as real. The series, and more impom“ ^ 
its analytic continuation, is probably the most studied function in the histo j 
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mathematics and remains an object of significant research. 1 ” Some knowledge of this 
subject should belong to any person educated in the sciences. 

The series is 

OQ 1111 

(( z ) = V— = — + — + — , where n z = e zLogn . (5.7-6) 

I n- b j 4 - 

n= l 


jf z = 2, the resulting series for C(z) = ~z can be summed. The method is 
outlined in section 9.1, Exercise 1, where we use the calculus of residues, and the 
answer is n 2 /6. This result so fascinated the future Nobel Laureate Richard Feynman 
during his teenage y efars that he wrote the formula into his notebook, a page of which 
Is shown in section 3.1. In Exercise 8 of section 9.1, we prove that £(4) = 7i 4 /90; 
ifhe method used can be extended to calculate the zeta function at any even positive 
Integer. If z = 1, the resulting series \ i s known, from elementary calculus, to 
‘diverge. Furthermore, as shown in Exercise 16, we can use the M test to establish 
|hat the series converges to an analytic function in the space Re(z) > 1. We will not 
present the integral that allows for the analytic continuation of C(z.) into the entire 
5 -plane. This is contained, for example, in Chapter 16 of the textbook Introduction 
ftp Complex Analysis by Nevanlinna and Paatero (Reading, MA: Addison-Wesley, 
). Before attempting to read their book, the reader should complete Chapters 6 
tid 7 of this one, especially the material on the gamma function. The term zeta 
action is applied both to the series definition and its analytic continuation; the 
i are in agreement where the series converges. It is shown in the reference that 
) has an isolated singularity only at z = 1 in the complex plane and is otherwise 
aalytic. Furthermore, the function has zeros on the real axis only at the negative 

J tegers —2, —4, —6.... Strangely, as shown in Exercise 16, the function has a close 
mnection with the prime numbers and is thus of interest to number theorists. 

What is most intriguing is the location of the other zeroes, the complex ones, 
fie man n conjectured that all of the complex zeros of the zeta function lie on the 
ne Re(z) = 1/2. This “Riemann Hypothesis” has never been proven, although in 
■ the English mathematicians J.E. Littlewood and G.H. Hardy proved that there 
/an infinite number of zeros on the line. Riemann calculated the first few zeros 
|eountered as we move upward from the real axis along the line. The first found 
> approximately at j + i 14.134. The zeta function is incorporated into MATLAB, 

5 we were thus able to plot the magnitude of the reciprocal of the function near 
|zero, as shown in Fig. 5.7-5. The reciprocal was used, rather than the function 
k as l/\((z) displays a clearly visible spike as cfz) -a 0; this is more clearly 
1 t ^ lan the spot where C(z)| vanishes. The zeros are symmetrical with respect to 
.axis; e.g., ^ — (14.134 is also (approximately) a zero. 

Ipavid Hilbert, whom we will encounter in section 6.10 in connection with his 
§f rt transform, was perhaps the most distinguished mathematician of the late 
ipentury. The Riemann Hypothesis was on the list of 23 problems he proposed 


|E e xample J. Brian Conway, “The Riemann Hypothesis,” Notices of the American Mathematical Society, 
|| arc h 2003), 341-353, For a popular easy treatment, see Karl Sabbagh, “The Riemann Hypothesis: The 
fjg.Unsolved Problem in Mathematics" (New York: Farrar Strauss and Giroux, 2003). 
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Figure 5.7-5 Reciprocal of the magnitude of the zeta function near £ = 0.5 + >14.134 


in 1900 as being most worthy of solution in the coming century. 1 ” It would surprise 
Hilbert, if he were to return to life, to learn that computers have been brought to bear 
on the problem. By the fall of 2002, fifty billion complex zeros had been found- 
all of them on the stated line—but this does not constitute a proof; as far as we 
know, the next zero discovered might be off Re(z) = 1 /2. If you find the proof, you 
will be rich—the Clay Mathematics Institute will reward you with a million dollars. 
Realize, however, that the mathematical genius John Nash, recently the subject of 
the biography and film entitled A Beautiful Mind 3 was defeated by the problem after 
great effort at its solution. 

The Principle of Reflection 

The reader may have noticed by now that if an analytic function f(z) is real along 
the real axis, then it will assume conjugate values at conjugate points in the complex 
plane. If we choose an arbitrary point zi, the function satisfies f(z\) = f(j- i)- ^ 1S 
readily verified that the function f{z) = Z + sin z + Log z will satisfy the preceding 
(try the points 1 ± i). However, the function f(z) = iz does not (note that it is not 
real on the real axis). The preceding is summarized in the following. 

THEOREM 20 (Principle of Reflection) Let a function f(z) be analytic thr°Ue^ 
out a domain D where some portion of the real axis is contained in D. Assutn e 
f(z) is real on this segment of the real axis and that D is symmetrical with resp 

' For an update on the status of the problems, see Benjamin Yandell, The Honors Class: Hilbert’s P r0 ^ 
and Their Solvers (Natick, MA: A.K. Peters, 2002). 

*S. Nasar, A Beautiful Mind (New York: Simon and Schuster, 1998). j 
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to the real axis. If z (and hence z) is in D, then f(z) and f(z) are conjugates of one 
another. • 

The proof of the preceding is simple if we use Taylor series and some of our 
new knowledge of analytic continuation. The steps are outlined in Exercise 17. 
Of course a function can satisfy f(z) — f(z) for all z and not be analytic. 


exercises 

1. Consider f(z) = z 3 -, 


+ 3xy 2 + i(y 3 — 3x 2 y), where z = x + iy. 


a) Show that the zeros of this function on the axis y = 0, — oo < x < oo, are not iso¬ 
lated. 

b) Does the result of (a) contradict the statement that the zeros of an analytic function 
are isolated? Explain. 

2. a) Consider f(z) = e z - e ,y . Show that this function is zero everywhere on the y (imagi¬ 
nary) axis of the complex z-plane. 

b) Can you conclude from part (a) and Theorem 19 that every point on the y-axis has a 
neighborhood throughout which f(z) = 0? Explain. 

13. a) Are the zeros of sin(7i/(z 2 + 1)), in the domain |z| < 1, isolated? 

b) Find all the zeros of this function in the domain. 

c) Identify any limit (accumulation) points of the set, and state whether they belong to 
the given domain. 




||Find the order of the zeros of the following functions at the points indicated. 

? 4. cos z at z = nn + n/2, n any integer 5. Log z at z = 1 
- 6. ( z 4 — l) 2 /z at z = i 7. z 3 sin z at z = 0 and also z = n 

t_ _ 

| Show that if f(z) has a zero of order n at zo, then [f(z)] m (m is a positive integer) has a 
■ zero of order nm at z 0 . 


Jse the result to find the order of the zeros in the following. 

(Logz — l) 2 at z = e 10. (sin z) 4 at z = n 11. (z 3 sin z) 2 at z = 0 


|Ja) Let /(z) = 1 + z + z 2 + ■ ■ ■ , (z( < 1. Expand this function in a Taylor series about 
z = — 3/4; i.e., state c„ in its expansion c„(z + 3/4)”. Youmay use your knowl¬ 
edge of the sum of the given series. 

Kt Does the Taylor series found in (a) produce an analytic continuation of f(z) into a 
i re gion extending beyond |z| = 1? Explain. 

^ Find in closed form the function defined by J^°° e 2 ‘e~ z ‘dt for Re z > 2. 

What is the analytic continuation of this function? What is the largest region in which 
P this continuation is valid? 

Sj? Show that the function f(z ) = JJ^(2 + 3 • 2u; + 4 ■ 3 w 2 + 5 • Aw 3 + ■ ■ ■ )dw is ana¬ 
lytic in the disc \z\ < 1 and is undefined for |z| > 1. 
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b) What is the analytic continuation of f(z) beyond this disc? Give a closed form expres¬ 
sion by integrating the sum of the series under the integral sign. 

15. a) Using the Weierstrass M test, prove that the series = /( z ) i s uniformly 

convergent in the annulus s < |z| < where 0 < s < 1. 

Hint: Where is |Logz| maximum in the annulus and what is the maximum value? 
b) Recalling that Log z is analytic in any domain not containing the origin or points on 
the negative real axis, we can apply Theorem 11 of section 5.3 and assert that the 
preceding series converges to an analytic function in the region given in (a), with 
those points lying on the branch cut y = 0, x < 0 deleted. However, we can find an 
analytic continuation of this series onto that deleted line segment. What value should 
be assigned to f(z) on the segment to have analyticity there? 

Hint: The series in (a) is obtained from a familiar series. 

16. The zeta function: 

a) Consider the function defined in Eq. (5.7-6). Show, using the Weierstrass M test that 
this series is uniformly convergent in the half-space Re (z) > a, where a > 1. 

Hint: Recall that the p-series ~ converges for p > 1. 

b) Explain how this proves that the sum of this series is analytic for Re(z) > 1. 

c) Use the nth term test to show that the series Eq. (5.7-6) diverges for Re(z) < 0. 

d) If you were to expand the zeta function in a Taylor series about z = 2, what would be 
its circle of convergence 9 

Hint: Recall from elementary calculus that the p-series given above diverges if p = 1. 
Find the Taylor series, and state the coefficients c m , m = 1,2,..., as numerical series. 
Note that cq is known in closed form and has been given in the text. 

e) Consider the prime numbers p„ taken in order: 2, 3, 5, 7_Let us work with pi = 2, 

the first prime. Consider C(z) /2 Z and subtract this from the zeta function to prove that 
C(z)(l ~5?) = TF + j?+jt' + 7 r + 5 ? + n7 + Yp' + '[ 3 f + '''> which means that 
all the terms of the form i, where n is exactly divisible by 2, have been subtracted out 
of tlte right side of the zeta function to create the preceding right side. Now move to 3, 
the next prime. Divide both sides of the preceding equation by 3 z and subtract this result 
from that same equation to show that £(z)(l — 5 f)(l-^) = ]T + jt + ^ + TF + 
j 5 ? + Yp + ■ ■ ■, which means that all the terms of the form ~, where n is exactly di¬ 
visible by 2 or 3, have been subtracted out of the right side of the zeta function to create 
the preceding right side. Proceeding as before, find £(z)(l — 2?)0 — ?p)(l ~ ^) an< * 
observe the right side now has no terms of the form dy, where n is exactly divisible by 
the integers 2, 3, or 5. Assuming the limits exist on both sides of the following 
equation show that C(z)(l - i)(l - jr)(l - p) • ■ • (1 - ^r)0 ~ ' '' = h 

where the product on the left is taken over all the prime numbers p n . 

Hint: Recall the fundamental theorem of arithmetic that says that every positive mt e ' 
ger > 2 has a unique set of prime factors. 

The preceding equation is sometimes written as 


«*>= l ~2' 


3z 5 Z 


Thus the zeta function is expressed as an infinite product involving the primes. An 10 j 
precise definition and treatment of infinite products are given in Chapter 7. J 
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f) Riemann found that the zero of the zeta function closest to the one given in the 
text (see Fig 5.7—5) is at approximately j + ;21.022. Using MATLAB, make three- 
dimensional plots of the real and imaginary parts of l/Cff) as well as l/|C(x)l near 
this point, comparable to the plot shown in Fig. 5.7-5. 

J7. The reflection principle: Consider a domain D that contains some portion of the real axis. 
Assume that D is symmetric with respect to the real axis; i.e., if a point is in this domain, 
then so is its conjugate. Let f(z) be analytic everywhere in this domain. Then we can 
prove here that /(z) assumes conjugate values at conjugate points in the domain, 

a) Begin by proving that at a point xo on the real axis within the domain, all the derivatives 
' of f(z) must be real. 

Hint: Recall the derivation of the Cauchy-Ricmann equations or see Eq. (2.3-6). 


b) Consider the Taylor series expansion about the point z = x 0 : f(z ) - 

c «( z ~ x o) n - Using this series and the result in (a), show that f(zi) = /(zt) 
provided that both zi and zi are in the circle of convergence of the series (if one is in 
the circle, the other must be). 

c) Let Z 2 and its conjugate not lie in the circle of convergence, but assume these points 
are in D. Using the result in (b) and analytic continuation, show that f(Z 2 ) = /(Z 2 ). 
Hint: Study Fig 5.7-3. 


The z Transformation 

Ihe z transformation is a mathematical procedure in which a sequence of numbers 
prised to create an analytic function. A Laurent series whose coefficients are the 
gtements of the sequence is the vehicle used to create the function. 

The transformation is much used in the analysis of sampled data systems. Here 
|e values assumed by an electrical signal that varies with time are recorded at uni- 
i discrete time intervals. These values (or samples) form a sequence of numbers; 
p sequence is fed into a computer that alters it in various useful ways. This pro- 
|3ure is called digital signal processing and is often used in communications links 
Iradar systems. 

I' The output from the computer is found to be the solution of a difference equation 
j|t, as the name suggests, involves the differences between the values assumed by 
^.samples. The z transformation is a useful tool in the solution of such equations. 
■(Difference equations also appear in problems in economics, population growth, 
|biology.t Not surprisingly, the z transformation is also applied in these subjects, 
as section, we will learn the definition of the transformation and see how it can 
(ised to solve some simple difference equations of the kind that might arise in 
p disciplines. 

(Consider a function f{t), defined for t > 0, such as the one sketched in 
P-8-1). The values (samples) of the function taken at intervals of T, beginning 


punples of how the transform is used in electrical engineering, see C. Phillips, John Parr, Eve Riskin, 
JJ Systems and Transforms, 3rd ed. (Saddle River, NJ: Prentice-IIall, 2003), Chapter 11. 
jl&htient using more complex variable theory than the above can be found in Dean Duffy, Advanced 
Mathematics (New York: CRC Press, 1997), Chapter 6, which also shows how the subject is 
g^O banking. The reference to Jury, cited later in this section, is the standard sophisticated treatment. 
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at t = 0, produce the sequence /(0), f(T), f(2T), ..., from which we make the 
following definition. 

DEFINITION (z Transform) The z transform of the function f(t) , that is, Z[f(t)], 
is given by 

oo 

n/m = 2 f{nT)z~ n = /(0) + f(T)z~ l + f(2T)z~ 2 + ■■■, (5.8-1) 

n =0 

where T > 0. The function so defined is called F(z). We say that Z [/(/)] = F(z). 

• 

Usually lowercase letters like / and g will be reserved for functions of t, while 
the corresponding uppercase letter (here F and G ) will be the associated z transform. 

If the series of Eq. (5.8-1) converges in a domain, it is a Laurent series with no 
positive exponent in any term. Notice F(z) depends not only on /(/), the function 
being transformed, but also on the parameter T, which measures how often the 
samples of f(t) are taken. Observe that to perform the transformation, f(t) need be 

defined only for t = nT, n = 0, 1,2,_The transformation is the conversion of a 

sequence of numbers c n = f(nT)(n = 0, 1,2,...) to a function of z by means of 
c nZ~ n . Two different functions of t can have, for some value of T, identical Z 
transforms. For example, the functions sin( 7 it) and sin 2 (7it) will have z transforms 
that are identically zero if we choose T — 1, since sin(«7i) and sin 2 («7i) are zero 
when n is an integer. This lack of uniqueness will not be an impediment to us since 
we will be using the z transform to solve problems where f(t) is needed only f° r 
t = nT. j 

In some treatments of the z transform it is conventional to always take T ’ 
and the counterpart of Eq. (5.8-1) would appear in those books without T. This 
the convention used in MATLAB. Thus, in these formulations, the transformatt 0 
converts /(«), where this function need only be defined for integer n > 0, into ( 
Let us set w = 1/z in Eq. (5.8-1), which we assume contains a converge^ 
Laurent series. The function on the right now becomes Y^ = o where c n 

f(nT). This function of uj is a power series, which, as we know, converges 
some circle of radius p centered at w = 0. Assuming p > 0, we have from ^ j 
orem 14 that c n.w n is an analytic function of w for \w\ <r, where r ^ (j 

Thus Z^i 0 c„(!/z) n = F(z) is an analytic function of z for |l/z| < r or |zl ^Jj 
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Therefore, F(z), the z transform of f{t), is a function, defined by a Laurent series, 
that is analytic in the z-plane in an annular domain whose outer radius is infinite, 
prom Eq. (5.8-1) we have that lim^oo F(z) = /(0), since all the terms involving 
z ' 1 , z~ 2 , z~ 3 , ... vanish in this limit. 

1 There are two recurring problems when one deals with z transforms. One is 
to obtain the transform of a given function of t. Of course, we could simply state 
feach term of the resulting infinite series; in practice, we would prefer a closed form 
Expression (a formula) for the sum of the series. This expression is the analytic func- 
|[on whose Laurent expansion, valid for all T > 0, is f(nT)z~ n . Sometimes 
Le will be lucky enough to recognize the closed form expression by studying the 
Series; otherwise, we must be content with using the series as the transformation, 
f The other problem is to obtain f(t) when we are given F(z). This is not, strictly 
Ipeaking, possible since, as noted, two different functions of t can have the same z 

[transform. What we obtain, given F(z), is the set of numbers f(nT), n = 0, 1, 2,_ 

pfe then say 

I Z~ 1 [F(z)] = f(nT). 


F(z) is stated as a Laurent series, as on the right side of Eq. (5.8-1), f(nT) is 

htained merely by identifying the coefficients of the terms z°, z~ l , _If F(z) is 

given as a closed form expression, we must first obtain its Laurent expansion valid 
an annulus centered at the origin. The outer radius of the annulus must be infinite, 
nother approach is to perform a contour integration. In Exercise 17 it is shown that 
| F(z) is analytic for \z\ > R, then 


ransform Inversion Formula 




(5.8-2) 


|| ;e C is any circle centered at the origin with radius greater than R. For some 
g|Pl e functions F(z), we can evaluate the previous integral by means of the Cauchy 
Ilgral formula or its extension. For complicated functions, the integral can often 
Evaluated by the method of residues, which is discussed in the next chapter. 

Wo take the z transform of a function, it is not necessary to know the value for 
Jr < 0- h is convenient to define all the functions with which we will be dealing 
Eas being zero for negative t. One such function, which is very handy, is u(t), 
step function, given by 

u(t) = 1, t > 0. (5.8-3a) 

u(t) =0, t < 0. (5.8-3b) 

|b that u(t — z) = 1 when t > z, and u(t — z) = 0 for t < r. Given a function 

! h ave g{t)u(t — z) = g(t) when t > z, and g(t)u(t — z) = 0 for t < z. 

PLE 1 Find Z[«(f)], the transform of the unit step function. 

FromEq.(5.8-3a),itisobviousthatn(n7) = lforn = 0, 1, 2, ... .Thus 
|- (5.8-1), Z[ M (f)] = Z[l] = o = 1 + l/z + l/z 2 H- . Recalling 
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that 1/(1 — tc) = 1 + w + w 2 H-for |tc| < 1, we see that with w = l/z we hav e 

11 1 7 

1 H-1— o + • • • = 


^ Z z 1 - l/z Z- r 


which is vahd for | l/z| < 1, or |z| > l.Thus 

Z[w(f)] =Z[1] = 


z - r 

We were fortunate to obtain a closed form expression. 


z\ > 1. 


EXAMPLE 2 Find the z transform of fit) — tu(t). (Notice that using u{t) saves 
us the trouble of saying f{t) = 0 , t < 0.) 


Solution. Here f(nT) = nT, n = 0, 1, 2,.... Thus 


Z[tu(t)] = Y_ i {nT)z~ n = T 


11=0 


1 


2 3 

T H—7 + 


z z 2 z 3 


(5.8-4) 


The right side of the preceding can be evaluated with help from Eq. (5.5- 16c). Mul¬ 
tiplying that equation by w yields 
w 


— w + 2w 2 + 3tu 3 + • • ■, jtuj < 1. 


(1 — w ) 2 

If we replace w with l/z in the preceding and multiply both sides by T, we have 


T(l/z) 


= T 


1 2 3 

~ “ + ' 

z z l z 5 


(1 - l/z) 2 

Comparing this equation with Eq. (5.8-4), we obtain 

T(l/z) Tz 


Izl > 1. 


Z[tu(t)\ = 


(1-1 /z) 2 (z-1) 2 ’ 

Other transforms are developed in the exercises. An extensive table of z trans¬ 
forms can be found in various texts/ 


Linearity of the Transformation 

The operation that creates F(z) from f(t) is linear, i.e., Z[cf(t)] -- cZ[f(t% 
c is any constant. Furthermore, if f(t) and g{t) are both defined for t — nT, n - 
then 

nm+gm = mm+mm = m + (5 ^ m 

where F(z) and G(z) are the transforms of f{t) and g(l). The equation is valid 
z is confined to a domain in which both F(z) and G(z) exist. The proof is eaS 1 
follows from the definition of the transformation. 


^ See, e.g., E.L, Jury, Theory and Applications of the z Transform Method (New York: John 
Appendix. 
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In a similar way, the inverse transformation is linear, i.e., 
j, Z^[F(z) + G( Z )] = Z~ l F{z) + Z- ! G(z) = f(nT) + g{nT). 

bite can verify this from Eq. (5.8-2), which provides a means for performing the 
Averse transformation. 

To illustrate Eq. (5.8-5) we can combine the results of Examples 1 and 4 as 
fallows: 

Tz z 2 - z + Tz 


z[(i + t)u(ty\ — 


+ 


z - 1 ' (z - l) 2 (z - l) 2 
Some examples of inverse transformations follows. 

|XAMPLE3 If F(z) = (z + l)/z 2 , findZ _1 [F(/)] = f(nT). 

Solution. Rewriting F(z) as a two-term Laurent series, we have F(z) — l/z + l/z 2 . 
Iglance at Eq. (5.8-1) shows that /(0) = 0, f(T) = f(2T) - l, and f(nT) = 0, 
1>3. • 

1MPLE4 If F(z) — (z + l)/(z - 1), find Z _1 [F(z)]. 
fhition. F(z) can be expanded in a Laurent series valid for [z| > 1. We have 


F(z) = 


z+l (z - 1) + 2 


= 1 + 


z — 1 z — 1 z — 1 

jv2/(z- 1) = (2/z)/(l - l/z) = 2[1+ l/z + l/z 2 + • • • ]/z for [z| > l.Thus 
|1) = 1 + 2/z + 2 /z 2 + • • •, [z 1 > 1. Studying the coefficients and using 
||5.8-1), we conclude that /(0) = 1, f(nT) =2,n > l. • 

| merit. A given F(z) does not necessarily have an inverse z transform. If F(z) 
|ot be expanded in a Laurent series of the form c n z~ n , no inverse trans¬ 
ition is possible. The functions (z 3 — 1) j z 2 and sin z have no inverse trans- 
I s - Neither function has a limit as z oo. Functions having the desired Laurent 
lesion must have a limit as z —>• oo. This limit is co. 

|wo features of the z transformation, which we call translation properties, are 
lfor solving difference equations. These allow us to determine Z[f(t ± kT)) (k 
hteger) when Z [/(f)] is known. When k > 0, a graph of fit — kT) is identical 
jjriphof/(/) but is translated kT units to the right. Similarly, a graph of f(t + kT) 
|f s a shift of kT units to the left. 

! t2 [/(')] - F{z) = 0 f(nT)z~ n . Now, Z\f(t-kT)] = Z™ 0 f(nT~kT)z' n 
Jigthat f{t) = 0 . t <0 , we see that f(nT — kT) — 0 when n < k. We can thus 
i§*the previous sum and get 

OO OO 

Z[f(t - kT)} = Yj K nT ~ k7 ^ z ~ n = Z f « n ~ W z ~ n - 

n—k n—k 

|teindex this summation using m= n — k. Thus 

OO OO 

1{f{t - *7)] = Y f{mT)z^ m+k) = z~ k f{mT)z~ m . 


m= 0 


m=0 
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This last sum is F(z), and we have the first translation formula: 

nf(t - kT)] = z~ k F{z), (5.8-6) 

which is valid when Z[/(t)] - F(z), k > 0, and f(t ) = 0, t < 0. 

Let us study the second property. Consider Z[/'(7 + kT)] when k = 1. We have 

oo oo 

nf{t + ?)] = f(nT + T)z~ n = /((» + l)T)z~ n 

n— 0 tz=0 

= f(T) + /(27)z _1 + f(3T)z~ 2 + • • •. 

Adding and subtracting /(0)z in this last series, we obtain 

nf(t + 7 )] = [f(0)z + f(T)z° + f(2T) z ~ l + •••]- f(0)z. 

The expression in the brackets is zF(z). Thus 

nf(t + 7)] - zF{z) - zf{ 0). (5.8-7) 

As a further example, 

00 

z [f{t + 27)] = 2 f{nT + 2T)z~ n = f(2T) + f{3T)z~ l + /( 4T)z~ 2 + ■■■ 

n= 0 

= [/(0)z 2 + /(7)z + f(2T) + f(3T)z~ l + f(4T)z~ 2 + • • • ] 

- z 2 m~ Z f(T ). 

The bracketed expression is z 2 F(z). Thus 

Z[f(t + 27)] = z 2 F( 2 ) - z 2 f{0) ~ zf{T). ( 5 . 8 - 8 ) 

The preceding results, Eqs. (5.8-7) and (5.8-8), are examples of our second trans - 
lation formula. We can show by the same technique that, in general, 

Z[f(t + kT)] = z k F( z ) - 2*7(0) - 2^7(7) - z k ~ 2 f(2T) - zf((k - 1)7), 

where k > 0 . 


EXAMPLE 5 In Exercise 1, you will show that if /(/) = e at u(t), then F(z) - 
2/(2 — e ar ) for | 2 | > |e aT )- Use this result to find Z[g(t)], where g(t) - 
— 7 ). Also find Z[/z(r)], where /z(t) = e a 0 + 7 7(t + 7). A sketch of 
/(/), g(t), and h(t) are given in Fig. (5.8-2), where we assume a > 0. 


Solution. Since g(t) — f(t — 7) we use Eq. (5.8-6) with k — 1 to get G( 2 )- T^ uS 

: 1 


G(2)=2- 1 


2 — e aT z — e aT 


for [ 21 > e' 


,aT 


Since h(t) = f(t + 7), we use Eq. (5.8-7) to get H(z). Noting that /(0) " 
we have 

„aT 


Z[A( 0 ] = 






2 e" 


_ • 
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Transforms of Products of Functions 

Jset Z[/(f)] = Z~o c nZ~ n = F(z) and Z[g(f)] = = G(z), where c„ = 

K(»T) and d n — g(tiT). Suppose we seek Z[f(t)g(t)\. By definition Z[f(t)g(t)] = 
f( tl T)g( n Dz n - Thus 


Z[/0)g0)] = Xi 


(5.8-9) 


n =0 


jhus if we have the z transforms of /(f) and g(f) as Laurent series, the z transform 
Bt/CO&CO is easily obtained as a Laurent series. 

^ If the transforms of /(f) and g(f) are presented to us in closed form, we can 
111 find Z[/(f)g(f)] without first obtaining Laurent expansions of F(z) and G(z). 
|twever, we must be prepared to evaluate a contour integral, which we now derive. 
[ Let F(z) and G(z) both be analytic in the domain \z\ > R. From Laurent expan¬ 
ds wc have F(vj) = Lm=o c ™ w ~ m , M > F, and G(z/w) = I,^L 0 d n (z/w)~ n - 
:0 d n w n z - n . This last expansion is valid for |z/u>| > R, or |z| > Multi- 
aymg our series, we have 


00 00 

F(w)G(z/w) = Y,Yj Cmd n^ m z~ n , 

n ;=0 77—0 


(5.8-10) 


|re we choose |u>| > R and [z| > R\w\. 

fNow consider a circle of radius p centered at the origin in the complex tu-plane. 
|er to Fig. 5.8-3.) We take p > R, and we place our variable w on this circle so 
”M = p. In Eq. (5.8-10) we will require that |z| > Rp. The Laurent expansion 
(5.8-10) is according to Theorem 18 uniformly convergent in a domain in 
f-plane containing die circle |u>| = p. According to Theorem 8, the following 
§§ Itt expansion is also uniformly convergent in this domain: 


1 


2 m F(W>G( * /W> = 2ni 


1 V V . z~ n w 
Zj Aj Cmdn 


m = 0«=0 


W 
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Figure 5.8-3 


We can thus integrate this series term by term around |u>| = p, so that 


— <£ 

2ui J\w\=p 


MPpM dw 

w 


1 

2ni 


Q? f' fi—m 

c m d nZ ~ n - 

z - J „ z r' J\w\=p w 

m=0 n =0 


dw. 


(5.8-11) 


Recall that if k is an integer §]„,\ =f ,V! k dv> is zero or 2ni according to whether k £ -1 
or k — — 1. We notice that the integrals on the right in Eq. (5.8-11) are zero except 
when n — m. Then §\ w \ =p z~ n w n ~ m / w dw — 2iiiz~ n - Thus Eq. (5.8-11) becomes 


— £ 

2ili J]w\=p 


F(w)G _ (z/ v,) dw= y 


Cnd-nZ 


(5.8-12) 


Comparing the above with Eq. (5.8-9), we have our desired result: 

mom = FJ ^M dw . ^ 

Lm J\yj\=p U) 

In this integral, we require that |z| > Rp, where p > R. Recall that R is such that 
F(w) and G(w) are analytic for |u;| > R. 


EXAMPLE 6 Find Z [te at u(t)\ from Eq. (5.8-13). 

Solution. Let f(t) = tu(t) and g(t) = e at u(t). From Example 2, 

Tz/(z - l) 2 = F(z). In Exercise 1, it is shown that Z[g(t)] = z/(z - e aT ) = 
Notice that F(z) is analytic except at z = 1, while G(z ) is analytic except at z ^ «| 
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ISubstituting in Eq. (5.8-13) 


we find 


^[te al u(t)] = -L£ 


Tw 


z/w 


2niJ\w\= P w(w — l) 2 JzJw^R^) 

= 1 i 


dw 


2niJ\w\= P ( w ~ i )2 7~^^T dw - ( 5 . 8 - 14 ) 

JVe require p > R, where R is the radius of a circle in the 

and G(w) are analytic. Thus R > 1 and also R > l e ar | Hen ^ ° Ul f d ® wluch 
jhe greater of 1 and |^|. > k 1 Hence P 18 lar g er than 

| t ^ 6 in t tegrand ° f the last “tegral fails to be analytic at m = 1, a point enclosed 
|y the contour ot m egrat.ou The integrand is also analytic where f 

l°T(L » P0 ‘m w I 1 " 81 *, W = »• « « shall see. Recall .ha, Eq (5 S-foj 
iwdid for Rp < |z|. We have, for w lying on or inside the contour |ui| l p, 

| l WeaT l=Mle aT l<Ple aT l< pR< \ zl 

“ ,ta * - = 0 — - —w Oh « 

■we now evaluate Eq. (5.8-14) using the extended Cauchy integral formula. 


Z>[te at u(t)] = Z T — 
dw 


1 

we aT 


zTe 


,aT 


111)=} 


(z 


_ P aT\ 2' 


(5.8-15) 


|erse z Transform of a Product of Two Functions 

ttmSt0rmS f{n ? mid *(»n 

(tied a definition the conv olution^f/ojdqthgl^t'writien^t) 

JINITION (Convolution) 

00 

/(,) * g( ') = |>(*r>*((»-*)7), « = 0, 1, 2,_ (5.8-16) 

K is easy to show that <?(t) * f(A — v°° , ._ 

l°n is commutative) when /(f) and efrt°ari ^ f” ~ = (con " 

11 sum for jeff) * fo/t , .i, zer0 or f <c Notice that the pre- 

I/, oniy from £2 0 mf/„ ^ (5 ^ 16) f “ r ™ * *(» need be 

/())*, “lj 1 t n S IO f n , Of®' ™able nT, where n.0,1, 

i*v A ; g( ) £* =0 /(fc7)g((« - ^)7), which defines h(t) for t = 

oo r co 

Z W0] = 2 2/(*7)g(( n -*)7) 


n =0 


.£=0 
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constant. Such equations turn up in a variety of disciplines, and z transforms can be 
used to solve them. 


EXAMPLE 8 The Fibonacci sequence of numbers was first described in the early 
thirteenth century by the Italian mathematician Leonardo Fibonacci 1 ' (1170-1250) 
The sequence is 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, .... Each element of the sequence is 
the sum of the two preceding elements. Fibonacci described these numbers in the 
solution of a problem in the growth of a rabbit population. The numbers arise also 
in plant growth, puzzles, and in theories of aesthetics. For n > 0, the nth element of 
the sequence, /(«), satisfies the difference equation f(n + 2) — f(n + 1) + f(n), or 

f(n + 2) - f(n + 1) - /(«) = 0. (5.8-20) 

The preceding is of the form shown in Eq. (5.8-19) if we take T = l, N ~2, ao = 1 
a\ — — 1, 02 = -1- Note that /(0) — 0, f(l) = 1, /(2) = 1, etc. Our problem is to 
find a closed-form solution of Eq. (5.8-20) by using z transforms. 


Solution. Taking the z transformation of Eq. (5.8-20), we have 

Z IA» + 2 )J - z [/(« + 1)] - z [/(»)] = 0 (5.8-21) 

With T = l, /(0) = 0, /(1) = 1, we obtain from Eqs. (5.8-7) and (5.8-8) that 
Z[/(« + 1)] = zF(z) and Z [f(n + 2)] = z 2 F(z ) - z. Substituting these into our 
transformed equation we have z 2 F(z) — z — zF(z) — F(z) ~ 0, from which we 
obtain F(z) = z/{z 2 - z - 1). 

To obtain /(«) we expand the preceding in a Laurent series containing z to only 
nonpositive powers. Partial fractions are handy here. Thus 

F(z) = * = J_ [_OW5)/2_ _ (l-V5)/2 

Z z 2 — z 1 y/5 u - (1 + \/5)/2 z-( l-V5)/2. ' 

Each fraction can be expanded in negative powers of z, and we obtain 

00 

F{z) = YjC n z~ n > kl>(l + V5)/2, 

n 0 


where 

c„ = -^[(I + V5)»-(I-V5)"]. 

v5 2” 

Since c n = /'(n), the problem is solved. We can determine any term in the sequence 
with a reasonably good calculator. We find, for example, that the 20th Fibortac ^ 
number (n = 20) is 6765. 


MATLAB and the z Transform 

Using two functions in the Symbolic Mathematics Toolbox in MATLAB, we can ^ j 
the z transform and the inverse z transform of a function. The relevant function 


tSee, e.g., N.N. Vorob’ev, Fibonacci Numbers, translated by H. Mors (New York: Blaisdell, 1961)- 
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galled ztrans and iztrans , respectively. The interested reader can learn more about 
|hem from the help feature of MATLAB. Some exercises (see Exercise 27) have 
L een provided where the reader can try them out. Keep in mind that the procedure 
Ised by ztrans to obtain a z transfonnation is not identical with that described in 
|;q. (5.8-1). When ztrans is supplied, as one is instructed, with /(«), it computes 
|, e transformation from X^ 0 f(n)z ~ n ■ A comparison with Eq. (5.8-1) shows that 
lie sampling interval T has been taken as 1. To obtain a z transformation like ours, 
flhich contains the parameter T in the result, one must supply ztrans with f(nT). 
will then get f(nT)z~ n , as desired. 

I To get the transform of f(t) = tu(t ) (see Example 2) with MATLAB, one asks 
to ztrans (n * 7); this will produce the desired answer in closed fonn. Applying the 
Iverse transformation to this result brings back f(nT) = n* T. Note that we do not 
j ee d to employ the step function u(t) when using MATLAB for z transformations— 
presence is assumed. To compute the transformation of f(t) = e at u(t) (as a check 
| Exercise 1), following the instructions for ztrans we seek the transformation of 
||p(a *n*T). Using iztrans , we can again verify our work. 


EXERCISES 

llshow that Z[e at ] = 


> \e aT \, a is complex. 


B Show that Z[b‘] = -|z| > \b T \, b is complex, b l is a principal value. 

§ z~b‘ 


I blish the following formulas by using the result of Exercise 1. suitable values for a, and 
inearity property of the z transform. For example, take a = ±z'a in Exercise 3. 

~ r • / , 1 z sin (a 7) , , 

Z[sin(af)] = ---——-|z| > 1, a is real 

z — 2z cos(a7j + 1 

/ m z — cos(a T) , , 

Z[cos(af)] =z-^-—--, |z| > 1, a is real 

Z — 2z cos(a7j + 1 

Z[sinh(af)] = —-—-, |z| > e^ r , a is real 

Z 2 — 2z cosh(al) + 1 

%osh(af)] = :- c0S h(aJ)) > |a|r j real 

z 2 — 2z cosh(al) + 1 


"'<7) | = F( z ) show that Z[tf(t)\ = -zT dF/dz- 

fUsing Z[u(t )] from Example 1 and the result of Exercise 7, show that 


Z[tu(t)] 


_ ^ 2 ’ > 1 - 


(z - 1) 


IP a similar way, use the preceding result to show that 


9 , zT 2 (z + 1) 

Z[t 2 u(t)] = 


Izl > L 
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Use the result Z[u{t)] = z/{z - 1) as well as the translational and linearity properties of the 
z transform to establish the following: 

9. Z[u(t - 7)] = l/(s - 1) 10. Z[u{t) - w(f - 7)] = 1 

11. Z[u(t — T) — u(t — 27)] = \/z 


12. Show that Log(z/(z - 1)) is analytic in a cut plane defined by the branch cut y ^ o 
0 < x < 1. Expand this function in a Laurent series valid for \z | > 1, and use your result 
to show that 


-u(t — 7) 


= Log 


z - 1 


We define u(t — T)/t = 0 when t = 0. 


Find Z 1 [T'/z)] = f(nT) for these functions: 
F(z) = 14 ‘ F(z) = 


16. a) If Z[f(t)\ = F(z), show that 


Z[^7(0] = Hze-P). 

b) Use the preceding result and the result of Exercise 3 to show that 

ze^ T sin(aT) 


Z[e st sin(af)] = 


Z 2 — 2 zeP T cos(aT) + e 2 P T 
17. If Z[/(f)] = F(z), where F(z) is analytic for |z| >7?, show that 


a, P real, \z\ > e- 


fir 


17 


f(nT) = — (J>F(z)z" dz, 

where C is the circle |z| = Rq, Rq > R. C can also be any closed contour into which 
|z| = Rq can be deformed, by the principle of deformation of contours. 

18. Show that ^ 

a) Z~ l \z/{z — l) 2 ] = h(nT) = n by using the convolution of the inverse transforms o 
z/(z - 1) and l/(z - 1). 

b) Obtain the preceding result by using the contour integration derived in Exercise 

and the extended Cauchy integral formula. ^ 

19. The gamma function, written T(z), is an important analytic function of a complex van ^ ^ 
and is treated at some length in section 6.11. Here, as a prelude, we see its connec 

the z transform. . 0 . 

a) The gamma function is defined as T(z) = lim^oo u z ~ l e~ u du, commonly i 
J^°° ^“^““dM.HereMisarealvariable.zacomplexvariable.andir -1 = e ^ z J| 

In section 6.11, we learn that T(z) is analytic for Re z > 0. Do an integration by P 
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to show that 


r(z + i) = zr(z). 

b) Show that T(l) = 1, r(2) = 1, T(3) = 2. Taking n > 0 as an integer, show by indue- 
txon that r(n + 1) = nl. 

C ) Show that Z[l/r(t/T + 1)] = e l !\ |z| > 0. 

f'20. a) Use the result derived in Exercise 19(c), the transform derived in Exercise 1, and 
I Eq. (5.8-13) to show that 




r (t/T + 1) 


= e eal '\ 


b) Derive this same formula by using the results of Exercises 16(a) and 19(c). 
ii. Use the z transform to find /(nl) satisfying the difference equation f(t + T) — 2/(f) = 0, 
where t = nT and /(0) = 2. 

Solve these difference equations for f(n), n > 0. 

22. Jin • 2) = Jin • 1) • f(n), where/(0) = /(1) = 1 
'23. f{n + 2) - f(n + 1) - 2 f(n) = 0, where /(0) = 0, /(1) = 1 


p. Consider the sequence 1, 1, 2, 4, 7, 11, 16,_Let f(n ) be the nth term in the sequence, 

which begins with n — 0. Show that f(n + 1) — /(«) = n, and use z transforms to prove 
i, that f(n ) = (n 2 — n + 2)/2. 

Following the method of the previous problem, show that the nth term in the sequence 
0,0, 1,5, 14,30,55,... is 


1 / (n + 1)! n! 

6 ^(n — 2)1 (n — 3)! 


for n > 3. 


^ Shown in Fig. 5.8-4 is a ladder network containing v + 1 meshes. All resistors are 
ohm except the one on the far right, which is Rl ohms. The generator on the left has 
|a potential of E volts. Let i(n) = i n be the current in the nth mesh. From Kirchhoff’s 
H'oltage law, we have, in the zeroth mesh, E = 2iq — i\, while in the last (vth) mesh 
m ~ h(2 + Rl) — ; v _i. Writing Kirchhoff’s voltage law for the (n + 1) mesh we have 
IP ^ ~ l n + 3z„ + i — 2 , where we avoid the first and last meshes by the restriction 

‘ ; 0, 1, 2,.... v - 2. 


vVW—|-vVW-[—Wr 

J J _t(2) 

6 




zeroth mesh first mesh second mesh 



Figure 5.8-4 
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a) Take the z transform of the preceding equation (with t — nT, T — 1) to show 

= z[z*o - 3t 0 + h) here = z[i(n)] = Z[i„]. 
w z 2 — 3z+ 1 

b) Use the equation for the zeroth mesh to eliminate n from I(z) in part (a). Show that 

z[z - (1 + (E/i o))]ip 


I(z) 


32+1 


c) Show that the preceding equation can be written 

z(z - 3/ 2) + z(l/2 - E/ip) ^ 
/(Z) _ 2(3/2)2 + 1 °' 


Now use the result of Exercises 5 and 6 to show that 

(1/2- E/i o) sinh(na) 


hi = 'o 


cosh(na) + 


(V5/2) 


where a = cosh' 1 (3/2) and a > 1. Note that sinha = V5/2. 

d) If iq has the proper value in the preceding equation^then i„ can correctly describe the 
current in all the meshes. Use the above equation 1 to obtain expressions for i n and 
!„_l. Substitute these expressions in our equation obtained by writing Kirchhoff’s 
voltage law for the vth mesh. Show that 

E 1 (V5/2)[(2 + R l ) cosh(vfl) - cosh((v - l)fl)] 

^ “ 2 + (2 + R l ) sinh(va) - sinh((v - l)a) 

This is the resistance “seen” by the generator. One can use this expression to eliminate 
E/i 0 in the result of part (c). Thus a formula is obtained for the current in any mesh. 

Using the M ATL AB function ztrans find the 2 transform of the function e at and check 
your answer by using the result in Exercise 1. 

Check your answer to part (a) by using iztrans. 

Using iztrans check your answer to Exercise 15. 


27. a) 

b) 

c) 


Appendix 

Fractals and the Mandelbrot Set 

It is refreshing to treat here a topic which is a subject of lively research—- a 
for which new applications are being found in the solution of physical, enginee^^ 
medical, and aesthetic problems. The word fractal is related to the words ac ^ e . 
and fraction, meaning broken or not whole. It was coined fairly recently m 
matical history by Prof. Benoit Mandelbrot* to describe objects which, in a c 


- the res ult ' 1 '^ 

tAJthough the difference equation used to derive in in ( c ) i s 1101 valid in the zeroth and vth meshes, ^ ^^tiofh 

expression for i n is valid for n = v. There is an analogous situation in the solution of linear differen ^ oll (idaiy* 
where the differential equation is not satisfied on a boundary but the resulting solution is valid on the ^ 
*B.B. Mandelbrot, Fractals: Form, Chance and Dimension (San Francisco: W.H. Freeman, 1977; - 
1983). | 
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Isense, can have dimensions that are not the familiar whole numbers zero, one, two, or 
l^hree used in Euclidean geometry. The set satisfying \z\ < l will, when plotted in the 
complex plane, produce a two-dimensional object—a disc. However, when a fractal 
| e t is constructed in the same plane the object delineated can have a dimension d 
Satisfying 0 < d < 2. Here d, the fractal dimension, is defined by a procedure that 
j we do not have the space to explain but is well described in the references below. 1 ' 

can also have fractals whose fractal dimensions d satisfy 0 < d < 3 and which 
we constructed in the conventional three-dimensional space that we inhabit. The 
(parameter d is a measure of the complexity of the fractal set—indeed the subject of 
fractals finds greatTfs^ in the study of complexity. 

I Mandelbrot has helped develop a fractal geometry of nature to describe objects 
ghat cannot be described by the ordinary straight lines and smooth arcs familiar 
|o us from Euclidean geometry. To see the need for a different geometry, imagine 
H trip along the seacoast of Maine by three travelers: a motorist driving along the 
Eoastal highway; a pedestrian walking along the shore who follows, at the high-water 
jfiark, all the peninsulas and inlets; and finally an ant who follows a path like that 
f the pedestrian but who, because of his much smaller body, is more aware of tiny 
uct uations in the coast line and is able to follow them. 

Obviously the first distance covered is much less than the second, which, in turn, 
much less than the third. An animal smaller than the ant, one whose body is the 
of a grain of sand, could follow variations in the coast that we might notice only 
ith a magnifying glass. This distance traversed by this fourth traveler would be 
greater than the others. If we are at liberty to choose voyagers whose sensitivity 
imperfections in the coastline is arbitrarily fine, we can perhaps conclude that 
coast is infinitely long. (Of course this statement ignores the atomic structure of 
tier, and we will stop short of that level of magnification.) 

Fractal geometry can be used to make mathematical models of physical struc- 
such as coastlines. This kind of boundary, which never looks smooth under any 
ee of magnification, and which nowhere has a definable tangent, is also found on 
:ac es—e.g., the surface of a chunk of metal at a fracture, or the outlines of clouds 
tie sky. In addition, fractals appear in the analysis of the chaos that can appear in 
with vibrations, weather patterns, or resulting from a large number of finan- 
transactions like the stock market index. 1 An awkward matter in dealing with 
is that, in spite of Mandelbrot, there is no universally agreed upon meaning 
e term. As a start, we will say that a fractal set must have these attributes: 

l ) The set has an infinite number of points whose spatial relationships are so 
complicated that we cannot state explicitly where each point lies. 

) Exactly, or to some reasonable approximation, the fractal set must display 
the property of self-similarity. Under magnification, a fractal set will exhibit 


iizec 


resf 


gtals ] 


g — 

Ifterson, The Mathematical Tourist (San Francisco: W.H. Freeman, 1988), 116-123. This is a book for 
reader. A more sophisticated treatment is in A.J. Crilly, R.A. Eamshaw, and H. Jones, Fractals and 
■^few York: Springer-Verlag, 1991), Chapter 1. 

Flake, The Computational Beauty of Nature (Cambridge, MA: MIT Press, 1998), 


|tlliam 
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fine details resembling, and in some instances identical to, the unmagnified 
image. This must be true at all levels of magnification. 

To understand (a), consider the nonfractal set, the disc \z | < 1. Notice how neatly 
this tells you where every point in the set lies. There is no formula this simple for a 
fractal set. Typically, a procedure is supplied for finding the points in a fractal set 
As an illustration of (b), look at a plot in a newspaper of the Dow Jones industrial 
stock average over time in the course of a day and the same index plotted over a 
year. The similarities can be striking. A comparable statement applies to a magnified 
photograph of the edge of a cloud when compared with the original picture. 

One should not form the impression that fractals were discovered by Mandelbrot 
Although he coined the term, the subject has roots in the late 19th century. By the 
end of the 20th century, thanks in part to his efforts, many claims were made for the 
power of fractals—in some cases they were seen as a “paradigm shift” in the way we 
regard the physical world. As a useful antidote to some of this hyperbole one may 
wish to read a controversial paper by Steven Krantz.’ There is no question that fractals 
have found some use in the real world. Background landscapes for movies have, for 
example, been generated as fractal images in a computer, and they look convincing. 
The camera never needs to go outside. At least one company manufactures radio 
antennas based on fractal shapes. 

Before we study fractals, we must extend our discussion on the limits of seq¬ 
uences. In our discussion of sequences, contained in section 5.2, we were interested 
in those that converged. Now, we are just as interested in those that diverge to 
infinity —a term defined as follows. 

DEFINITION (Divergence to Infinity) The sequence bo , b \, ..., b n , ■ ■ ■ diver¬ 
ges to infinity if, given any y > 0, there exists an integer N such that 

\b„\ > y for all n > N. (A.5-1) 

Thus if a sequence diverges to infinity, the magnitude of its terms, beyond the Nth, 
will become larger than any preassigned number y. 

The elements b n of the sequence can be functions of a complex variable, say, z> 
but in some of what follows our elements will depend only on an index n and so N 
would depend only on y. 

The sequence b n = i n , which is 1, i, -1, — i, 1, ... and is obviously divergent, 
does not diverge to infinity. The magnitude of each term never exceeds 1. On the other 
hand, the sequence (1 + i), (1 + i) 2 , (1 + i) 3 ... whose nth element has magm'w e 
(V2)” does diverge to infinity. 

The Mandelbrot set, which we sometimes simply call M, is a set of nud 
whose definition requires the concept of divergence to infinity. Suppose we are g 

f(z) = z 2 + c, 

where z = x + iy and c is a complex number. We define the sequence zo, zi > Z2 i. ^j 
as follows. We take z 0 = 0, z\ = /(zo) = Zq + c, Z 2 = /(zi) —z\ + c, etc. j 

t Steven G. Krantz, "Fractal Geometry,” The Mathematical Intelligencer, 11:4 (1989), 13-16. The essa5 j| 
followed by a rebuttal from Mandelbrot in the same journal. 
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Figure A.5-1 


each element of the sequence is found by our evaluating /(z) at the previous value, i.e., 


b 


Zfi — Z 


n —1 


+ c (where zo = 0). 


(A.5-3) 


j|he set M is generated by our considering different values of c. Those values of c 
||)r which the resulting sequence zo, z\, Z 2 , ■ ■ ■ does not diverge to infinity are in M. 
— Ije elements of the Mandelbrot set (i.e., these values of c) are typically plotted as 
|pints in the complex c-plane. Figure A.5-1 shows, in black, the set M. 

We can quickly see that certain numbers do or do not lie in M. Taking c = 0, we 
ll’ve, from Eq. (A.5-3) and the starting value zo = 0, that zi = 0, Z2 = 0, etc. Since 
»•= 0 for all n > 0 the sequence converges to zero. Thus c = 0 is in the Mandelbrot 
ft: as Fig. A.5-1 shows. 


>; Taking c = —2, we have zo = 0, 


-2, z2 = 2, 


Z 3 


2, and z„ = 2 for 


P'2. The sequence converges to 2, and so c = ~ 2 is also in M. 

’In a similar way, we take c = i and find the sequence 0, z, — 1 + z, —i, — 1 + 
fd, — Except for the first two terms, the elements of the sequence alternate be- 
P 1 “1 + i and —i. This is a divergent sequence, but it is not a sequence diverging 
|finity since no term in the sequence has a magnitude greater than V2. Thus 
- is in M and lies in the black region of Fig A.5-1—a fact not obvious from the 

c = 1, we generate the sequence 0, 1, 2, 5, 26, 677, .... The terms rapidly 
y-larger and larger, without a bound—it is clear that the sequence diverges to 
and that c = 1 is not in the set. 

| or most values of c, however, it is not immediately evident whether the result- 
fiuence zo, zi, Z 2 , ■ ■. is divergent to infinity. For example, we know that c = i 
What about the nearby point c — 0.99/? With the aid of a simple computer 
jm we can compute the terms of the resulting sequence. Table 1 shows ap- 
jf&te decimal values for the first 11 terms. It is not clear if this sequence will 
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TABLE 1 z n and \z n \ when c = 0.99; 


zo = 0.000 + 

o.ooot 

|zol = 

0.000 

z\ = 0.000 + 

0.990; 

|zil = 

0.990 

Z2 = ~ 0.980 + 

0.990; 

\Z2 1 = 

1.393 

Z3 = - 0.020 - 

0.951; 

|Z3l = 

0.951 

z 4 = ~ 0.903 + 

1.027; 

\Z4\ = 

1.368 

Z5= ~ 0-239 - 

0.865; 

1^51 = 

0.898 

z6 = ~ 0.692 + 

1.404; 

\Z6\ = 

1.565 

Z7 = - 1.492 - 

0.952; 

\zi\ = 

1.770 

z 8 = 1.319 + 

3.831; 

|Z8l = 

4.052 

Z9 = -12.940 + 

11.093; 

|Z9| = 

17.044 

Z10 = 44.390 - 

286.100; 

kiol = 

289.523 


converge or diverge, and, if it does diverge, whether divergence is to infinity. We will 
see shortly that Table 1 has enough information to show that the sequence does di¬ 
verge to infinity. Thus c = 0.99 i is not in the Mandelbrot set. There are, in fact, other 
points lying closer to c = i that lie outside M. The reader may begin to appreciate 
that the shape of M is very complicated, much more so than Fig. A.5-1 suggests. 

One might guess that the point c = ;' is isolated from the rest of M, i.e., it has 
a deleted neighborhood whose every point is outside M. This guess is wrong—a 
fact known only since 1982 when two mathematicians, J. Hubbard and A. Douady, 
proved that M is a connected closed set. 

The boundary of the Mandelbrot set is its most fascinating aspect. The region 
shown in the box in Fig. A.5-1, which lies close to the boundary, is described by 
—0.68 < jc < —0.58, 0.388 < y < 0.46. This set of points is shown magnified in 
Fig. A.5-2. 


The points of this region belonging to M are drawn in black; other points outside 
M are in white or grey. The meaning of this shading will be explained shortly. 
The boundary contains countless numbers of inlets and peninsulas with yet smaller 
“fingers” of land extending from each peninsula. A further magnification of a portion 
(-0.66 < v < -0.628, 0.429 < y < 0.452) of the preceding rectangle is depicted 
in Fig. A.5-3 and shows strands of land coming form the fingers. More magnification 
would reveal even additional fine structure, and at no degree of magnification worn 
the boundary of any portion of the Mandelbrot set appear to be composed of e 
smooth arcs and straight lines of Euclidean geometry. No wonder that Hubbam. 
an expert on this subject, calls the Mandelbrot set “the most complicated object tfj 
mathematics.” It is remarkable that this shape came from such a simple formula 
procedure. Incidentally Hubbard’s finding that M is connected is not contradtc 
by any black “islands” appearing in Fig. A.5-3. Any apparent lack of connecte ne 
in M appears because of the limitations of the computer program and video disp 
used to obtain the image. This also explains why z -= which we noticed i s ^ 
the Mandelbrot set, does not appear in the black part of Fig. A.5-1. This p oin jj 
connected to the main area of the set by a thread so thin that it could not be displw 1 
by the computer screen. ]§ 
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Figure A.5-2 


m 


\ The set of boundary points of M is an example of a fractal set. The resemblance 
(the behavior of this boundar y to the coastline of a real country should be apparent, 
here are other fractal sets, besides M, that can be used in this way, as well as to 
todel other physical phenomena. 

|, Figures A.5-1, A.5-2 and A.5-3 were obtained from a computer program called 
llandelzoom,” which the author ran on his home computer. The program employs 
Procedure outlined in an interesting article on fractals in the magazine Scientific 
erican. ' Comparable programs can be found through a search on the World Wide 
lb with the key words “fractal software. ” The reader is also encouraged to write 
|pr her own code— it is not very difficult— and one of the exercises asks you to 
Ibis. 

|Let us see how a computer program might determine whether a point belongs to 
|ps need not check the whole complex c-plane, point by point. First, we show that 

the Mandelbrot set lies in and on a circle of radius 2 in the complex c-plane. 
The center of the circle is at the origin. 

’prove the preceding, first assume that |c| > 2. We can show that the resulting 
p nce z 0 , Z\,Z 2 , ■ ■ ■ diverges to infinity. FromEq. (A.5-2), we have zi = fiz.o) = 
c, and so |zi| = |c| > 2. Now Z 2 = /(zi), and so 

(A.5-4) 



|Z2.! = l/(zi)| = I Z l + cl = Izillzi + c/zi|. 
all the inequality derived in Exercise 39, section 1.3: 

\u + v\ > \u\ - |u| > 0 (provided \u\ > |u|). 


(A.5-5) 
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Figure A.5-3 


Applying this to Eq. (A.5-4), we obtain 

\z2\ > kiKkil - kl/kil)- 

Since |zi| = |c|, we have 

\Z2 1 > |C|(|C| - 1). 

Continuing in this way we obtain 

|* 3 | = \f(Z2)\ = \4 + c\ = \Z2\\Z2 + C/Z2\ 


(A.5-6) 


and 


|Z31 > \Z2\(\Z2\ - |C|/|Z2|). 


(A.5-7) 


Since (|c| — 1) > 1, a moment’s study of Eq. (A.5-6) reveals that \zi\ > |c|> an( ^ s 
|c|/|z 2 | < 1. Thus \Z2\ ~ |c|/|z 2 | > kl - 1 , and we have, from Eq. (A.5-7), 


|Z3| > k 2 |(ki - !)• 


Combining Eq. (A.5-6) with the preceding, we have 

k3l>k|(|c|-l)(|c|-l)=|c|(|c|-l) 2 . 

Continuing in this fashion, we can show that |z 4 | > kl(l c l - l) 3 and, in general, 
n > 3, we obtain 

\Zn\ > lcl(lcl-l)"- 1 . 

Since the right side of this inequality tends to infinity as n oo, the ce 

of the terms in the sequence zo,Zi,Z 2 , S row arbitrarily large, and the seq 
diverges to infinity. Thus no points in the Mandelbrot set involve |c| > 2. j 
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Now selecting |c| <2, we begin to generate the sequence zq, zi, zi, ■ ■ ■ ■ If 
w e encounter an element z„ such that \z n \ > 2, we can prove that we can stop our 
procedure. We can conclude that the sequence diverges to infinity and that our chosen 
c is not in M. To prove this, assume \z n \ > 2. We then have 

\Zn+l\ = \z 2 n + c\ = \Zn\\z„+c/Zn\>\Zn\[\Zn\-\c\/\Z n \\, (A. 5-9) 


•where we have employed Eq. (A.5-5). Now since c/z„ < 1 it is apparent that 
;-(|z„| - \c\/\Zn\) > (\Zn\ - 1), which we use in Eq. (A.5-9) to yield 

f - |z»+i| > |Z«|[|Z«|- 1]. (A.5-10) 

\z n \ > 2, the preceding shows that | z n +i I > \z n I > 2. 

Now, proceeding much as before, 


\z„+ 2 \ = |Z 2 +1 +C| = |z„+ll|z„+l + c/Zn+l\ 
> |z„+i|[|z„+i| - \c\/\z n +i\\- 


(A.5-11) 


|ince \c\/\z n +i\ < 1 and \z n +i\ > \z n \ we have, from Eq. (A.5-11), 

\ Zn +2\ > \Zn+l)[\Zn\ ~ I]- (A.5-12) 

|mploying Eq. (A.5-10) in the above yields 

\Zn+ 2 l > \Zn\[\Zn\ ~ l][|z«| - I] = \Zn\[\z n \ ~ l] 2 - 

||pntinuing in this way we find that \z n +?,\ > kn|[Unl — l ] 3 and that in general 
jpfhtl > \zn\[\z n \ — 1]^- Thus as k -> 00 , the elements of the sequence have mag- 
i|udes that become arbitrarily large, and the sequence diverges to infinity. 

|| Equation (A.5-12) shows that \z n + 2 \ > \z n + tl, and we earlier proved that 
j+il > \z n \- This can easily be generalized. When \z n \ > 2, we have \z„\ < \z n +i\ 
®Zn+2l < \Zn+3 1 < • ■ ■ . Thus as soon as we encounter \z n \ > 2, the magnitudes of 
glsubsequent terms get progressively larger. An example of this occurs in Table 1. 
j|ying evaluated |zs I = 4.05, we can conclude that the sequence diverges. Note that 
|;< \Z9\ < Iziol- 

j^ e h ave seen that when we seek to determine if a given c lies in M, we can stop 
^calculation upon encountering \z n \ > 2. We conclude that c is not in M. 
|Suppose, however, we hit upon a value of c such that the sequence zq, zi, . ■ ■ 
|| not result in \z n \ > 2 after many iterations of f(z). According to Hubbard, who 
p|°ted by Dewdney, if we reach ziooo and Izioool < 2 , there is only a very, very 
1 chance that the sequence will diverge to infinity. We can thus, with great safety, 
||P this value of c to the Mandelbrot set. We can even make this decision sooner, 
ztoo, and have very few errors. 

17 computer program displaying the Mandelbrot set does not investigate the 
tjfftce zo, zi, -.. at every single point in any region of the complex plane. An 
| te number of points would have to be considered. A tightly spaced grid is placed 
| re gion and the behavior of the sequence is evaluated at each grid intersection. 
a point is judged to lie in M, a black dot is placed on the screen at the 
Ponding grid point. In this way, the black portions of Figs. A.5-1-A.5-3 were 
fed. 
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The values of c outside the Mandelbrot set are of interest. The computer screen 
can be used to display these values of c with a color assigned to each point that 
indicates how rapidly the sequence zo, zi, ■ ■ ■ diverges to infinity, i.e., how soon 
the condition \z n \ > 2 is reached. In the absence of a screen displaying colors 
a shade of gray (including white) might be employed. This technique is used in 
Figs. A.5-2 and A.5-3. Those points colored white result in sequences that di¬ 
verge to infinity relatively slowly, while those in the middle gray correspond to 
sequences moving to infinity more rapidly. Obviously, finer gradations can be dis¬ 
played if we use more shades of gray. A color video terminal can also be used to great 
advantage. 

The Mandelbrot set is by no means the only set of numbers in the complex plane 
leading to fractals. The Julia sets, to cite one example, can as well/ An example 
of these sets can be generated by a simple procedure. We return to /(z) = z 2 + c 
and assign a value to c. Next we give a value to z —we will call it z 0 —and compute 
zi = /(zo), Z2 = /(zi), etc., as before. Note that zo is not necessarily zero. If the 
resulting sequence zo, zi, Z2, • ■ ■ does not diverge to infinity, the value zo is said to 
lie in a filled Julia set. Now we try a new value for zo and repeat the procedure, getting 
z\,Z 2 , ■■■ to see if this new zo lies in the filled Julia set. For any given c there is a 
filled Julia set: it consists of all the values zo such that the sequence zo, Zi, Z2,... 
does not diverge to infinity. 

Other Julia sets can be generated through iterations of more complicated poly¬ 
nomials in z than f(z) = z 2 + c. For example, interesting sets have been obtained 
through iterations of z 2 — Az for various values of A} 

The boundary of a filled Julia set is usually a fractal set—i.e., it exhibits a 
complicated structure under any degree of magnification and describes an object 
whose dimensionality might not be a whole number. The set of boundary points of 
the filled Julia set is often simply called a Julia set. 

It was shown only in 1980 by Mandelbrot that a filled Julia set obtained from 
z 2 + c is connected if and only if the value of c used to obtain it is a member of 
the Mandelbrot set. The Mandelbrot set is thus the set of all values of c that lead to 


connected filled Julia sets when Julia sets are obtained from /(z) = z 2 + c. 

One may find inexpensive computer software on the World Wide Web for gen¬ 
erating Julia sets, although it is not difficult to create one’s own. Some examples 
Julia sets obtained from the author’s computer are shown in Figs. A.5^1 and A.5'5- 
Again z 2 + c is employed. The values of c are — 0.60i and — 0.90i, respectively- 
The first is in M, the second outside. For the first value, there is a corresponding con¬ 
nected filled Julia set. It occupies the region on and inside the irregular closed cuN e 
of Fig. A. 5^1. The curve looks as though it could be the border of an actual country- 

There is a close connection between the subject of fractals and that of c ^ a °^. 
theory, a discipline that gained recognition in the last two decades of the twenti e 


tOther examples of fractals can be found in M. Barnsley, Fractals Everywhere (San Diego: Academic ^ ^ 
1993). Julia sets were first described by two Frenchmen, Gaston Julia and Pierre Fatou, who wori®^ 111 j 
subject in the period 1900-1930. .A 

hSce, for example, R. Devaney and L. Keen, eds., Chaos and Fractals (Providence: American Math 6 ® 3 j| 
Society, 1989). H 
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Figure A.5-4 
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Figure A. 5-5 
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jjgury^in part due to the publication of a popular and entertaining book by James 
rl c ■ Chaos theory analyzes chaotic systems—physical systems which are deter- 
hstic but whose complexity is such as to seemingly defy mathematical description. 
tif terministic system is one whose behavior can in principle be found for all future 
h e parameters of the system are known at a particular instant. An example 
e a ball released from rest at time zero and allowed to roll down a simple in- 
plane—a standard problem in elementary physics. This is a nonchaotic system, 
-et u s look at a chaotic system. On a windless day you find a large boulder in the 
s and climb to the top of it carrying some freshly purchased identical rubber 
gently releasing a ball from some point near the top of the boulder—and being 
& 1 not to push it—you make note of the route taken as it rolls down. Releasing the 

Ipleick, chaos (New York: Viking, 1987). 
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others in turn from the same point, you will probably be struck by the variation in the 
paths exhibited by each. Yet this too is a deterministic system. If you had access to a 
great deal of information about the surface of the rock, the properties of each ball, and 
the means of release, the path taken by each could be predicted. The variations in path 
that you observe are due to very small differences in each experiment that you failed 
to notice: the subtle variations in the properties of each ball and the fact that none was 
released in precisely the same way from exactly the same point. The numerous small 
collisions that the descending balls make with the imperfections of the rock only serve 
to magnify these small initial differences. This is an example of the distinguishing 
feature of chaotic systems—their extreme sensitivity to initial conditions. We should 
be reminded here of the great sensitivity of the iterative process used in generat ing 
the Mandelbrot set by means of the Eq. (A.5-2). The point z = i was found to lie 
in the set but most nearby points lead to sequences that diverge to infinity. The 
connection between chaotic systems and fractals can be explored in many books." 


EXERCISES 

1. Consider the sequence bo, b\, £>2 . 

a) If b n = n 2 i n , prove that this sequence diverges to infinity. 

b) If b n = n 2 cos(«ti/ 2), prove that this sequence diverges and prove that it does not 
diverge to infinity. 

2. Prove that if a value of c is in the Mandelbrot set, then c must also be in the set. 

3. a) Find a value of c in the Mandelbrot set such that — c is not in the set. It is easiest to 

look for a real value. 

b) Prove that c — — 2 is a boundary point of the Mandelbrot set. Recall that —2 is in the 
set. 

4. You are testing to see whether a value of c belongs to the Mandelbrot set M. You generate 
the sequence zo, Z\, zi,.. . and find two values z n and z n +p such that z n = z n -vp{P £ ®)- 
Explain why c must be in M. Give an example of c A 0 that leads to this situation. 

5. a) Using MATLAB, or any other convenient language, write a simple computer program 

that will prompt you to enter a complex number c whose membership in the Mandel¬ 
brot set is to be established. The program will perform the iteration Zn = 1 + c ’ 
beginning with zo = 0. The number n is to go up to 1000 (the number of iterations to 
be performed). If at any stage of the iteration process you find that \z n \ > 2, you a Tt 
to have the program terminate the iterative procedure and announce that the given c is 
not in the set. If this condition is not achieved when n has reached 1000, the program 
should state that the chosen c is in the set, which is most likely true. 

b) Check your program by using it to verify that the number c = i is in the Mandelb® 

set while its neighbor c = .999999 i is not. ^ 

c) Consider the straight line connecting the points for the numbers .37 + -357 ( 

.37 + ,358/. Using your program, verify that the first of these numbers is most 1 

in the set while the second is definitely not. Using your program try to detem j 
approximately where the line segment crosses the boundary of the set. Do th 25 I 
trying different numbers lying on the line segment. ,J 


^Barnsley, op. cit. 
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d) Modify the program used in part (a) so it does only 10 iterations and use it to verify 
Table 1. 


6. a) Using MATLAB or a comparable language, write a computer program that will gener¬ 
ate the Mandelbrot set and display it on a computer screen. Thus if a number belongs to 
the set, it should result in a dark dot being placed on your screen at the corresponding 
location in the complex plane. A point outside the set should cause a light colored 
dot. Consider c lying in the region R of the complex plane described by the intervals 
—2.25 < Re(c) < .75 and —1.5 < Im(c) < 1.5. Choose values of c to be tested for 
set membership by using the points of intersection of a grid placed in R. The spac¬ 
ing of these-grid lines is 1/512th of the respective intervals. After 200 iterations of 
Eq. (A.5-3) you may conclude that a point is in the set if IZ 200 I < 2. For any given c, 
the program should cease the iterative process in (A.5-3), for n < 200, if z n satisfying 
\z n | > 2 is encountered; c is now known to be outside the set. The computer code 
should be written to take advantage of the symmetry of the set with respect to the real 
axis. Your result should be similar to Fig. A.5-1. Write your program so that it will 
tell you how long it took to generate the set. 

A book published in 199U reports a contemporary result in which the preceding 
computation took about 45 minutes to complete on a SUN workstation. The same 
calculation required 42 seconds on the author’s laptop computer, purchased in 2003. 
t How long did your computation require? 


b) Modify your program so that it displays only those points in the Mandelbrot set lying 
intheregionO < Re(c) < .5and0 < Im(c) < .5. Notice the small peninsulas on the 
set whose shape mimic that of the rather crude plot shown in Fig. A.5-1, a reminder 
of the approximate self-similarity of the Mandelbrot set. Again, modify the program 
to explore other interesting regions which you can locate with the aid of Fig. A.5-1. 


i Exercises 7-10 assume that the Julia sets under discussion are obtained by iteration of 
fez) = z 2 + C. 

’7. If z = Zo is in a filled Julia set, prove that z = —zo is in the same set. 

|8. What is the filled Julia set corresponding to c = 0? Note the boundary is not a fractal 


set. 


Prove that z = 0 lies in all connected filled Julia sets. Use Mandelbrot’s result con- 
■' ceming connected filled Julia sets. 

'■ Why must a filled Julia set corresponding to value c contain the two points given by 
(j the values of [1 + (1 - 4c)U 2 ]/2? 


I CriUy et al., op. cit. 
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Residues and Their Use 
in Integration 


I Introduction and Definition of the Residue 

uch of elementary calculus courses involves our learning procedures for doing 
ijegrations. Unfortunately, the reader whose mathematical education has ended 
» basic calculus will be ill equipped to evaluate the kinds of integrals that are 
duntered in advanced undergraduate courses in engineering and physics. Here 
ljp example: Try to evaluate the following integral with what you have learned in 
ginning calculus: ^~dt, where co is real. This kind of integral contain- 

|P trigonometric function and a rational function in the variable of integration 
gaonly occurs in the method of Fourier transforms—one of the major tools in 
jjpeering. In this chapter, we will develop, using complex variable theory, the 
Br 8 f° r evaluating such integrals as well as techniques for evaluating integrals 
| a PPear with other types of common transformations of applied mathematics, 
hose of Hilbert and Laplace. By the end of this chapter, the integral just stated 
E?e easy to evaluate. It may seem strange that we need to use the complex plane 
|aluate real integrals, but one should keep in mind here the observation of the 
||h mathematician Jacques Hadamard (1865-1963): “The shortest path between 
Wfths in the real domain passes through the complex domain.” 

| e s hall leam in this chapter how to evaluate contour integrals in the complex 
hy a technique known as the method of residues, and we will see how such 
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nntour integrals help us to evaluate real and complex integrals. The calculus of 
C nntour integration bears a different relationship to complex infinite series than the 
Nation between the integrals of elementary calculus and real series. In elementary 
Icnlus one may learn a great deal about how to integrate without knowing much 
hnut series while in complex calculus the contour integrations encountered demand 
knowledge of infinite series, most especially Laurent series. Strange to say, there i s 
term in particular in the Laurent expansion of the integrand that is more important 
than the rest. This brings us to the subject of residues and what is sometimes known 

as “the calculus of residues.” 

Let zo be an isolated singular point of the analytic function f(z ). Consider any 
simple closed contour enclosing zo and no other singularity of f(z). The integral 
iJLUfCVz taken around C is typically nonzero. However, by the principle of 
defomiation of contours (see section 4.3) its value is independent of the precise 
shape of C, that is, all simple closed curves that contain z 0 and no other singular 
point of fiz) will lead to the same value for the integral. This leads us to create the 

following definition. 

DEFINITION (Residue) Let f(z) be analytic on a simple closed contour C 
and at all points interior to C except for the point z 0 - Then the residue of f(z) at z 0 , 
written Res[/(z), Zo], is defined by 


Res[/(z), zo] = 


1 

2niJc 


f(z)dz. 


( 6 . 1 - 1 ) 


The connection between Res[/(z), zo] and a Laurent series for /(z) will soon 
be apparent. Because z 0 is an isolated singular point of f(z), a Laurent expansion 

f(z) = -b c_ 2 (z - zo)~ 2 + c -i(T - ri)) _1 + Co + ci(z - zo) 

+ c 2 (z - zo ) 2 + • • •, o < |z - zol < R, ( 6 - 1 " 2) 

of f(z) about Zo is possible. This series converges to /(z) at all points (except zo) 
within a circle of radius R centered at zo, he., in a deleted neighborhoo o 20- 
Now, to evaluate Res[/(z), zo], we take as C in Eq. (6.1-1) a ci rc e o ^ 

r centered at zo- We choose r < R, which means that /(z) in Eq. (6. - ) 
represented by means of the Laurent series in Eq. (6.1-2), and a term y 
integration is possible. Thus 


00 


Res[/(0.zo]=T| ^ 

t 00 


2ni 


n=—OO 

It is now helpful to take note of Eq. (4.3-10): 


z-zol= r 


c n (z - zo) n dz 
(z - zofdz. 


( 6 . 1 ^ 3 ) 


lz-zol= r 


(z - zofdz = 


0 , 

2%i, 


n ^ —1, 
n — — 1. 


1 
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Thus all the integrals on the right side of Eq. (6.1-3) have the value zero except the 
one for which n = - 1, We then have 

Res[/(z), zo] = c_i. (6.1-5) 

The result contained in this equation is extremely important and is summarized in 
the following theorem. 


THEOREM 1 The residue of the function f(z) at the isolated singular point z 0 is 
the coefficient of (z — Zo) _1 in the Laurent series representing f(z) in an annulus 
0 < |z - 201 < • 

The term “residue,” meaning “that which is left over,” seems particularly appro¬ 
priate when applied to Eqs. (6.1-1) and (6.1-5). When a valid Laurent series for f(z) 
is used in Eq. (6.1-1) and the integration is performed term by term, all that remains 
is a particular coefficient in the series. An alternative derivation of Eq. (6.1-5) is 
given in Exercise 9 of this section. 


r 


1 XAMPLE1 Let 


f(z) = 


1 


z(z — 1) 


pind, using Theorem 1, where C is the contour shown in 

E ig. 6.1-1. 

olution. Note that f(z) is analytic on C and at all points inside C except z = l, 
I'hich is an isolated singularity. Thus Theorem 1 is applicable. In Example 3 of 
lotion 5.6 we considered two Laurent series expansions of f{z) that converge in 
annular regions centered at z = 1: 


z(z - 1) 


= (z - 1) 1 - 1 + (z - 1) - (z - l) 2 + • • •, 0 < ]z - 1| < 1; 


( 6 . 1 - 6 ) 



Figure 6.1-1 
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1 


= (z -1)- 2 - (z - ir J + (z -1)' 


— 1 | > 1- (6.1-7) 


z(z - 1 ) 

The series of Eq. (6.1-6), which applies around the point z = F is of use to us here. 
The coefficient of (z - 1 ) _1 is F which means 11131 

1 


Res 


z(z - 1 )’ 


= 1 . 


Thus 


^iP iz)dZ=L 


Observe that the contour C lies in part outside the domain in which the Laurent 

series ofEq. (6.1-6) correctly represents/(z) (see Fig. 6.1-1). 

However, contour C can legitimately be deformed into a circle, centered at 
z = 1 and lying within the domain 0 < |z — 1| < 1- It is around this circle that the 
term-by-term integration, leading to our final result, can be applie . 

Comment. If we change the previous example so that the contour C now encloses 
onlyThe singular point z = 0 (for example, C is |z | = 1/2), then our solution would 
require that we extract the residue at z = 0 from the expansion 

_ — —2~ 1 — 1 — Z — Z 2 - , 0 < |z| < I, 

z(z-l) ' 

which the reader should confirm. The required residue, at z = 0, is 
new contour 

1 £ dz 
2ni 


-1. Thus for this 


= - 1 . 


C z(z - 1) 

The residues used in the preceding example could have been ^Tnekhbo^ 
our first getting the complete Laurent series expansions valid in deleted ne g 
hoods of zio and z = L Note the partial fraction expansion J®- 
l _ =1 , i If w e expand the right side of the equation in a senes 
7 ( 7 - 1 ) z ~ z— f . • „ vn=°° r - n we see 

in the punctured disc 0 < |z.| < 1, he., we require a series Z„=-oo »<■ ’ 

that the first fraction ^ is already expanded in powers of z (it is just z 1 , 
the second term which is analytic at z = 0 , has a 7h\7xir expa n sio ^ 0 f 
of z, within this punctured disc. This Taylor expansion is vahd for UI 
course, does not contain z raised to negative powers. Thus the Laurent 

=i + J- = V n =°° c n z n has only one term with a negative powe , 

We have obtain^ of /( z) at z = 0 without generating the I*** 

series. . . _* r = l is L Tb 1 ^ 

,wefs 
•thing 


In a similar way, we can argue that the residue of f{z) a | * f / 

ame which is analytic at z = 1, has a Taylor expansion in powers . \ 


because =±, which is analytic at z = 1 , has a . 

about z = L The remaining partial fraction, ^ry, > s already expan e 
of (z - 1); the coefficient of (z - l )' 1 is > We have here a glimpse of&n jt a 
developed in the next two scctions-we can obtain the residue of a func 
singular point without generating an entire Laurent expansion. J 
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Example 1 could also have been solved with the Cauchy integral formula (sec¬ 
tion 4.5), without recourse to the residue. However, in the following example, as in 
many more problems in this chapter, residue calculus provides the only solution. 

EXAMPLE 2 Find z sin(l /z)dz integrated around |z| =2. 

Solution. The point z = 0 is an isolated singularity of sin(1 /z) and lies inside the 
given contour of integration. We require a Laurent expansion of z sin( 1 /z) about this 
point. FromEq. (5.4-21), with l/z substituted for z, we can obtain 

' n . (if (if 

3! 5! 


z sin 


= 1 - 


kl > o. 


[Since the coefficient (1 jz) in the preceding series is zero, we have 


Res 


1 . 

z sin - |, 0 
z 


= 0 . 


BVe see that a function can have a singularity at a point and possess a residue of zero 
giere. The value of the given integral is thus zero. • 

Thus far we have used residues to evaluate only those contour integrals whose 
lath of integration encloses one isolated singularity of the integrand. Theorem 2 
inables us to use residue calculus to evaluate integrals when more than one isolated 
Singularity is enclosed. 


IHEOREM 2 (Residue Theorem) Let C be a simple closed contour and let 
l|z) be analytic on C and at all points inside C except for isolated singularities at 
u Z 2 ,. • •, z n - Then 


2t iiJc^ dz = Res W z )’ Zl ] + Res Wr)’ Z21 + ---+ Res [f(z), Zn], 


hch is more neatly written 

(f>f(z)dz = 2ni Res[/(z), Zk\- 


k= l 


( 6 . 1 - 8 ) 


feThus the integral of f(z) around C is 2ni times the sum of the residues of f(z) 

Idee. 

|To prove the residue theorem, we first surround each of the singularities in C by 
fes Ci, C 2 ,..., C„ that intersect neither each other nor C (see Fig. 6. l-2(a)). A 
P paths, illustrated with broken lines, is then drawn connecting C, C\, ..., C„ 
jPWn. Two simple closed contours, Cu and Cl can then be formed as shown in 
jP-l-2(b). The function f(z) is analytic on and inside Cu and Cl - Hence, from 
“| a Uchy integral theorem, 
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We now add these two expressions: 

1 

2ni 




= 0. 


(6.1-9) 


Note that those portions of the integral along C v that take place along the paths 
illustrated with broken lines are exactly canceled by those portions of the integral 
alone C r that take place along the same path. Cancellation is due to the opposite 
directions of integration. What remains on the left side of Eq. (6.1-9) is the integral 
of f(z) taken around C in the positive (counterclockwise) sense, plus the integrals 
around Ci, C 2 , ..., C n in the negative direction. Hence 


£ f^ dz +£ C1 /(z)dz + £ 2 f(z)dz + "' + £, f(z)dz 


1 

2ni 

We can rearrange this as 


— £ 


f(z) d z 


-£ 


= 0 . 


f(z)dz. 


(6W0) 

where all the integrations are now performed in the positive sense^ ^ of ^ 
integrals on the right in Eq. (6.1-10) is taken around i 
numerically equal to the residue of f(z) evaluated at that singularity. Hence 


_L<£ f(z)dz = Res[/(z), zi] + Res [f(z), z 2 ] + ''' + Res ^’ ^ 
2lliJC , . 


ithe 


Multiplying both sides of the equation by 2m, we obtain Eq. (6.1 8) ■ Note . q 

—tIon 8 of Eq. (6.1-8) we include residues at only those 

The residue theorem is sometimes referred to as the Cau y ter ed- 

in honor of Augustin-Louis Cauchy, whose name we have fre 
The method of residues was devised by him in about 1814 and the 
or its French equivalent, is also his contribution. 


EXAMPLE 3 Find f c 
residue theorem. 


l 

£ z(z-l) 


dz , where C is the circle \z — 11 = 6, by means 


ofd 16 
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Solution. The contour C encloses the isolated singularities at z = 1 and z = 0. The 
residues of 1 /[z(z - 1)] at 1 and 0 were derived in Example 1 and are 1 and -1, 
respectively. Applying Eq. (6.1-8), we see that since the sum of these residues is 
zero, the value of the given integral is zero. 


exercises 


Using the method of residues, evaluate the integral - _C 2 + + 2(z - 1) + ~^dz 

where the contour C is given below. 

1. \z - 11 = 2 2. \z - 5| = 2 3. The rectangle with comers at ±(5 ± i) 


Evaluate the following integrals by using the method of residues. In Problems 6-8 use Laurent 
expansions valid in deleted neighborhoods of the singular points to get the residue. 


4. 


1: 5. 


e n (n — l)(z — 1 ) n dz around |z| = 2 
-dz around |z — i\ = 3 


n=~ oo 

CO 


«=-5 
00 


1 

7. 


(z + i) n (n + 6)! 
cosh(l /z)dz around the square with corners at ±(1 ± i) 


1 f 1 

z sin [-- dz around |z| =2 8. <J>- dz around |z| = 2 

z — 1 J sin z 


I 


K' Show how the result in Eq. (6.1-5), which relates the residue to a particular coefficient 
fc in a Laurent series, can be derived through the use of Eq. (5.6-5) and the definition of 
B the residue shown in Eq. (6.1- 1). 

Use residue calculus to show that if n > 1 is an integer, then 


. z + - dz = 
cl Z 


2nin\ 




o, 


n odd. 


n even, 


^here C is any simple closed contour encircling the origin. 

'fint: Use the binomial theorem. 

| e wish to evaluate 

" =R {z 2 — l) 1 / 2 dz, 

■ l 

fere we employ a branch of the integrand defined by a straight branch cut connecting 
P 1 andz = -1, and (z 2 - 1) 1/2 > 0 on the line v = 0, x > 1. Note that the singular- 
® s enclosed by the path of integration are not isolated. 
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a) Show that (z 2 - 1 )^ 2 = z(l - l/ z 2 )V 2 = z - 1/(2 z) + • • •, lz| > 1. 

Hint: Consider (1 + w )'/ 2 = Q c n w n , |w| < 1, let w = -1 /z 2 . 

b) Evaluate the given integral by a term-by-term integration of the Laurent series found 
in part (a). 

12. Use the technique of Exercise 11 to evaluate <£l/(z 2 — 1 ) l/2 dz, where the same contour 
of integration and branch of (z 2 — l) 1 / 2 are used as in Exercise 11. 


6.2 Isolated Singularities 

We have just seen that if /(z) has an isolated singular point at zo then it is useful 
to know the coefficient of (z — Zo) 1 in the Laurent expansion about zo- Often this 
coefficient can be found without our obtaining the entire Laurent scries. This is the 
subject of section 6.3. Here we must do some preliminary work. 

Kinds of Isolated Singularities 

Let oo c « ( z — Zo)" be the Laurent expansion of /(z) about the isolated singular 
point zo- Wc have 

/(z) = • ■ • + C_ 2 (z — zo) ^ + C- i(z — zo) 1 + CO + Ci(z — Zo) 1 + • • ■ • 

There are terms in the series with negative exponents as well as others with positive 
ones, and there is a constant term arising from the exponent of zero. This leads to 
the following pair of definitions. 

DEFINITION (Principal Part and Analytic Part) The portion of the Laurent 
series containing only the negative powers of (z — zo) is called the principal part ; 
the remainder of the series—the summation of the terms with zero and positive 
powers—is known as the analytic part. • 

The analytic part is a power series and converges to an analytic function. 

We now distinguish among three different kinds of principal parts. 

1. A principal part with a positive finite number of nonzero terms. Since the 
number of terms in the principal part is neither zero nor infinite it takes the form 

C-A?(z — Z o) N + C_(Af_i)(z — Zo) ^ + • • • + C_1 (z — zo) > 

where c_,v 0. The most negative power of (z — zo) in the principal part is 
where N > 0. Thus we arrive at the following definition. 

DEFINITION (Pole of Order AO A function whose Laurent expansion about« 

singular point zo has a principal part, in which the most negative power of (z # 
is — N , is said to have a pole of order N at zo- 

i Tb® 

The function /(z) = l/[z(z - l) 2 ] has singularities at z = 0 and z = 
Laurent expansions about these points are 

/(z) = z' 1 +2 + 3z + 4z 2 + -.., 0 < |z| < L j 
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and 

f(z) = (z~ l)~ 2 - (z - l)' 1 + 1 - (z - 1) + (z - l) 2 H-, 

0 < \z — 1| < 1. 

The first series reveals that /(z) has a pole of order 1 at z = 0, while the second 
shows a pole of order 2 at z = 1. 

A function possessing a pole of order 1, at some point, is said to have a simple 
pole at that point. Some discussion of the term “pole” is given at the end of this 
section. 

II. There are an infinite number of nonzero terms in the principal part. Unlike 
the case just described, we are now unable to find in the principal part a nonzero 
term c-n(z - Zo)' iV containing the most negative power of (z - zo). 


DEFINITION (Isolated Essential Singularity) A function, whose Laurent 
(expansion about the isolated singular point zq contains an infinite number of nonzero 
terms in the principal part, is said to have an isolated essential singularity at zo- 


We will usually delete the word “isolated” and simply say essential singularity.^ 
Transcendental functions defined in terms of exponentials (sine, cosh, etc.) can 
|xhibit this behavior when their arguments become infinite. For example, from 
3q. (5.4—21), with z replaced by 1/z, we have 

r 3 z ~ 5 

sm - = z 1 —— + — H-, z # 0, 


_1 - --1- 

z 3! 5! 

I'hich shows that sin( 1 / z) has an essential singularity at z = 0. 

Another example is eUri- 1 )/^ - l) 2 . Using e 11 = l + u 
fitting u = (z — l) -1 , we find that 

gi/fz-l) r, _ n-4 


■ u 2 / 2! 


(6.2-1) 


and 


= (z 


l)' 2 + (z - 1) 


-3 


+ 


(Z ~ f) 
2 ! 


z + I, (6.2-2) 


(z - l ) 2 

ch shows that the given function has an essential singularity at z = 1. 

III. There are functions possessing an isolated singular point zo such that a 
§ught-after Laurent expansion about zo will be found to have no terms in the prin- 
^ Part, that is, all the coefficients involving negative powers of (z — zo) are zero, 
act, a Taylor scries is obtained. In these cases, it is found that the singularity exists 
ause the function is undefined at zo or defined so as to create a discontinuity. By 
e rly defining f(z) atzo, the singularity is removed. 

FINITION (Removable Singular Point) When a singularity of a function 
; at zq can be removed by suitably defining f(z) at zo, we say that f(z) has a 
&vable singular point at zo- • 

- kind of nonisolated singular point called a nonisolated essential singularity. An example is given 
Jcise 36. Because we will rarely encounter tliis kind of singularity it is convenient to use “essential 
Spty” to mean an isolated essential singularity- 
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One example of the preceding is f(z) = sin zjz, which is undefined at z = 0. 
Since sinz = z - z 3 /3! +z 5 /5! — ■ ■ ■, |z| < oo, we have 

sinz __ _ z^ z^_ 
z ~~ 3! + 5! ' 

Because sin 0/0 is undefined, the function on the left in this equation possesses a 
singular point at z = 0. The Taylor series on the right represents an analytic function 
everywhere inside its circle of convergence (the entire z-plane). The value of the 
series on the right, at z = 0, is 1. By defining /(0) = 1, we obtain a function 


sinz 


/w 1,; 


z / 0, 

z — 0, 


which is analytic for all z. The singularity of /(z) at z = 0 has been removed by an 
appropriate definition of /(0). This value could also have been obtained by evaluating 
linu-^o sin z/z with L’Hopital’s rule. (See section 2.4). Since we require continuity 
at z = 0, this limit must equal /(0). 

Another example of a removable singularity occurs in /(z) = e Logz . Recalling 
that the log is undefined at z = 0, we have that /(0) is undefined. However, for 
z / 0, we have /(z) = z, and it should be clear that if we take /(0) = 0, we have 
eliminated the singularity from the given function. 

It is not hard to prove Riemann’s theorem on removable singular points (see 
Exercise 37), which asserts that if a function f(z) is undefined at zo but is bounded 
and analytic in some deleted neighborhood of this point, then it is always possible 
to define f(z o) in such a way as to make /(z) analytic at zo', in other words, the 
singularity of /(z) must be removable. 


Establishing the Nature of the Singularity 


When a function /(z) possesses an essential singularity at zo, the only means we have 
for obtaining its residue, other than actually doing the integration in Eq. (6.1-1), is to 
use the Laurent expansion about this point and pick out the appropriate coefficient. 
Thus from Eq. (6.2-1), we see that Res [sin 1/z, 0] = 1 (the coefficient of z )> 
while Eq. (6.2-2) shows that 


Res 


e l/(z-l) 
(z- l) 2 


= 0 , 


which is the coefficient of (z - 1) . 

If, however, a function has a pole singularity at zo, we need not obtain the en 
Laurent expansion about zo in order to find the one coefficient in the series that 


: a Vi 


ariety 


!& 


actually need. Provided we know that the singularity is a pole, there are - . 
techniques open to us. Furthermore, finding the residue is made easier by our 
knowing the order of the pole. We will now find some rules for doing this. 

Let f(z) have a pole of order N at z = zo- Then 


f(z) = —zo) N + c -(/v-i)(z - zo) ^ ^ 

+ ■ ■ ■ + CO + c l (z - Z o) + • • • , 


( 6 . 2 J) 

j 
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where c ,y ^ 0. The above expansion is valid in a deleted neighborhood of zo- 
Multiplying both sides by (z - zo) N , we have 

(z — Zo) N f(z ) = C-N + C_pv-l)(z — Zo) 

3-b C 0 (z - Zo) N + Ci(z- Z 0 f +l + ■ 

From the preceding, we have 


(6.2-4) 


lim \(z 

Z~>Z() 


zo) N f(z )] = 


(6.2-5) 


Since |(z -^o)^I -> 0 as z -> zo, Eq. (6.2-5) shows us that lim z ^ zo \f(z)\ -> oo, 
that is, if f(z) has a pole at zo then |/(z)[ is unbounded as z —> zo- 

The function f(z) = sinh z/z does not have a pole at z = 0. To see this, 
swe apply L’Hopital’s rule to evaluate lim z ^o f(z). We obtain lim, ^o coshz/1 = 1. 
fact, f(z) has a removable singularity at z = 0. 

A function f(z) having an essential singularity at zo does not have a limit of oo 
|&s z^ zo- For example, in the case of e l ^ z , if we approach the origin along the line 
0, x > 0, we find that f(z) = e l ^ x becomes unbounded as x -> 0. However, if 
ve approach the origin along the line x = 0, we have f(z) = e^ i z — cos(y _1 ) — 
|sin(y _1 ), which is a complex number of modulus 1 for all y. 

The behavior of a function in a neighborhood of an essential singularity is an 
|dvanced subject in complex variable theory and is beyond the scope of this book. 1 

Analytic branches of some multivalued functions, such as log z and 1 /(z — 1) l,/2 , 
|§ye moduli that become infinite at their singular points (in these examples at z = 0 
ad z = 1, respectively). However, these singular points are not poles but branch 
feints. A function that “blows up” at a point does not necessarily have a pole there. 
^function that has a limit of oo at an isolated singular point does have a pole at that 
jgmf. The following pair of rules, based on Eqs. (6.2-3) and (6.2-5), are useful in 
|tablishing the existence of a pole and its order. To establish the second rule, we 
nst multiply Eq. (6.2-3) by (z - zo)"- 


BLEI 


Let zo be an isolated singular point of /(z). If lim ;: ^7 0 (z - Zo) f(z) 
|sts and if this limit is neither zero nor infinity, then f(z) has a pole of order N 

|o. • 


|pE II If tv i s the order of the pole of /(z) at zo, then 

[O, n > N, 




lim (z - z 0 )”/(z) = 

Z-^Z0 OO, 


LE 1 Discuss the singularities of 

z cosz 


f(z) 


n < N. 


(z — l)(z 2 + 1) 2 (z 2 + 3z + 2) 


(6.2-6) 


example, Serge Lang, Complex Analysis, 4th ed. (New York: Springer, 1999), Chapter 5, section 3. 
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Solution. This function possesses only isolated singularities, and they occur only 
where the denominator becomes zero. Factoring the denominator we have 

_ zcosz _ 

f{Z ~ (z - l)(z + 1 ) 2(2 - if( Z + 2)(z + 1) ■ 

There is a pole of order 1 (simple pole) at z = 1 since 


lim[(j — l)/(z)l= lim- <ir S - 

z-^ 1 z-* 1 (z— l)(z + i) 2 (z - i)~(z + 2)(z + 1) 


which is finite and nonzero. 

There is a second-order pole at z = — i since 


cos 1 
24 ’ 


lim [(z 
z-r — i 


0 /(*)] = lim .7- 

z -^-1 (z ■ 


{z + if 


zcosz 


_ — i cos (~i) 

l)(z + 0 2 {Z ~ i) 2 (z + 2)(z + 1) ~ ~J(2^- 
Similarly, there is a pole of order 2 at z = i and poles of order 1 at —2 and — 1. 


EXAMPLE 2 


Discuss the singularities of 


m = 


e 


z 


sinz 


Solution. Wherever sin z = 0, that is, for z = kn, k = 0, ±1, ±2, ..., /(z) has 
isolated singularities. 

Assuming these are simple poles, we evaluate lim,_^ JI [(z — kn)e z /sin z]. This 
indeterminate form is evaluated from L’Hopital’s rule and equals 


, (z — k%)e z + e z e kn 

lim -=-—-. 

z-^kn COSZ COS ku 

Because this result is finite and nonzero, the pole at z = kn is of first order. 

Had this result been infinite, we would have recognized that the order of the 
pole exceeded 1, and we might have investigated lim z -^kn{z — kn) 2 f(z), etc. On 
the other hand, had our result been zero, we would have concluded that f(z) had a 
removable singularity at z = kn. * 

Problems like the one discussed in Example 2, in which we must investigate the 
order of the pole for a function of the form /(z) = g(z)/h(z), are so common that 
we will give them some special attention. 

If g(z) and h(z) are analytic at zo, with g(zo) ^ 0 and h(zo) = 0, then f{z) 'f 1 
have an isolated singularity at zo. 1 With these assumptions, we expand h(z) in 
Taylor series about zo- 

Let 

h(z) = a N (z - zo) N + a N+ i(z - zo) N+1 -■ 

The leading term, that is, the one containing the lowest power of (z " zo ^’ 
< 2 jv(z — zo)' v , where a,v ^ 0 and N > 1. Recall from section 5.7 that h(z) has aZ 
of order N at zq. 


^"Recall from section 5,7 that the zeros of an analytic function are isolated, that is, every zero has 
neighborhood containing no other zero. Thus a zero appearing in a denominator creates an isolated sing 11 
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Rewriting our expression for f(z) by using the series for h(z), we have 

f(z)= _ __ . 

a N (z - zo) N + <Fv+i(z — zo) iV+1 H- 

To show that this expression has a pole of order N at zo, consider 

lim [(z - z 0 ) N f(z)] = lim — —- ( z ~^) N g(z) - 

z-^zo aw(z — Zo) N + <ZN+l{z - zo) N+l + ■ ■ ■ 


= lim -1®_= 

Z-^-zo a.N + ajV+l(z — zo) + ■ ■ ■ dN 

Since this limit is finite and nonzero, we may conclude the following rule. 

RULE I (Quotients) If f(z) = g{z)/h{z), where g(z) and h(z) are analytic at 
Izq, and if h(z.o) = 0 and g(zo) t- 0, then the order of the pole of f{z) at zo is identical 
to the order of the zero of h(z) at this point. • 

i The preceding procedure can be modified to deal with the case g(zo) = 0, 
i)i(zo) = 0. Under these conditions if lim,^ zo f(z) = lim,_> Z0 [g(z)//t(z)] is infi- 
ite, then f(z) has a pole at zo, whereas if the limit is finite, f(z) has a removable 
ingularity at zo - L’Hopital’s rule is often useful in finding the limit. 

^ If there is a pole, and we want its order, we might expand both g(z) and h(z) in 
fay lor series about zo - This would establish the order of the zeros of g(z) and h(z) 
izo- Then, as is shown in Exercise 16 of this section, the following rule applies. 

ULE II (Quotients) The order of the pole of /(z) = g(z)/h(z) at zo is the 
ider of the zero of h(z) at this point less the order of the zero of g(z) at the same 
oint. • 


The number found from this rule must be positive, otherwise there would be no 


EXAMPLE 3 Find the order of the pole of (z 2 + 1)/( e z + 1) at z = in. 

lution. Withg(z) = ( z 2 + l)and h(z) = ( e z + 1), we verify that g(in) = —n 2 + 
0, and h(in) = e m + 1 = 0. 

To find the order of the zero of (e z + 1) at z = in, we make the Taylor expansion 

h(z) = e z + 1 = c 0 + ci(z - in) + c 2 (z - in) 2 H-. 

te that c 0 = 0 because h(in) = 0. Since 

Cl = Tz (eZ + l) = ~ h 

U4. z=in 

ph is nonzero, we see that h(z) has a zero of order 1 at z = in. Thus by our Rule 
f) has a pole of order 1 at z = ra. • 


i 


1PLE 4 Find the order of the pole of 


sinh z 

/(z) = -n- at z = 0. 
sin z 
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Solution. With g(z) — sinh z and h(z ) = sin 5 z, we find that g( 0) = 0, h( 0) = 0. 

Because sinh z — z + z 3 /3! + z 5 /5! + • • ■, we see that g(z) has a zero of order 1 

at z = 0. Since (sin z) 5 = (z - z 3 / 3! + z 5 /5! - • • • ) 5 = z 5 - 5z 7 /3! q-, we see 

that the lowest power of z in the Maclaurin series for sin 5 z is 5. Thus (sin z) 5 has a 
zero of order 5 at z = 0. The order of the pole of f(z.) at z = 0 is, by Rule II, the order 
of the zero of (sin z) 5 less the order of the zero of sinh z, that is, 5 — 1 = 4. , 


EXAMPLE 5 Find the poles and establish their order for the function 


(Logz - i%)(z l l 2 — 1) 

Use the principal branch of z l,/2 . 

Solution. Note that the principal branch of the logarithm is also being used. Re¬ 
ferring to sections 3.5 and 3.8, we recall that both the principal branch of z 1 / 2 and 
Log z are analytic in the cut plane defined by the branch cut y — 0, —oo < x < 0 
(see Fig. 3.5-3). This cut plane is the domain of analyticity of /(z). 

Where are the singularities of /(z) in this domain? If Log z — in = 0, we have 
Log z = in, or z = e 171 — — 1. This condition cannot occur in the domain. Alterna¬ 
tively, we can say that z = — 1 is not an isolated singular point of /(z) since it lies 
on the branch cut containing all the nonisolated singular points of /(z). 

Consider z 1//2 — 1 = 0, or z 1//2 = I. Squaring, we get z = L Since the principal 
value of l 1 / 2 is l, we see that f(z) has an isolated singular point at z = 1. Now 

OO 

z 1/2 -l = 2 c »(z-l)"- 

n—0 

We readily find that co = 0 and ci = [(1/2 )/z^ 2 ] z= i, or c i = i/2- This shows that 
z 1 / 2 — 1 has a zero of order 1 at z = I. 

Since 

/ 1 \ 


f(z) = 


Log z — in 
' z 1 / 2 - 1 


and the numerator of this expression is analytic at z = 1 while the denominator 
z 1//2 — 1 has a zero of order 1 at the same point, the given /(z) must, by Rule I, have 
a simple pole at z = I. * 


Comment on the term “pole To the lay reader the word “pole” might well sugg es 
a narrow cylinder protruding into the air from the ground. There is a connection 
between this colloquial definition and the mathematical one. We have seen that if ^ 
has a pole at zo, then lim, f(z) = oo. Equivalently |/(z)| becomes unboun^ 
as z approaches zo - Thus a three-dimensional plot showing |/(z)| as a function 
and y would create a surface rising to a peak of infinite height as z approaches ^ 
The relationship of this behavior to the conventional meaning of the word P° 
should be obvious. ^ 

Suppose f(z) has a pole of order N at zo- Dividing both sides of Eq. (6-2 , 
by (z — zo)^ we have this representation of /(z) in a deleted neighborn 0 J 



6.2 Isolated Singularities 


where 


f(z) = IA(z)/(z - zo) w , 


iA(^) — C_ w + C_(A/-I)(z - Zo) + C_^/y_ 2 ) (z - zo ) 2 -I- 

and c_jv 7^ 0. 

Thus as z approaches zo, we have 


f( z ) p» _ c -n 

(z~zo) N (z-z 0 ) N ’ 


and so 


Kz-zo)!"' 

We see that the higher the order N of the pole, the more steeply will the surface 
depicting \f(z )\rise as z zo (compare l/)z) with l/|z| 4 for small | z |). 

\ The preceding principle can be studied with the aid of a desktop computer In 
Fig. 6.2-1, we have plotted, using MATLAB, |/(z)| = jl/[z(z - 2) 2 ]|. Now f( z ) 
has poles of order 1 at z = 0 and order 2 at z = 2. We see from the figure that the 
'e at z = 2 (which is on the right) causes a more rapid rise in the surface than does 
one at z = 0 (which is on the left). The surface should in theory rise to infinity 
t both poles. In both cases, the actual plot has been leveled off at a finite but large 
plue to facilitate display on the computer screen. The appropriateness of the word 
ole” should be apparent. 


pole, order 2 


pole, order 1 


I* 

M 
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Functions that are analytic except for having pole singularities have a special 
designation. 

DEFINITION (Meromorphic Function) A function is said to be meromor¬ 
phic in a domain if it is analytic in that domain except for possibly having p 0 l e 
singularities. „ 

Thus the function is meromorphic in the complex plane, or in any domain 

in the plane, while is meromorphic in any domain not containing z = 0 (note 
the essential singularity at the origin). 


EXERCISES 


Show by meansofaLaurent series expansion c n (z - zo) n that the following functions 

have essential singularities at the points stated. State the residue and give c_ 2 , c_j, cq, cj, 

1. sinh(l/z) at z = 0 2 . (z — l) 3 cosh(l/(z — 1)) at z = 1 

3. e l ! z sinh(l/z) at z = 0 4. 2'/ z (princ. value) at z = 0 

5. e 1 /(z-O e ( z ' _i ) a t z = i 


6 . Does the function e L og(i/z) have an essential singularity at z = 0? Explain. What is the 
nature of the singularity and what is the residue? 

7. a) Using MATLAB, obtain a plot similar to the one in Fig. 6.2-1 but use the function 

f(z) = (^ + 2 ) 2 ( z _T p z which has two poles of order 2, and a simple pole. 

b) We have observed that the magnitude of a function does not have a limit of infinity at 
an essential singularity. Illustrate this by generating a MATLAB plot of the magnitude 
of e^z in the region 0 < |z| < 1. For a useful plot, it is best not to let |z| to get too 
close to zero—as you will see after some experimentation. 


Use series expansions or L’Hopital’s rule to show that the following functions possess remov- 
able singularities at the indicated singular points. You must show that lim z ^. zo /(z) exists and 
is finite at the singular point. Also, state how f(zo ) should be defined at each point in order to 
remove the singularity. Use principal branches where there is any ambiguity. 

1 gZ __ g sinh z ' 

8 . - at z = 0 9 . - at z = 2 10 . — -- at the two singular points 

z Logz z l + n l 


11 . 


- 1 


7< _ l'Z-1 


at z = 1 


12 . 


Logz 
z z - 1 


at z = 


1 


13. - Log —-— 
z 1 — z 


at z = 0 14. at z = 0 

z l Z L 


15. a) Let both g(z) and h(z) be analytic and have zeros of order m at zo- Let /( z ) 
g(z)/h(z). Show thatlim^zo/(z) = g {m) (zo) / (zo)■ 

Hint: Begin with aTaylor series expansion of both g(z) and h(z). Note that by | 
m = n + 1 we get the generalization of L’HOpital’s mle mentioned in section 2- 
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b) Explain why f( z ) has a removable singularity at zo. How should f(z) be defined to 
remove its singularity? 

c) Use the results in parts (a) and (b) to remove the singularity at z = 0 in the function 
f(z) = by properly defining /(0). 

16. Let/(z) = g(z)/h(z), where g(z) = T>m(z — zo) M + b^+iiz — Zo) M+1 + ■ • ■ hasazero 

of order M at z = zo and h(z) = a N (z - Zo) N + a N+ \(z - zo )^ 4 " 1 H- , which has a 

zero of order TV at z = Zo ■ 

a) Show that if TV > M, f(z) has a pole of order TV — M at z = zo- 

b) If TV < M, how should /(zo) be defined so that the singularity of /(z) at zo is elimi¬ 
nated? Consider the cases TV = M, TV < M, 


| State the location of all the poles for each of the following functions and give the order of each 
| pole. Use the principal branch of the given functions if there is any ambiguity. 

I 17 ‘ ?+^TT 18 ‘ z 2 + z + 1 19 ‘ z 3 - 1 2(1 (z 3 - l) 2 


if ■ z 10 (z + 1) 

St sinhz 

24. . 25. 

f Z sill Z 

Lo sin (z - in / 4 ) 


coshz — ae z 


where a is real 23. 


10 z - e z 


- 26. - 

(e z + l) 4 sin(7iz/e)[Log(z) - l] 


z 1 / 2 sinh 4 z 


1+z 1 / 2 


(z + 1/z) 3 
1 

(1 — z 1 / 2 ) 4 


P. Let /(z) = . Is this function meromorphic in the following domains? Explain. 


1‘ a ) lz| < 1 


1! < 1 d) Jz + e[ <2 


Let /(z) have a pole of order m at zo, and let g(z) have a pole of order n at zo- 
33. Prove that (fg) has a pole of order m + natzo- 

54. If m yt n, prove that the order of the pole at zo of (/ + g) is the greater of m and n. 
>S. If m = n, prove that the order of the pole at zo of (/ + g) need not be m. 


[ wnisolated essential singular point of a function is a singular point whose every 
jhborhood contains an infinite number of isolated singular points of the function, 
example is /(z) = 1/sin(l/z), whose nonisolated essential singular point is at z = 0. 
Show that in the domain |z( < e(e > 0), there are poles atz = ± 1/M7I, ±l/(n+ 1)71, 
±l/(n + 2)71, .... where n is an integer such that n > l/(7ie). 
is there a Laurent expansion of /(z) in a deleted neighborhood of z = 0? 

Find a different function with a nonisolated essential singular point at z = 0. 
Prove that it has an infinite number of isolated singular points inside )z| = e. 
^problem refers to removable singularities. We consider a function f(z) that is analytic 
re deleted neighborhood TV given by 0 < |z-zol < a. We assume that /(z) is bounded 
rywhere in TV, i.e., !/(z)| < M, and will prove that there exists a value K such that 
z ~>zo f(z) = K. If we define /(zo) = K, we will show that f(z) is analytic at zo. 

-et u(z) = (z — Zo) 2 /(z) and define «(zo) = 0. Explain why u'(z) exists through- 
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b) Prove that u'(zo) = 0. 

Hint: Note that h'(zo) = lim z ^ zo Use the boundedness of f(z). Pass to the 

limit to get the needed result. Explain how you have shown that u(z) is analytic ^ 
|z — zol < a and can thus be expanded in a Taylor series about zo. 

c) Explain why if you make the preceding Taylor series expansion u(z) - 
2^=0 °n( z ~ zo)" *at co and ci are both zero. 

Explain how this result shows that «(z) = u(z)(z - zo) 2 , where v(z) is a function that 
is analytic at zo- 

d) Use the preceding to establish the nearly obvious fact that for z ^ Zo we have v(z) - 
f(z). How do you know that lim z _». zo u(z) exists? Let us call this number K. How d Q ^ 
it follow that lim z ^ zo f(z) exists? 

e) If we define f(zo) = K, how does it follow that f(z) is analytic in the given neighbor¬ 
hood? This completes the proof, t 


6.3 Finding the Residue 

When a function f(z) is known to possess a pole at zq, there is a straightforward 
method for finding its residue at this point that does not entail obtaining a Laurent 
expansion about zo- When the order of the pole is known, the technique involved is 
even easier. 

We have found in the preceding section (see Eq. (6.2-4)) that when /(z) has 
a pole of order N at zo, then t j/(z) = (z — zo ) N f(z) has the following Taylor series 
expansion about zo-’ 

I Hz) = (z-Zo) A 7(z) = C-A' + C-(N-l){z — Zo) H-bco(z-zo) A +•••• 

(6.3-1) 

Suppose f(z) has a simple pole at z = zo- Then N = 1. Hence 

IA(z) = c_i + co(z - zo) + Ci(z - zo) 2 H-• (6.3-2) 

The residue c_i is easily seen to be lim z _., 0 1 ji(z) = lim- , ZII [(z-zo)/(z)]. Hence 
we arrive at Rule I. 

RULE I (Residues) If f(z ) has a pole of order 1 at z = zo. then 

Res[/(z),zo]= lim [(z - zo)/(z)]. (6 ' 3 ^ 

Suppose f(z) has a pole of order 2 at z = zo- We then have, from Eq. (6-3 
I jj(z) = C -2 + c_i (z - zo) + Co(z - Zo) 2 H-• 

We notice that 

dijj „ . . 

—— = c_i + 2co(z — Zo) + ■ ■ •, 
dz 


tThis proof is not widely known. It appears in the book by Ralph Boas, Invitation to 
(New York: Random House, 1987), p. 69. Boas cites the earlier work of W. F. Osgood (18 
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o that 


c-i = lim 4-W(z)) = Hm —[(z - zo) 2 /(*)]> 

| z^zodz z-^zodz 

|om which we obtain Rule 11. 

|uLE II (Residues) If f{z) has a pole of order 2 at z = zo, 

Res[/(z), zo] = lim ^-[(z - z 0 ) 2 f(z)]. 
z^zo dz 


(6.3-4) 


The method can be generalized, the result of which is Rule III. 

\}LE III (Residues) If f'(z) has a pole of order N at z = zq, then 


Res[/(z), zo] = lim 


1 


d 


N—l 


z^zo (N - 1 )! dz N ' 


^[(z-zo) /(z)]. 


(6.3-5) 


|e II is contained in Rule III (put N =- 2), as is Rule I if we take 0! = I, and 
A jdz^~ X \N=l = 1 - 

|lf the order of the pole of f{z) at zo is known, the application of Eq. (6.3-5) 
is the residue directly. If the order is unknown, we might seek to determine its 
l|r by means of the methods suggested in section 6.2. Another possibility is the 
Swing method, which is proved in Exercise 42 of this section. 

IGuess the order of the pole and use Eq. (6.3-5), taking N as the conjectured 
fk Tf the guessed N is less than the actual order, an infinite result, and not the 
gpe, is obtained. However, if this N equals or exceeds the order of the pole, the 
lie is correctly obtained. Note, however, that there is a penalty for guessing N 
ihigher than it actually is—you will end up with a more involved calculation 
If you use the correct value. 

She problem of finding the residue at a pole of first order for a quotient of the 
§f(z) = g(z)/h(z) occurs so often that we will derive a special formula for this 

gt us assume that /(z) has a simple pole at zo and that g(zo) # 0. Thus h(z) 
|ero of first order at zo. Applying Rule I just given, 

Res[/(z), z 0 ] = lim (z - z 0 )~-, 
z-*zo h(z) 

Results in the indeterminate form 0/0. Using L’Hopital’s rule, we obtain 

lim (z ~ = Iim (z~zo)g'(z)+g(z) 

z^zo h(z) z^zo h'(z) 

= g( z °) 
h' (zo)' 

p) has a zero of order 1 at zo, h'(zo) 7 ^ 0. We summarize the preceding steps 
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RULE IV (Residues) The residue of /(z) — g(z)/h(z) at a simple pole, wher e 
g(z o) + 0, h(z 0 ) = 0, is given by 

Res[/(z),z 0 ] = f|^- (6.3^ 6) 

» 

The preceding is one of the most useful formulas in this book. 

If f( z ) = g( z ) /h(z) has a pole of order 2 at zo and g(zo) / 0, there is a formula 
like Eq. (6.3-6) that yields the residue at zo- It is derived in Exercise 15. 


EXAMPLE 1 


Find the residue of 


f(z) = 


(z 2 + 1 )z 2 


at all poles. 

Solution. We rewrite f(z) with a factored denominator: 


f(z) = 


(.z + i)(z-i)z 2 ’ 

which shows that there are simple poles at z = and a pole of order 2 at z = 0. 
From Rule I we obtain the residue at i: 


Res[/(z), i\ — lim ■ 


(z - i)e z 


: ^'(z + i) (z-i)z 2 (2f)(-l) 

The residue at -i could be similarly calculated. Instead, for variety, let’s use RulelV. 
Taking g(z) = e z /z 2 (which is nonzero at -i) and h(z) = z + E so that h (z) & 

we have 

[ e z /z 2 ^ 


Res [f(z), ~i] = 


2 z 


2 i 


Notice that we could also have taken g(z) = e z , h(z ) = z 2 (z 2 + 1) and the 
result would ultimately be obtained. 

The residue at z = 0 is computed from Rule II as follows: 


Res[/(z), 0] = lim 


z 2 e z 


.. = lim 

z —>-0 dz (z 2 + 1 )(z 2 ) ^0 

EXAMPLE 2 Find the residue of 


" Z (z 2 + 1) - 2 ze z _ ^ 

(z 2 + lf 


f{z) = 


tanz 




at all singularities of tan z. 

Solution. Rewriting f(z) as sin z/[(cos z) (z 2 + z + 1)], we see that * 1 

of f(z) for z satisfying cosz = 0, that is, z - n/2 + kn , k - U, ± ’ a bp| 
can show that these are simple poles by expanding cos z in a Taylor ser 
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St zo 


— rc/2 + kn. We obtain 


cosz = a\(z - zo) + « 2 (z - zo) 2 + • 


where a\ = — cos kn ^ 0. 


|e cosz has a zero of order 1 at zo, /(z) must have a pole of order 1 there. 

ILet us apply Rule IV, taking g(z) = sin z/(z 2 + z + 1) and h{z) = cos z, so that 
: • sin z. Thus 

! 1 


|s[/(z), 71 — 




ji/2+Zcji 

-1 


k = 0, ±1, ±2, 


( 7 i /2 + k 7 i ) 2 + (71/2 + £71) + 1 ’ 

instead of first determining the order of the poles at z = kn + n/2, we might 

( just assumed that they were of first order and then applied Rule I or Rule IV. 
inite result thus obtained would justify our guess. • 

ment. There are also poles of /(z), for z satisfying z 2 + z + 1 = 0. The roots 
is quadratic are zi = -1/2 + zV3/2 and Z 2 = -1/2 - zV3/2. Because the 
lare distinct, the quadratic expression is a product of nonrepeated factors 
li)(z — Z 2 ), and the poles of f(z) at zi and Z 2 are thus of first order. The 
les at these poles can be found from Rule IV. We take g(z) = tanz, and 
W=z 2 +z+ 1. The residue at zi is [tan(-l/2 + r x/3/2)]/(r V3), and the residue 
[tan(-1/2 — zV3/2)]/(-z V3), which the reader should verify. 


7 i/2 


PLE 3 Find the residue of 

m = -3 ; 2 ^ 

z 3 - 4z 2 + 4z 

^les. Use the principal branch of z 1 ^ 2 . 

We factor the denominator and obtain 

U/2 

f(z) = 


z(z - 2) 2 ' 

I s there is a simple pole at z = 0. This is wrong. A pole is an isolated sin- 
| and f(z) does not have an isolated singularity at z = 0. The factor z 1//2 has 
w°int at this value of z that in turn causes /(z) to have a branch point there. 
| er ’ f(z) does have a pole of order 2 at z = 2. Applying Rule II, we find 

-2)V/ 2 1 


Res[/(z), 2] = lim — 
^2 dz 


(z - 


z(z — 2)2 


-1 


4(2) I/ 2 ’ 


jg^ause we are using the principal branch of the square root, 2 1/2 is chosen 


' 4 Find the residue of 


f(z) = 


e Vz 
1 — z 


|arities. 
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, _ I The residue there, from Rule 
Solution. Obviously, there is a simple pole at z— 

I, is found to be — e. Since 


gVz = 1 +z 1 + ^ 

nos an essential singularity at z = 0, this will also be true of f(z) = e 1/z /(l - z). 

The residue of f(z) at z = 0 is calculable only if we find the Laurent expansion 
about this point and extract the appropriate coefficient. Since 

—-— = 1 + z + z 2 H-, Ul < !. 

1 — z 


we have 


J/z 


= (1 +Z + Z 2 


. z 3 + ...)[l +z - 1 + 
.-1 


2 ! 


+ 


= ■ • ■ + C_ 2Z ~ + c - 1 ^ + c 0 H-• 

Our interest is in c_,.If we multiply the two series together and confine our 
attention to products resulting in z ' > we have 


C-lZ = 


1 1 
1 + 21 + 3! 


Recalling the definition e = 1+1 + 1/2!+l/3H , we see that ci e * 

Res[/(z), 0], 

EXAMPLE 5 Find the residue of 

atz = 0. 

sin z 

SoMon. Both numerator and denominator of the give,. Inncnon 
z = 0. To establish the order of the pole, we will expand both these exp 

in Maclaurin series by the usual means 


z 2 z 3 

- 1=z+ 2! + 3! + 


• 3 3 ^ 

sin z — z ~ ~2 


Thus 


- 1 
sin 3 z 


z + 


z 2 z 3 
2! + 3! + 


z 5 

_ __ 


qJ ordtf 

Since the numerator has a zero of order 1 and the denominator has 

3 , the quotient has a pole of order 2. R , n However, it'r 

To find the residue of /(z) at z = 0, we could apply Rule 1L d is it> 

be found, after performing the differentiations, that the e^onobt lV6 

determinate at z = 0. The required limn as z - 0 is found only after . 

applications of L’Hopital’s role—a tedious procedure. LaU re 

Instead the quotient of the two series appearing; above is expanded in , 
series by means of long division. We need proceed only far enough to 
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term containing z \ Thus 


z i '% + 


T 2 1 


Z+ 2! + 3! + ‘ 


! fom which we see that the residue is 1/2. • 

'here is more that we can discuss on the subject of residues. The idea of integrating 
Iround the point at infinity, and the concept of the residue at infinity, is dealt with in 
gjxercises 38—40. 

iXERCISES 

il. Let f(z) = g(z) + h{z). Prove that the residue of /(z) at zo is the sum of the residues of 
f g(z) and h(z) at zo■ Assume that zo is an isolated singular point of both g(z) and h(z). 

Can a function have a residue of zero at a simple pole? Can a function have a residue 
/ of zero at a higher-order pole? Can a function have a residue of zero at an essential 
i singularity? Explain. 


I; 


For each of the following functions state the location and order of each pole and find the 
orresponding residue. Use the principal branch of any multivalued function given below. 

cos z . 1 e z 1 1 

4. - 


13. 


z 2 +z + 1 


cos 


16. 


i‘) 


z(z + 1) (z - l) 4 
1 


z 1/2 (z 2 - 9) 2 


z 2 (z - l) 2 
z 8 + l 


10 . 


1 


I , 10* - e* 


13 


(Log z)(z 2 + l) 2 
1 

(Log {z/e) - l) 2 
cos(l/z) 


8. 


sin z - 
z sinh z 


11 . 


1 


sin z 


14. 


stnz 


?2z 


+ e z + 1 


k) Consider the analytic function /(z) = g(z)/h(z), having a pole at zo- Let g(zo) fi 0, 
h (zo) = h'(zo) = 0, h"(zo) 0. Thus f(z) has apole of second order at z = zo- Show 
■It, that 


D „ i V(zo) 2g(zo)h m (zo) 

Rol/w "°) = pm • 


(6.3-7) 


iHint: Write down the Taylor series expansion, about zo, for g(z) and h(z ), taking note 
|pf Which coefficients are zero. Divide the two series using long division and so obtain 
ijthe Laurent expansion of /(z) about zo- 

4se the formula of part (a) to obtain 


Res 


cosz 


(Log z - l) 2 ' 
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Find the residue of the following functions at the indicated point. 

16. 2+1 .. “ 1 


sin(l/z) at 0 17. —-- (principal branch) at 1 


18. 

21 . 


1 


(z + 0 s 

1 


at —i 


19. at -i 20. 


_12 


(z + 0 s 


sinh(2 Log z) 


at i 22 . 


'71 

’ \2 


cos —e z + sinz 


(z - 1)10 
at 0 23. 


at 1 


sin[z(e ,z - 1)] 


at 0 


26. a) Let n > 1 be an integer. Show that the n poles of 

1 

1 + z "- 2 + • • • + 1 

are at cis(2kn/(n + 1)), k — 1,2,... ,n. 

Hint for part (a): Let P(z) — z n + z n ~ l H-+ 1. Show that P(z)(z - 1) = 

z n+l — 1. Thus P{z) = (z" +1 — l)/(z — 1) for z # 1. Now explain why the n roots 
of P(z) = 0 are the possible values of 1 1 /1' I+1 ) excluding the value at 1. 

b) Show that the poles are simple. 

c) Show that the residue at cis(2kn/(n + 1)) is 


2kn 

cis | —— - 1 

\ n + 1 / 


(n + l)cis 


/ 2knn 

\n + 1 


Use residues to evaluate the following integrals. Use the principal branch of multivalued 
functions. 


X d 

7. (> — 
J sin 


27. (JT —— around |z — 6| = 4 28. 

sinz 


sinh 1/z 
z - 1 


dz around |z| == 2 


29. 

31. 

33. 

34. 


sinz 
sinh 2 z 
e Vz 


dz around Jzf = 3 30. 


dz 


[Log(Logz) - 1] 


- 1 

dz 


sin (z 1/2 ) 


dz around |z — 1| = 3/2 32. 


around |z - 9| = 5 


sinhz — 2e z 


around |z — 16| = 5 


around |z + 1 | — 2 


dz 


around jz I = a > 0. Note that the integrand is not analytic. Consider d 7 


z~b 
\b\ and a < \b\. 

Hint: Multiply numerator and denominator by z. 


J\ ; 

35. a) Let /(z) have even symmetry about the isolated singular point zo so that /(zo + ' 
/(zo — z') for all 0 <\z'\ < r - Show that the residue of /(z) at zo must be zer°- j 
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Hint: Apply Eq. (6.1-1), the definition of the residue, and make the change of vari- 
ablest = zo + re' 9 , 0 < 9 < 2n. Perform the integration, taking advantage of the even 
symmetry, which implies f(zo + re w ) = f(z 0 + re^ B±n 1), to argue that the integral 
is zero. The argument can be extended to show that all the Laurent coefficients of odd 
order are zero. 


b) For which of the following functions does the preceding argument show that the 
residue is zero? Check the symmetry. 


1 

sin: 


z = 0 ; 


1 


sin 2 z 


, z = 0; 


1 


1 


Z = K 


1 — sin(7iz/2) ’ 
■ 10 e 1/z2 , z = 0. 


:= 1 ; 


36. 


(z 2 + l ) 2 

In calculus it is often convenient to have a partial fraction of a rational function. One can 
use residues to find the coefficients in the expansion, as in the following problem: 

a) Let /(z) = z 2 ( l +9) = f + (3 + ^57 + ]■ Without finding the coefficients, ex¬ 

plain why the following must be true: 

a = Res[/(z), 0], b = Res[z/(z), 0], 
c = Res[/(z), 3i], d = Res[/(z), -3;]. 

b) Find a,b,c, and d by using residues, and check your result by putting the four fractions 
over a common denominator and obtaining 


c) Find the partial fraction expansion of - 


by using residues. 


(z+l)(z-l ) 2 

. a) Consider the Laurent expansion about an isolated singular point f(z) — 
c n(z - Zo)“- If the singularity is a pole, we can use Rules I, II, or III (for 
residues) of this section to get c_i. Show that if the pole is of order N, then we can ob¬ 
tain any coefficient from the formula c„ = limj^ zo '"[(z-zoVAz)]. 

■ b) Use the preceding formula to find the coefficient Co in the Laurent expansion of 1 / sin z 
, in a neighborhood of z = 0. 

■ This problem and the following two deal with the notion of residues at infinity, a tool 
.that is sometimes useful for the evaluation of integrals. 

j'Let f(z) be analytic in the finite complex plane such that its singularities, if any, are in 
' abounded region. Then the residue of f(z) at infinity, written Res[/(z), oo], is defined 
|by _Res[/(z), oo] = ~<f c f(z)dz- Note the clockwise direction of integration. Here C is 
|a simple closed contour such that all singularities in the finite plane are in the domain 
linside C. The sense of integration around C —the opposite of our usual direction—is 
|such that the unbounded domain lying outside C, and containing z = oo, is on our left 
| as We negotiate the contour. Thus we can accept that in the integral we are in a sense 
ipiclosing infinity. For the following functions, prove that the residue at infinity is as 
plated. 

fint: Reverse the direction of integration and use the residue theorem. 
j| Res[l/z, oo] = —1 

| If n is an integer, Res[z n , oo] = 0, n ^ — 1. 

Res[ e V(z-0 ; oo] = _i 
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39. This is a continuation of the preceding problem on residues at infinity. 

a) Let f(z) be analytic in the domain |s| > r and let f{z) have a Laurent expansion i n 
this domain given by f(z) = 2“ _co c„Z n . Show that 

Res[/(z), oo] = -c_i (6.3-8) 

Hint; Use the definition of Res[/(z), oo] and the series for /(z). 

b) Let w =\/z and define F(w ) = /( l/w). Show that 

Res[/(z), oo] = -Res [w~ 2 F(w), 0]. (6.3-9) 

Hmt Begin with the Laurent expansion in part (a). What is the Laurent expansion for 
F(w) in the domain ± > | w |? Use the result in part (a). 

c) Expand f(z) = fqrr in a Laurent series valid for |z| > 1, and from the appropriate 
coefficient use Eq. (6.3-8) to find Res[/(z), oo]. 


d) Find the residue requested in part (c) by using Eq. (6.3-9). Verify that the answers 
agree. 



= 0. Use Eq. (6.3-9) above. 


40. This is a continuation of the previous two problems on residues at infinity. 

a) Prove that if f(z) has a finite a number of isolated singularities in the finite complex 
plane, then the sum of the residues of f(z) at all these points plus the residue at infinity 
is zero. 

Hint: Enclose all the singular points in the finite plane by a simple closed curve 
C. Evaluate f(z)dz by using the residues at the enclosed singular points and 
determine the same integral by using the residue at infinity. 

b) Verify the result in part (a) by finding the residues of f(z ) = at the four poles 
and showing that their sum is the negative of the residue at infinity, obtained from 
Eq. (6.3-9). 

c) Find the integral ^ -dz for the cases n = 8 , 9, and 10, where C is |z| = U where 
r > 1. Use the residue of the integrand at infinity, not the residues at the ten values o 

(-1) 1/10 . . ■ in 

41. In section 5.6, we used long division to obtain the Laurent expansion of 

the domain 0 < |z[ < 7 t. We observed that a Laurent expansion in the annular ° ^ 

7 t < |z| < 271 is also possible as well as expansions in other rings centered at e o 
Here we use residues to obtain 

c n z" for 7i < |z| < 27i. 


—= z 

sin 7 -‘- 11 




a) Use Eq. (5.6-7) to show that 



1 

z n+1 sin z^ Z ’ 


where the integral can be around Iz| — 71 < R < 2n. 


i 
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b) Show that 


where 


c„ — d„ + e n + f n , 


z" +1 sin z ’ 


d n - Re s 
e n = Res 

fn = Res 


c) Show that for n < -2, d n = 0. 

d) Show that e„ + f n = 0 when n is even, and e n + f„ = —2/ n n+l for n odd. 

e) Show that c„ = 0 for even n and that c -1 = — 1, ci = —2 /tt 2 + 1/6, C 3 = 
—2/71 4 + 7/360. and c„ = —2/Ti n+1 for n < —3. 

. This problem proves the assertion made earlier that if we guess the order of a pole we can 
use Eq. (6.3-5) to compute the corresponding residue provided we have either guessed 
correctly or guessed too high. If we guess too low, Eq. (6.3-5) yields infinity in the limit. 
Let f(z) have a pole of order m at z = zo, so that, about the point z 0 , we have the Laurent 
expansion 

f{z) = c- m (z - zo)~ m + c_ (m _ 1} (z - z 0 ) -(m_1) + • • • • 

a) Consider 1 j/(z) = (z — Zo) N f(z). Suppose N > m. What is the Taylor expansion for 
1 j/(z) about z 0 ? Show that 


lim 


1 


d N ~ 


j[(z - zo) f(z)] = c—[ = Res lf(z), zo]. 


z->zo (N-1)1 dz N ~ 

b) Suppose 1 < N < m. Show that 1 //(z) has a Laurent expansion about zq. Show that 


lim 


1 


d N ' 


zo (N - 1)! dz N - 


T [(z - zo) /(z)] = 00. 


Evaluation of Real Integrals with Residue Calculus I 

Jgan now finally begin to apply residue calculus to the evaluation of complicated- 
rea l definite integrals. We consider in this section integrals of the form 
10, cos 9)d6, where R is a rational function of sin0 and cos0.^ These 
jjj|fals are frequently difficult to evaluate with the methods of real calculus but 
, e done here by our using functions of a complex variable in a straightforward 
let. 

/n example of such an integral is 1/(2 + sin 0)d0. Integrals like this occur 
Pchlet problems for the circle solved by the Poisson integral formula (see 
“3 4.7). 


jp^t these functions R are quotients of polynomials in sin 0 and cos 6. 



362 Chapter 6 Residues and Their Use in Integration 


To evaluate all integrals of the form R( sin 9, cos 0)d0, the approach is the 

same. The given expression is converted into a contour integration in the complex 
^-plane by the following change of variables: 

z — e w , dz = e ld id6 


so that 



sin 9 = 
cos 9 


■ — e l ® 


2 i 

e w + e~ i6 


z + z 1 

2 


(6.4-1) 


As 9 ranges from 0 to In , or over any interval of In, the point representing 2 = 
cos Q _|_ i s in 9 proceeds in the counterclockwise direction around the unit circle in the 
complex 2 -plane. The contour integral on this circle is evaluated with residue theory. 

The method fails if the integrand for the contour integration has pole singular- 
ities on the unit circle. However, this can occur only if J Q R( sin 9, cos 9)d9 is an 
improper integral, that is, the rational function R(sin 0, cos 9) exhibits a vanishing 
denominator on the interval 0 < 9 < 2n. 


EXAMPLE 1 Find 


I 


Jo 


d9 


k> 1, 


k + sin 9 ’ 

by using residues. 

Solution. With the change of variables suggested by Eq. (6.4-1), we have 

dz 


1 = 


iz 


|z| =1 , Z - z~ 

k H- 

2 i 


2 dz 


1 J|z|=i z 2 + 2 ikz - 1 


We now examine the integrand on the right for poles. From the quadratic f° r 
mula, we find that z 2 + 2 ikz -1 = 0 has roots at 21 = i(—k + yjk 2 - 1) and Z2 ~ 
- i(k + y/k 2 - 1). Now recall that the product of the two roots of the general quadratic 
expression az 2 + bz + c is c/a. In the present case, 21 Z 2 — — 1, so that \z\\ = /I 
If one root lies outside the circle | 2 1 = 1, the other must lie inside. For k > 1 

obvious that 22 = —i(k + y/k 2 - 1) is outside the unit circle. Thus zi is ^ ns ^^ oUS 
it is here that we require the residue. Using Rule IV (for residues) of the P re 
section, we have 


I = 


2 dz 


4ni 


+ 2 ikz — 1 2 z + 2ik 


2n 


z=i'[-lc+v / jt 2 -l] 


dQ 

Jo k + Sin 9 


271 




Thus 
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jfor k > 1. Putting k = a/b, where a > b > 0, we have 
r 2re dd _ 2n 

; Jo a/6 + sin 0 ^a 2 /b 2 - l’ 


r 2n dd _ 2% 

; Jo a + bsind J a 2 _ ’ 

I, 

|hich is a well-known identity. # 

ii Functions of the form cos nd and sin nd, where n is an integer, are expressible in 
inns of sums and differences of integral powers of cos d and sin d and are therefore 
itional functions of cos d and sin d. Integrals containing rational expressions in 
bs nd and sin nd are readily evaluated by the method just discussed. We still take 
i— e‘° and use the substitution. 


cos nd — 


e ind _|_ £ —inO z n + z ~^ 


sin nd = 


e in9 - e 


inu z » +z -n 


EXAMPLE 2 Find 


With the substitutions 


cos 2d = 


cos 2d 

) 5 — 4 sin d 


sin d = 


Hhave 


£ 2 + Z - 2 


iz 


(z 4 + l )dz 


! | J|z|_1 5 _ _ z -i) \ iz / > 2 lz|=i 2iz 2 [2('z 2 + 5z - 2z] ’ 

|e is a second-order pole at z = 0. Solving 2 iz 2 + 5z~2i = 0, we find simple 
I s z "/^ ar *d 26 The pole at 2 i is outside the circle z = 1 and can be ignored. 


j I = 2ni V Res —-— z - a t 7 = 0 and i 12 

h ^ 2iz 2 [2iz 2 + 5z-2i\ 7 

Tom Eq. (6.3-4), we find the residue at z = 0, 

[ _i ^ r z 4 + i i _-5. 

ft 2Hdz[2iz 2 + 5z-2i\ z=0 ~ 8 

©d from Eq. (6.3-6), the residue at i/2, 


(2i) - ~r[2iz 2 + 5z - 2i] 

y , \2 dz 
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Thus 


1 — 2ni 


—5 i 17; 
~8 ^ ~24 


—n 

T 




EXERCISES 

1 . In elementary calculus one learns the indefinite integration / ^ = Log | + c 

A trick is used to get this formula. Using complex variable theory and the changes of 
variable of this section, one can obtain this result by completely straightforward means. 
Derive this result by using the substitutions in Eq. (6.4-1) as well as the results in 
Eqs. (3.7-10) and (3.7-4). 


Using residue calculus, establish the following identities. 
' 2n dO 2n 


2 . 

3. 

4. 

5. 


Jo k- sin 9 ^j k 2 _ i 

dQ 2n 


+ b cos 9 ^j a 2 _ yi 


£ 

i: 

X 3 ti 
- 71 ' 

sin 4 9 dQ = 3n/4 6. I cos m d dd = 

o Jo 


for k > 1. Does your result hold for A: < —1? Explain, 
for a > b > 0 


3n / 2 cos 9 2n 

- d9 = — 

y 2 a + b cos 6 b 


£a 2 — b 2 


for a > b > 0 
2n m\ 


Show that the preceding integral is zero when m is odd. 
' 2n d6 2na 


m\ 
— ! 

V 2 / 


for m > 0 even. 


7. 

8 . 

9. 

10 . 

11 . 

12 . 


(-\Ja 2 — b 2 ) 

2n d9 2n 


o a + sin 2 9 ^a(a + 1) 


cos 9 


Jo (a + b sin 9) 2 

£ 

i: 

£ 

r 

Jo cosh a + cos ( 
r 2n d9 

Jo a 2 si 


for a > b > 0 


for a > 0 


d9: 


2n 


1 — 2 a cos 9 + a 2 a (a 2 — 1) 


for a real, |a| > 1 


' 27t cos0 jo 2na ,111 

d6 = --^ for a real, | a \ < 1 


Jo 1 — 2a cos 9 + a 2 1 — a 2 

- 271 cos n9d9 2n(-l)”e- m 


> 0 is an integer, a > 0 


o a 2 sin 2 9 + b 2 cos 2 9 ab 


sinh a 

= — for a, b real, ab > 0 


13. Using the Symbolic Math Toolbox in MATLAB, verify the result in Exercise 
case k > 1. 


2 for^j 


Hint: To avoid a messy result, set k = 1 + d and stipulate in your code that d 7 
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Evaluate the following integrals. Where necessary, use the periodic or symmetric properties 
of the integrand to convert the following expressions to integrals over an interval of 2n. In 
Exercise 14, for example, = 1/2 Why? Evaluate the resulting expression. 

r+' 1 / 2 sin 8 f 71 , 

. I -- -do 16. I sin x sin 5x dx 

J—k/2 5 — 4 sin 0 Jo 


14. 

r n cos$^ ^ 

J 0 5 + 4 cos 8 

15. 

* 17 ’. 

r +TC sin 28 

J_ re 5 — 4 sin 0 

18. 


-n/2 5 — 4 sin 
cos 20 


r n co 

oO 2 — 


cos 8 


dd 


19. 


rx / 2 

JO 


5 + 4 cos 2 8 


dd 


1.5 Evaluation of Integrals II 


previous work in mathematics and physics the reader has probably encountered 
[Improper” integrals in which one or both limits are infinite, that is, expressions of 
ie form 

pco pk p+oo 

f(x)dx, f(x)dx, I f(x)dx, 

Jk J —oo J —oo 

[|here f(x) is a real function of x, and k is a real constant. 

Integrals of the first two types are defined in terms of proper integrals as follows: 
poo pR 

I f(x)dx — lim I f(x)dx, 

Jk Jk 


x: 


f(x)dx = lim f f(x)dx, 
, R-> oo J_ R 


(6.5-1) 

(6.5-2) 


jpvided the indicated limits exist. 

■ When the limit exists, the integral is said to exist or converge; when the limit 
jjs to exist, the integral is said to not exist or to not converge. For example: 

-ft 


f it: 


p; however, 


Ip exist, as does 


-dx = lim 


ft—s- oo 


It 


dx 


+ x' 


= lim (arc tan/? 

ft—5-00 


arc tan 1) 


n 

2 


n 

4 


X 


00 Y 

— dx= lim (log R 
x ft^oo V 


log 1) 


f 


cos x dx = lim sin/?. 

ft—5-00 


||f ( b x as X increases, the curve y= l/x does not fall to zero fast enough for 
| a un der the curve to approach a finite limit. In case (c), a sketch of y — cos x 
jhat, along the positive x-axis, the total area under this curve has no meaning. 
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We define an improper integral with two infinite limits by the following equation. 
•+oo n+R 

(6.5-3) 


X +oo r'-\-R 

f{x)dx = lim I f{x)dx 
■ oo R^coJ-R 


CAUCHY PRINCIPAL 
VALUE 

Integrals between — oo and +oo are often defined in another, more restrictive way. 
The definition given in Eq. (6.5—3) is known as the Cauchy principal value of the 
improper integral. A different definition of an integral between these limits, the 
standard or ordinary value, is considered in Exercise 9 of this section. It is shown 
there that if the ordinary value exists, it agrees with the Cauchy principal value, and 
that there are instances where the Cauchy principal value exists and the ordinary 
value does not. Unless otherwise stated, we will be using Cauchy principal values 
of integrals having infinite limits. 

Now, if f{x) is an odd function, that is, f(x) = we have f R f{x)dx = 

0 since the area under the curve y = f(x) to the left of x = 0 cancels the area to the 
right of x = 0. Thus, fromEq. (6.5-3), 

r»+00 

f(x)dx = 0 if f(x) is odd (6.5-4) 


£ 


for the Cauchy principal value of this integral. To illustrate: 


X +oo 

-00 


-dx = 0, 


X +oo 

■oo 


-dx = 0, 


X +oo 

■oo 


xdx = 0. 


1 J-oo v 2 + 1 

When f(x) is an even function of x, we have f(x) = f(—x). Because of the 
symmetry of y = fix) about x = 0, 

r +R rR 

I f(x)dx = 2 f(x)dx. 

J-R do 

From Eqs. (6.5-1) and (6.5-3), we thus obtain 

pco n°° 

2 f{x)dx =■ f(x)dx if f{x) i 
Jo J-oo 


is even. 


(6.5-5) 


To illustrate, 


2 r jr* = r 

Jo X z + l J-oo 


dx 


X 2 + 1 


Let us see, with an example, how residue calculus enables us to find the Cauc 
principal value of a real integral taken between — oo and +oo. 


rC( see 


EXAMPLE 1 Find f + °° x 2 /(x 4 + 1 )dx using residues. 

Solution. We first consider z 2 / (z 4 + 1) Jz taken around the closed contou^^ 

Fig. 6.5-1) consisting of the line segment y = 0, -R < x < R, and m jes 

|z| = 0 < arg z < 7t. Let us take R > L which means that C encloses a 

of z 2 /(z 4 + 1) in the upper half-plane (abbreviated u.h.p.). 

Hence, 


(> 

Jc 


= 2 ni V Res 
z 4 +1 ^ 


z 4 + 1 


at all poles in u.h.p. 


J 
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Figure 6.5 -1 


E e integral along C is now broken into two parts: an integral along the real axis 
;re z = x) and an integral along the semicircular are C\ in the upper half-plane. 


I I — dx+ I —r —dz = 2ni) Res —-—I at all poles in u.h.p. 

j_* x 4 + 1 J Cl z 4 + 1 ^ U 4 + 1J 

p (6.5-6) 

I If we let R —> oo, the integral on the extreme left becomes the Cauchy principal 
llue of the real integral being evaluated. For R —> oc, we can show that the second 
itegral on the left becomes zero. To establish this, we use the ML inequality (see 
fiction 4.2) and arrive at 


JCi z 4 + 1 


dz\ < ML = MnR, 


(6.5-7) 


S ereL = nR is the length of the semicircle C\. 

: We require |z 2 /(z 4 + 1)| 5 M on Q. Since |z| = R on this contour, we can 
tead require that A ,2 /|z 4 + 1| < M. By a triangle inequality (see Eq. (1.3-20)), 
Ith 1| > |z 4 | - 1 = R 4 — 1. Hence, R 2 /\z 4 + 11 < R 2 /(R 4 - 1). Thus we can put 
gfc R 2 /(R 4 - 1) and use it in Eq. (6.5-7) with the result that 

K IX z 4 + \ dz ~ R 4 — 1 

E 00 , the right side of this equation goes to zero, which means that the integral 

■P e left must also become zero. 

Banned with this fact, we put R —»• 00 in Eq. (6.5-6). The first integral on the 
H s desired Cauchy principal value, the second disappears, and the right side 
*ins unchanged. Thus 


x 4 + 1 


= 2ni Tj ] 


at all poles in u.h.p. 


E uation z 4 = — 1 has solutions e m ! 4 , e l2n l 4 , e~ m ! 4 , e - ' 371 / 4 , of which only the 
p he in the upper half-plane. The residues at the simple poles e in ! 4 and e' 371 / 4 
Hy found from Eq. (6.3-6) to be (l/4)e -i71 / 4 and (l/4)e —! ' 3ji / 4 , respectively. 


-?—dx = ^[e-^ 4 + e- i3 «/ 4 ] = JL, 
x 4 + 1 4 V2 
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Because x 2 /{x A + 1) is an even function, we have, as a bonus, 

r° x 2 1 7i 

Jo x A + l dX ~2^2' * 

We can solve the problem just considered by using a contour of integration 
containing a semicircular arc in the lower half-plane (abbreviated l.h.p.). Referring 
to Fig. 6.5-2, we have 

£ 7TT I,J:+ X 1 ?TT* = “ 2 "S ReS [?Tr] “dl poles in U,. 

Note the minus sign on the right. It arises because the closed contour in Fig. 6.5-2 is 
being negotiated in the negative (clockwise) sense. We again let R —»- oo and apply 
the arguments of Example 1 to eliminate the second integral on the left. The reader 
should sum the residues on the right and verify that the same value is obtained for 
the integral evaluated in that example. 

The technique involved in Example 1 is not restricted to the problem just pre¬ 
sented but has wide application in the evaluation of other integrals taken between 
infinite limits. In all cases, we must be able to argue that the integral taken over the 
arc becomes zero as R —*■ oo. Theorem 3 is of use in asserting that this is so. 

THEOREM 3 Let f(z) have the following property in the half-plane Im z > 0. 
There exist constants k > 1, Ro, and p such that 

l/(z)l < for all |z > Ro in this half-plane. 

\z\ k 

Then, if Ci is the semicircular arc Re 1 ®, 0 < 9 < n, and R > Ro, we have 

lim f f(z)dz = 0. (6.5-8) 

R ^°oJCi # 

The preceding merely says that if \f(z) | falls off more rapidly than the reciprocal of 
the radius of Cj, then the integral of f(z) around C\ will vanish as the radius of C\ 
becomes infinite. A corresponding theorem can be stated for a contour in the lower 
half-plane. 

The proof of Eq. (6.5-8) is simple. Assuming R > Ro, we apply the NR 
inequality as follows: 

f f(z)dz < ML = MnR, 

Jci 




Figure 6,5-2 
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where L — nR is the length of C\. We require \f(z)\ < M on C'i. By hypothesis, 
\f{z)\ < n/\z\ k = li/R k on Cl. Thus taking M = /.i/R k in the ML inequality, we have 


f(z)dz 

vJ C'i 


< 


nRn 

~W’ 


where k > 1. 


R oo, the right side of the preceding inequality goes to zero; thus, since the 
integral over Ci must also go to zero, the theorem is proved, 
f Consider .the rational function 

P(z) _ a n z n + a n -iz n ~' i -j-b ap 

Q(z) b nl z m + b m -iz m ~ l H-1- b 0 ’ 

S phere m, the degree of the denominator Q, is assumed to exceed n, the degree of the 
fimerator P. As \z\ grows without limit, the leading terms in the numerator and de¬ 
nominator become dominant. We therefore see intuitively that for sufficiently large \z |, 

P(z ) _ a„ z n a n 1 

- s*-=-where d = m — n. 

Q(z) b„ z m b m z d 

Ihus it should seem plausible that for sufficiently large | z |, there must exist constants 
|and Rq such that 

i p (z) | < 

I z\ d 


Q{z 


< rT7 f0r l z l ^ R 0- 


(6.5-9) 


le proof can be found in Exercise 37. Thus when d > 2, the function f(z) = 
I k)/Q(z) will satisfy Eq. (6.5-8), and we can assert that 

P(z) 


lim 

R-* oo 


r 

>7Ci 


■dz = 0, 


(6.5-10) 


/Ci Q(z) 

jpre P, Q are polynomials and degree Q — degree P > 2. 
gNow, integrating P(z)/Q(z ) around contour C of Fig. 6.5-1, and taking R 
Jciently large, we have from residue theory 




-dx T 


Ij|y*= 2 ”I> 


P(z ) 
Q(z) 


at all poles in u.h.p. 


f~R Q(x) 

P e left, z has been set equal to x on the straight portion of the path. Passing to 
[Pint R oo, we use Eq. (6.5 -10) to eliminate the integral over the arc C\ and 
^obtain the following theorem. 

j gj jpREM 4 Let P(x) and Q(x) be polynomials in x, and let the degree of Q(x) 
(HP that of P(x) by two or more. Let Q(x) be nonzero for all real values of x. 


">+oo 


PW 

QW 


ix = 2ni ^ 


Res 


P(z) 


Q(z) 


at all poles in u.h.p. 


(6.5-11) 


| e requirement Q(x) ^ 0 assures us that the integrand in Eq. (6.5-11) is finite 
■ "The question of how to evaluate integrals in which Q(x) = 0, for some x, 
Ipith later in this chapter. 
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EXAMPLE 2 Find /_ + “ x 2 /( x 4 + x 2 + 1) dx. 

Solution. Equation (6.5 -11) can be used directly since the degree of the denomi¬ 
nator, which is 4, differs from that of the numerator by 2. A difference of at least 2 
is required. Thus 


X +oo 

'00 


x 2 dx 


x 4 + X 2 + 1 


= 2ni ) Res 




z 4 + z 2 + 1 


at all poles in u.h.p. 


Using the quadratic formula, we can solve z 4 + 2 ‘ + 1 = 0 for z 2 and obtain 

,2 = _1 ± 1 ^ = jln/l e -i2n/i' 


Taking square roots yields z = e™/ 3 , e~' 271 / 3 , e~ m / 3 , e ,2?I / 3 . Thus z 2 /{z 4 + z 2 +1) 

has simple poles in the u.h.p at e m/3 and c' 2jl/3 . Evaluating the residues at these two 
poles in the usual way (see, for example, Eq. 6.3-6), we find that the value of the 
given integral is 


2ni Yj 


Res 


z 4 + z 2 + 1 


in u.h.p = —— 

V3 




Comment on Answer. Despite our having ventured into the complex plane, and 
our use of complex residues in Examples 1 and 2, the final answers in both cases 
were real numbers. This must be true—the integrals being evaluated were real. It 
is important to check that values obtained for real integrals, by means of complex 
analysis, are real. 

A Note on Symmetry If we had to evaluate ^ , which is the same as the 

previous problem except that — oo has been replaced by 0, we could take advantage 
of the even symmetry of the integrand, i.e., fix) = f( -x) and simply use half the 
answer to Example 2. However, if the integrand has odd symmetry, f(x) = —f(x), or 
no symmetry as occurs, respectively, in the examples J^°° xA x _^ + i and f 0 °° 
then the method contained in Theorem 4 does not apply. One procedure that is 
sometimes applicable is shown in Exercises 36 and 38. However, a more general 
technique for evaluating such expressions which, strangely, involves the logarithm 
function, is available. Analytic functions based on the log involve a branch cut, and 
so we describe this approach in Section 6.8, which is devoted to integrations along 
branch cuts. 


EXERCISES 


The following are review problems on improper integrals. Review the subject of improp e 
integrals in an elementary calculus book.f 
Which of the following integrals exist? 


no 

I. 

Jo 


e 2x dx 


-oo no 

2. e 2x dx 3. 

Jo Jo 


x dx 


‘•f 


■ +1 


-dx 



f See, for example. R. Finney, M. D. Weir, and F. R. Giordano, Thomas * Calculus , 10th ed. (Boston 
Wesley 2001), section 7.7. 


Add> s 1 
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For which of the following integrals does the Cauchy principal value exist? 

X +oo 

e~ x dx 

oo 


r 

6 . 

J—c 


e~' A dx 


r> - 

7. 

— 


,+c>0 X 2 + X 
1 + X 2 


dx 


r 

i. 

J—c 


1 + X 2 


rdX 


9 . The standard or ordinary definition of £££ f(x)dx is given by 

^ _ O'+OO r*b /^0 

I f(x)dx = lim I f(x)dx + lim | f(x)dx, 
J-oo b^ooj 0 a—>°c J— a 


where the two limits must exist independently of one another. Work the following without 
using complex variables. 

X -j-OC 1 

sin x dx fails to exist according to the standard definition. 

, b) Show that the Cauchy principal value of the preceding integral does exist and is zero. 

I c) Show that dx/( 1 + a 2 ) = n for both the standard definition and the Cauchy 
' principal value. 

I d) Show that if the ordinary value of f(x)dx exists, then the Cauchy principal value 
I must also exist and that the two results agree. 

I_ 


[ Using the symmetry properties of the integrand, but without evaluating the integrals, state 
which of the following must be true, based entirely on symmetry arguments. 

"°° dx 1 r°° dx 


Ho r dx - 1 r dx ii r dx - 1 r 

f&- Jo a 2 + 1 2 J—oo x 2 + 1 Jo x 2 + x -F 1 2 J -00 x 2 + x + 1 

^ r 00 cos xdx 1 r°° cos xdx r°° tanh xdx 1 r°° tanh xdx 

Jo x 2 + 1 2 J_oo x 2 + 1 Jo a - 2 + 1 2 J-oo 

x + 1 


14. 


—oo H - 1 


-dx — Q 


-■£ 


X 4 + 1 


A 2 + 1 

dx = 0 


2 J—oc x 2 + 1 


Ik 1 + sin a f°° a sin (a 2 ) 

I 6- Ui-5- dx = 0 17. -- \-J—dx = 0 

p; oo X + A +1 J—oc A 4 + A 2 + 1 

■£ 


A 4 + A 2 + 1 



Initiate the following integrals by means of residue calculus. Use the Cauchy principal value. 

J°° d x _ f°° da: 


—oo (x 2 + a + 1)(a 2 + 1) 

00 A 3 + A 2 + A + 1 dA 


(a + a) 1 + b 2 


fl, b real, b > 0 




2 . 

d Ef v 
r " a 

&! % 



S nT & 

'V S g 

r - cr t= 
ora ” 

ET* CD 


a. &¥> f 


^ oj 

a ^ a 

^ *-i 

S*~ sf P 


p $ w 
E£ cT 


IV g & I 
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^ M 




tc> & g 
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Figure 6.5-4 


for |z| > 2 mB. Now use a triangle inequality to establish an upper bound on 

b m —l b m —2 bp 

b m z b m z 2 b m z m 


in the region |z| > 2 mB, and show that |g(z)| > 1 — m/2m = 1/2 for |z| > 2 mB. 

c) Use the preceding result to show that \Q(z)\ > \b m \\z\ m /2 for |z| > 2mB. 

d) Show that 

P(z) < 2(n + 1 )A 
W) ~ \b m \\z\ d 


for |z| > Rq where R 0 = 2mB. This completes the proof. 

38. Show that 

r°° x' n n 

Jo x n + 1 A ' ;i sin[ti(m + l)/n]’ 

where n and m are nonnegative integers and n — m > 2. 

Hint: Use the method employed in Exercise 36 above, but change to the contour of 
integration in Fig. 6.5-4. 


39. a) Show that 


"°° u 1 / 1 


u k + 1 


-du 


u 

ksm[v:(l + 1)/ (Ik)] ’ 


where k and l are integers. I > 0, which satisfy l(k 1) > 2. Take u ! as a non g 
real function in the interval of integration. change 

Hint: First work Exercise 38 above. Then, in the present problem, make the c 
of variable x = u l/l and use the result of Exercise 38. 


b) What is J^°° « 1/4 /(« 5 + 1 )dul 


jp x d*r 


6.6 Evaluation of Integrals III 

Integrals of the type f(x) cos px dx, f(x) sin px dx. and / 
where f(x) is a rational function of x, and p is a real constant, are otte ^4 
by methods similar to that just presented. These integrals appear m tn 
Fourier transforms, which is discussed in section 6.9. Generally, we win 
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the Cauchy principal value of such integrals and ignore the question of whether the 
ordinary values exist (see Exercise 9, section 6.5). 

To give some insight into the method discussed in this section, we try to evaluate 
■ : j + ^ cos(3a)/((x - l) 2 + 1 )dx using the technique of the preceding section. We 
Integrate cos 3z/((z — l) 2 + 1 ) around the closed semicircular contour of Fig. 6.5- 1 
| n d evaluate the result with residues. Thus 


f 


+R i cos 3x 


(x- 1) 2 + 1 


dx + 


X 


cos 3 z dz 
Cl (z- 1) 2 + 


- = 2ni ^ Res 


cos 3 z 


(z - l) 2 + 1J 


in u.h.p. 


s before, Ci is an arc of radius R in the upper half-plane. Although the preceding 
ljuation is valid for sufficiently large R, it is of no use to us. We would like to show 
at as R —> oo, the integral over Ci goes to zero. However, 


cos 3 z = 


e 3iz + e -3iz 


e ‘3x-3y _|_ e -i3x+3y 


% R oo, the y-coordinates of points on Ci become infinite and the term e~ l3x+3y , 
Jose magnitude is e 3y , becomes unbounded. The integral over Ci thus does not 
mish with increasing R. 

I The correct approach in solving the given problem is to begin by finding 
' °° e 3ix /((x — l) 2 + 1 )dx. Its value can be determined if we use the technique 

Jhe previous section, that is, we integrate f e 3iz /((z — l) 2 + 1 )dz around the 
i|ed contour of Fig. 6.5-1 and obtain 


_3 ix 


I ~R (x - l) 2 + 1 


dx + 


X 


0 3rz 


Cl (Z-1) 2 + 


— dz = 2ni ^ Res 




(z- 1) 2 + 1_ 
in u.h.p. (6.6-1) 


Sming we can argue that the integral over arc C\ vanishes as R oo (the trou- 


|me e 3,z no longer appears), we have, in this limit, 


X +oo 

oo 


„3 ix 


oo (x - l) 2 + 


— dx = 2ni ) Res - 

1 ^ (z- 


Jiz. 


(z - l) 2 + lj 


in u.h.p. 


I* ^ ijc . 

jj g e = cos 3x + i sin 3x and rewriting the integral on the left as two separate 
issions, we have 


cos 3x 


|oo (x - l) 2 + 1 


dx + i 


X +oo 

•00 


sin 3x 


(x-l ) 2 + 


-dx = 2ni ) -- 

1 z- 


,3 iz 


(Z - l) 2 + 1 


in u.h.p. 
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When we equate corresponding parts (reals and imaginaries) in this equation, the 
values of two real integrals are obtained; 


X +oo 

•00 


cos 3x 
(x- 1) 2 + 1 


dx — Re 


2ni ^ Res 


(z - l) 2 + 1 


at all poles in u.h.p., 


( 6 . 6 - 2 ) 



sin 3x 


(x- 1) 2 + 1 


-dx = Im 


2ni ^ Res 


e 3h 

(z - l) 2 + 1 


at all poles in u.h.p. 


(6.6-3) 

Equation (6.6-2) contains the result being sought, while the integral in Eq. (6.6-3) 
has been evaluated as a bonus. 

Solving the equation (z - l) 2 = -1 and finding that z = 1 ± i, we see that on 
the right sides of Eqs. (6.6-2) and (6.6-3), we must evaluate a residue at the simple 
pole z = 1 + z. From Eq. (6.3-6), we obtain 


2ni Res 


e>3iz 


(z - l) 2 + 1 


j 1 + i 


e 3iz 

= 2ni lim - 

z-Ki+O 2(z - 1) 

= ne~ 3+3i — -"-a- 3 


ne J [cos 3 + i sin 3], 


Using the result in Eqs. (6.6-2) and (6.6-3), we have, finally, 
'+°° cos 3x f +0 ° sin 3x 


J —C 


(X -1) 2 + 1 


-dx = ne 3 cos 3 and 


x; 


(x -1)2 + 1 


-dx = ne 3 sin3. 


Recall now that we still have the task of showing that the second integral on 
the left in Eq. (6.6-1) becomes zero as R -»• oo. Rather than supply the details, 
we instead prove the following theorem and lemma. These not only perform our 
required task but many similar ones that we will encounter. 


THEOREM 5 Let f(z) have the following property in the half-plane Im z > 0- 
There exist constants, k > 0, Rq, and /< such that 

\f(z)\ < for all |z| > R 0 in this half-plane. 

kr 

Then if Ci, is the semicircular arc Re‘®, 0 < 0 < n, and R > Rq, we have 

( 6 . 6 - 4 ) 


lim 

R^> oo . 


f f(z)e ivz dz = 0 

JCi 


when v > 0. 


0, there is a corresponding theorem that applies in the lower 


half' 


When v < 
plane. 

Equation (6.6-4) should be compared with Eq. (6.5-8). Notice that when ' 
factor e wz is not present, as happens in Eq. (6.5-8), we require k > 1, whereas a 
validity of Eq. (6.6-4) requires the less-restrictive condition k > 0. 
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is To prove Eq. (6.6-4), we rewrite the integral on the left, which we call /, in 
•terms of polar coordinates; taking z = Re’ e , dz = Re' 0 i dO , we have 


7 = f f(z)e ivz dz= f K f(Re i0 )e ivReiB iRe ie d6. 
JCi Jo 


(6.6-5) 


Recall now the inequality 


f g(9)d9 < f \g(9)\de 

Ja J a 


derived in Exercise 17 of section 4.2. Applying this to Eq. (6.6-5) and recalling that 
fe w \ — 1, we have 


^ 71 

\1\<R \f(Re id )\\e ivReiB \d9. 

J o 


( 6 . 6 - 6 ) 


We see that 


e wRe ‘ 6 | = | e ! wft(cos0+isin0)| _ \ e -vRsin e^^ivR cos 6 


low 


i; 


| giuif cos t? | _ | 


|d since e vRsin9 > 0, we find that 


\g' vRe '° \ _ e -vRsinQ 


s Rewriting Eq. (6.6-6) with the aid of the previous equation, we have 

( 71 

\f(Re ie )\e~ vRsin0 d9. 


is 

ith the 


assumption |/(z)| = | f{Re‘ 0 )\ < fl /R k , lt should be clear that 


Li 

\I\<R 

Jo R k 


-uRsind d Q _ 9 j - ^- vRs i ne 


R k ~ 


^71 

^ Jo 


d9. 


(6.6-7) 


igrationVn^^^nt 110 ^ 0 ^ & ~ ^ F ' 8 ' 6 6_1 )’ we can perform the 

^ration on the right in Eq. (6.6-7) from 0 to n/2 and then double the result. 



Figure 6.6-1 
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Hence 

2 u r 71 / 2 

I*I < z~ J o e~ vRsiae dd. (6.6-8) 

Figure 6.6-1 also shows that over the interval 0 < 9 < n/2, we have sin 0 > 20/u 
Thus when v > 0, we find e~ vRsine < e ~ vRsl l n for 0 < 9 < %/2. 

Making use of this inequality in Eq. (6.6-8), we have 

[/[ < r e - vR92 / K dd = ^-[1 - e~ vR ], 

Jo vR kL J 

With R -> oo, the right-hand side of this equation becomes zero, which implies 
I -j 0 in the same limit. Thus 

lim f f(z)e ,vz dz = 0. 
r^co J Cl 


Any rational function f(z) = P(z)/Q(z), where the degree of the polynomial 
Q(z) exceeds that of the polynomial P(z) by one or more, will fulfill the requirements 
of the theorem just presented (see Eq. 6.5-9) and leads us to the following lemma. 


JORDAN’S 

LEMMA 


lim 

R^>- oo 


X 


P ( z ) Jvz 
C, Q(Z) 


dz = 0 


if v > 0, degree Q — degree P > 1. 

(6.6-9) 


Jordan’s lemma can be used to assert that the integral over C\ in Eq. (6.6-1) be¬ 
comes zero as R —»• oo. This was a required step in the derivation of Eqs. (6.6-2) 
and (6.6-3). We can use this lemma to develop a general formula for evaluating 
many other integrals involving polynomials and trigonometric functions. 

Let us evaluate f e ,vz P(z)/Q(z)dz around the closed contour of Fig. 6.5-1 by 
using residues. All zeros of Q(z) in the u.h.p. are assumed enclosed by the contour, 
and we also assume Q(x ) ^ 0 for all real values of x. Therefore, 


r+R 

J-R 


PW t 

-R Qix)' 


dx 


X, 


Pjz) 

Q(z) f 


dz = 2ni Z Res 


P(z) 


L Q(z) 

at all poles in u.h.p. (6.6-10) 


Now, provided the degrees of Q and P are as described in Eq. (6.6-9), we P u 
R -»• oo in Eq. (6.6-10) and discard the integral over C) in this equation by invoking 
Jordan’s lemma. We obtain the following: 


r°° P(x) j; 

J- OO Q(x) 


dx = 2ni Z Res 


Q(z) 


in u.h.p. 


(6.6- H) 


The derivation of Eq. (6.6-11) requires that v > 0, Q(x ) ^ 0 for — oo < x 
and the degree of Q exceed the degree of P by at least 1. 

We now apply Euler’s identity on the left in Eq. (6.6-11) and obtain 


^ do, 


^ — 


,+ 0 ° P(x) . 

(cos vx + i sin vx) —-rrdx = 2ni > Res 

Q(x) ^ 


Jvz p (z) 

Q(z) 


in 


u.h.p- 
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Now assume that P(x) and Q(x) are real functions of x, that is, the coefficients of 
x in these polynomials are real numbers. We can then equate corresponding parts 
(reals and imaginaries) on each side of the preceding equation with the result that 
-+oo 


£ 

£ 


p (x ) , 

cos vx~r—~dx 


J — 00 
-*+00 


sin vx 


GW 

,£W. 

GW' 


Re 


dx = Im 


2ni ^ Res 

W+ Jvz] 

.Q(z) 1 

2ni ^ Res 

P (z) Jvz] 

GW 1 


inu.h.p., (6.6-12a) 


in u.h.p. (6.6-12b) 


-where degree Q - degree P > l, Q(x) 0, -oo < x < oo, v > 0. 

* These equations are useful in the rapid evaluation of integrals like those 
appearing in the Exercises below and in Eqs. (6.6-2) and (6.6-3). When v = 0, 
!the integral on the left in Eq. (6.6-12b) is zero while that on the left in Eq. (6.6-12a) 
|% evaluated from Eq. (6.5-11) if the degree of Q exceeds that of P by 2 or more. 
When v is negative, we do not use Eqs. (6.6-11), (6.6-12a), or (6.6-12b). It 
instructive and useful for later work to have formulas valid for v < 0. The reader 
ihould refer to Exercise 16 below where these are stated and derived. 


X qo iojx rc 

r~~rdx, 

- OO 7W + 1 G 

r dx for co > 0. 


OO ,v 4 +l 


-dx, and 


wlution. Using Eqs. (6.6-11) and (6.6-12) for the evaluations, we see that all 


ijvolve our finding 2ni £ Res 


4 +i 


at the poles of in the upper half- 


jlane, i.e., at the zeros of z 4 + 1 in the upper half-plane. These are at ^ + -A, 

l one can see by finding the four values of (—1+ 4 . All four values are distinct; 
|is z 4 + 1 = (z — z\){z — zi){z — Z 3 )(z — Z 4 ), where all the z\, ..., z 4 are dil¬ 
igent, which indicates that all the poles are simple. With the aid of Eq. (6.3-6), 
g have that each residue is found by evaluating +£ = at the correspond- 


e§ pole. Therefore, 2ni £ Res 


„IU)Z. z 
' z 4 +1 


u.h.p = f 


4z 3 4 z 2 

,ia>(l+i)/V2 ico(-l-H)/V2 

: - } -h --- 


. The 


der should verify this expression. We factor out e 0J /v^ and combine the remain- 
iexponentials by recognizing the exponential form of the sine from Eq. (3.2-4): 

^ = §7—• The result is 2ni £ Res|e ! “ z +py u.h.p = sin(co/^/l). 

|ljdng Eqs. (6.6-11), (6.6-12a), and (6.6-12b) to this last result, we evaluate 
integrals: 



t 

jdx = ine~ w/ ^ sin(co/V2), 


xcos(cox) , pz r- 

- ^ dx = Re[rire sin(m/v/2)] = 0, 


-00 x 4 + 1 


dx—lm[ine " /v ^sin(m/V2)] = ne sin (co/V2). 
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The second result could have been predicted with no computation since 

is an odd function that is here integrated between limits symmetric with respect 

to x = 0. The result must be zero. 

The preceding answers were derived using a technique that required to > 0. If we 
place oo = 0 in the integrand of each of the above integrals, we find that every integral 
is easy to evaluate without residues and is zero. Fortunately, the three formulas on 
the right side of the above results are also zero when co = 0. In general, however, we 
must be careful about using formulas for values of a parameter not permitted when 
they were derived—this fact is investigated in Exercise 17. 

For a) < 0, we can evaluate all three of the integrals in this problem by using a 
semicircular contour (and its limit) that closes in the lower half-plane, as described 
in Exercise 16. Note, however, that for oo < 0 the expression —- c is still an odd 
function of x and its integral between symmetric limits will be zero. t 

A Note on Changing Variables in Contour Integration 

A familiar tactic for evaluating integrals in real calculus involves a change of variable, 
also known as the “substitution method.” For example, to find sin(x 2 + 3 )xdx, 

one lets u = x 2 + 3, du — 2x dx, so that the integral becomes Jj- sin u du, which 
is easily determined. We have been making changes of variable in contour integrals 
involving functions of a complex variable. This idea was first introduced in 
section 4.2, where we showed how to perform a contour integration by means of a 
real parameterization of the contour—we often employed the variable t with its sug¬ 
gestion of time. We have sometimes used the change of variable z = e l6 ,0 < 9 <2n, 
when the contour in the z-plane was the unit circle. 

Changes of variable are not limited to the replacement of a complex variable by a 
real variable as in the preceding—one may instead make a substitution that involves 
a switch from a complex variable to another complex variable. If the transformation 
involving the variable change is an analytic function and if the contours of integration 
lie in a bounded domain, there is generally no difficulty and we proceed as in real 

calculus. 1 ' For example, given the problem of evaluating sin(ir> 2 + 2 )wdw 
along some contour in the finite w-plane, we proceed as in elementary calculus, 
letting z = w 2 + 2 so that ^dz = w dw, and we find sin(ur + 2 )wdw - 
l C 2+2i sin zdz = ^[cos2 — cos(2 + 21)]. 

2, J 2 — L \ / j , -I xfj\\QX& 

Sometimes we make changes in variable involving improper rntegrars w 
one or both limits are infinite, and this can present difficulties. Consider the integ* 

/ = J^°° x—eKpiin/A) d x • ^ ow su PP ose we make the change of variable x = lx in 

We now have: l' = J^°° 4 ) i dx'. Do these integrals have the same val u 

As we will show, the answer is no. 

Let us consider f y _ ex p [i ^/ 4 ) dz along various contours. Notice that 1 ^ a 
integrate along the x-axis in the complex plane, as shown in Fig. 6.6-2(a), ' ve j 


^Fot a proof, see e.g., W. Kaplan, introduction to Analytic Functions (Boston; Addison-'Wesley* 
section 3.3. 
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I = jf — 


ri/? 

Jo 


^exp(in/ 4 ) ^ X ' Similarly, we can write I' as an integral along the 
imaginary axis in the same figure as follows. Consider lim#_ 

I r R 

Ind since we have z = iy, this becomes linift^oc J 0 — 
fee same as I'. 

| Let us investigate £ - z ^x p(in/4j^ z ’ wllerc C tlie dosed contour shown in 
gig. 6.6-2(b). The integrand has a simple pole at exp(m/4) whose residue is readily 


iy— exp(ijt/4) 


- d 7 

exp(ra/4) ’ 
i dy, which is 


llund, and so f c Y -cxpiin/A) ^ z ~ ^ n * e Passing to the limit R -> oo in 

le preceding, we can argue, using Jordan’s lemma, + that the portion of the integral 
H the 90-degree arc Cr vanishes. We recognize that the portion of the integral 
|bng the real axis is identical to 7 while the portion along the imaginary axis is 

a f-y - P xpp,!/^) ? dy = —the direction of integration in the figure explains the 

|nus sign. Thus I — I' = 2%i ^-i/vT+r/V^ so j] iat / /' Hence the change of 

fable is not justified. 

The moral here is that even a simple change of variable in an improper 
Hgral in the complex plane is potentially a trap, and one must study both the old 
\ ne w contours as well as the functions involved to see if the change is justified, 
matter is explored in Exercise 23. 


SRCISES 


jgluate the following integrals by residue calculus. Use Cauchy principal values and take 
Pntage of even and odd symmetries where appropriate. 


r° cos(2x) 
J~oo x 2 +9 


dx 


>■£ 


x xsin(2x) 
oo x 2 -\- 3 


dx 




-CO (*-1)2 + 9 


dx 


( continued) 


|ftna applies as well to a quarter circular arc as it does to a semicircular one, as the derivation shows. 
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(. continued) 

'°° x 3 sin (2*) 


4. A dx 

o x 4 + 16 


*•1 
•X 
•X 

r 

Jo 

n. f 

Jo 


*X 


00 xsin(2x) 

OO •E'*' + X + 1 


‘■j: 


(x — 1) cos (2*) 
x 2 + x + 1 




•oo / v 3 


7. 

9. 

11 


(x 3 + x 2 ) cos(V2.t) 


x 4 + 1 


dx 


3. 


•OO 


xe‘ 


ixj 3 


-oo J 4 + * + 1 


-dx 


X COS X 


(x 2 + l)(x 2 + 16) 


f 

Jo 


dx 12. 


-00 (x - i) 2 + 4 
x sin* 


dx 


dx 


(x 2 + l)(x 2 + 16) 

'°° (x 3 + x 2 + x) sin(-t/2) 


r-< 

o - 


(x 2 + l)(x 2 + 4) 


dx 


cos x 


o (x 2 + 4) 2 


-dx 


14 -f 


sin mx sin nx 


dx = —e ma sinh na for m > n > 0. Assume a is positive. 
>o a 2 + x 2 2 a 

Hint: Express sin mx sin nx as a sum involving cos(m + n)x and cos {m — n)x. 


15. Explain why even though J^°°(cosx)/(x 2 + 1 )dx can be evaluated with the aid of 
Eq. (6.6-12a), J^°(sinx)/(x 2 + \)dx cannot be evaluated with the help of 
Eq. (6.6—12b). This latter integral can be evaluated approximately with a numerical table 
or a computer program. 


16. a) Refer to the contour shown in Fig. 6.6-3. Let Cj be the arc of radius R in the lower 
half-plane (l.h.p.). Show that 


lim f ^-e h!Z dz = 0 
Jc 2 G(z) 

if v < 0, where Q and P are polynomials such that degree Q - degree P > 1. This is 
Jordan’s lemma in the l.h.p. 

Hint: Begin by finding a formula analogous to Eq. (6.6-4) that applies when v <0 
and the contour is a semicircular arc in the l.h.p. 

b) Perform an integration of e wz P(z)/Q(z) around the closed contour in Fig. 6.6-3, 
allow R -> oo, and use the result of part (a) to show that 


P(x) , 
^ —OO Q(x) 


P(z) 


dx = —2ni > Res- , , . 

^ G(z) 


in l.h.p. 


(6.6-13) 


if v < 0 and Q(x) / 0 for —oo < x < oo. Why is there a minus sign in Eq. (6.6-13) 
that does not appear in Eq. (6.6-11)? 


-R 

+R 

"i 

’ 1 


- C 2 , arc of radius R 


Figure 6.6-3 


i 
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c) Assume that P( x ) and Q(x ) are real functions. Use Eq. (6.6-13) to show that 


pOC 

J—oc 


cos vxZ~~dx = —Re [ 271 ; ^ Res 


'-'OO 


Q(x) 

P(x) 


X sin vx „, „ 
00 Q(x) 


dx = — Im 


2ni 




Res 


Q(z) 

m Jv 

Q(z ) 


in l.h.p. for v < 0, 


(6.6-14a) 


in l.h.p. for v < 0. 


(6.6-14b) 

d) Refer to Example 1 . Show that for co < 0, we have ff^dx = ine 01 ^ sin(co/V2), 

IZ ZZZ dx = °’ IZ ZZr dx = *^sin“J/V2), and that for all real m, 

we have jP^ 00 dx = nt e -M/V 2 sin(co/V2). 


.7. a) A student wishes to evaluate ^pldx. Using the methods of this section, she 
obtains me-®. Verify this answer. If we put co = 0 in this result, we get n, but if we 
put co = 0 under the integral sign, we see immediately that the value of the integral is 
zero. Explain. 


b) Show that the value of the integral in a) is ne ^ sgn(o)) when co is real. Here the 
sgn function (called the signum) assumes the value 1 when co is positive, -1 when co 
is negative, and 0 when co = 0. 

Hint: Study Exercise 16 and use the result it contains. 


ivaluate the following integrals by direct use of Eq. (6.6-13). 


■-s: 


•+00 


00 (x+l) 2 + l 


dx 


19 r+00 (U+l)c-'* 

• J- 00 U+i ax 


1 , a) Explain why (s,m2x)/(x - i)dx cannot be evaluated by means ofEq. (6.6-12b). 
b) Evaluate this integral through the use of Eqs. (6.6-11) and (6.6-13). 

; Hint: Express sin 2x in terms of e' 2x and e~ l2x . Write the given integral as the sum of 
two integrals and evaluate each by using residues. 


Assume v > 0 and let n > 1 be an integer. 

| a) Show that ££ 0L, = 0 for Im( w ) < 0. 

»> Show ,h„ j£ 0^, = 2*00 for „ o. 

; c ) Use the above to find f + °° e ' x dx 

I J-OO ( x-i ) 4 ' 

pie following is an extension of the work used in deriving Eq. (6.6-11) and deals with 
| egrands having removable singularities. In parts b) and c), take m, n > 0. 

|t) Show that ^has a removable singularity at z = 0. 

|) Use the above to prove that f 0 °° sinmjc ~ sinnjc dx = 0 

6 Show that = f 2 [e- na ~ e^} where a > 0. 

Show that = _ f (i + e -ny 

xt: Study noting the removable singularities. 

^?sent an argument like thatjised in our discussion of change of variable to show that 

is correct. Use a suitable contour in the complex 


J equati0n X°° Zi dx = Jo°° Zfdy is 

mne. 
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24. To establish the well-known result 


I 


OO 


sin x 


dx = 


71 

2 ’ 


we proceed as follows: 
a) Show that 



has a removable singularity at z = 0. How should /(0) be defined to remove the 
singularity? 

b) Using the contour of Fig. 6.5- 1, prove that 


Jx 


- 1 


-dx + 


- 1 


dz = 0 


)c i 


and also 


:+R cos x — i . r + 

- dx + i 

x J-R 


-dx = 


-R 


-dz - 
Cl Z 


Cl 



c) Evaluate the first integral on the above right by using the polar representation of Cy. 
z _ 0 < 9 < 7 t. Pass to the limit R -> oo and explain why the second integral 

on the right goes to zero. Thus prove that 


r+°° cos* 

J— oo x 


and 


-.+O0 Q ; r 


-dx = 71, 


and finally that 


25. The expression 


sinr , it 

- dx = 

x l 


g ( a ) 


-dx, a > 0, 


„ j x + a 

liiP of 

called the auxiliary cosine integral, must be evaluated numerically for every 
Using a computer and a suitable program, we might determine 


f 


COS X 


dx, 


Jo x + a He 

where R is chosen “large” in the sense that a further increase in R yields a 
change in the numerical result. Thus for a given value of a, we amve at an app ^ 
tion to g{a). The difficulty encountered is that the magnitude of the Integra 
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zero slowly with increasing x. Thus a large R and hence a long interval of integration 
must be employed. Also, because of the oscillations of cos x, there is a tendency for the 
contributions to the integral over the intervals 0<x<n,n<x< 2n, etc., to nearly 
cancel, and a high degree of accuracy in the numerical evaluation of the integral becomes 
difficult to obtain. With the aid of the Cauchy integral theorem, we may find an equivalent 
integral whose numerical evaluation does not have the problems described, 

a) Explain why 


x + a 


-dz = 0, 


where the contour of integration is shown in Fig. 6.5-3. 

b) Show that as R -> oo the portion of the preceding integral taken over the 90° arc Cy 
vanishes. (The proof is similar to that for Theorem 5.) 

c) Using the results of parts (a) and (b) show that 


rx, 

Jo 


00 cos x + i sin x 


-dx ■■ 


fOC ( 

Jo h 


Jo x + a Jo iy + a 

d) Use the preceding equation to show that 

r~y 


-dv. 


. , f°° cos* , f°° ye~ 

g(a)= —~dx= -Jr - -dy 

Jo x + a Jo 


o x + a Jo y 2 + a 2 


and also 


f sin* r°° e y 

A a ) = —:—dx = a — -- dy, 

Jo x + a Jo y l + a 2 


where f(a) is known as the auxiliary sine integral. Notice that each of the integrands 
in the variable y is nonoscillatory and decays exponentially with increasing y. Their 
numerical integration is readily accomplished. 

e ) To show the utility of the nonoscillatory integrals we have derived, compute g(l) 
by using the two different integrals given above. Use a MATLAB program and take 
the upper limit of integration not as infinity but as the values 1 through 50 in unit 
■ jttcrements. Plot your two sets of results as a function of the upper limit. Which result 
, is less sensitive to the upper limit of integration, the integrand containing cos x or the 
one with e~ yr > 

ponsider the problem of evaluating 


X +oo 

■oo 


COS X 

cosh x 


dx = Re 


X +oo 

■oo 


-OO cosh* 


dx. 


fcwe try to evaluate the preceding integral by employing the contour of Fig. 6.5 -1 and the 
jtthods leading to Eq. (6.6-12a) we get into difficulty because the function e' z /cosh z 
I s an infinite number of poles in the upper half-plane, i.e., at z = i(nn + n/2), n = 
l 1 ’ 2,..., which are the zeros of cosh z. Thus Theorem 5 is inapplicable. However, we 
1 determine / with the aid of the contour C shown in Fig. 6.6-4. 
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r • 2 

a) Consider J e ,z dz taken around the contour of Fig. 6.5-4. The angle 2n/n should be 
chosen as tt/ 4, and z = R cis 6 on the arc. Prove that 

r-R/V 2 


J rR rR 

cos x 2 dx + i I sin x 2 dx + I e lR cls2 ®iRe l ® dO = (1 + i) 

o Jo Jo Jo 

b) Show that the preceding integral on 6 goes to zero as R — > oo. 

Hint: Use Eq. (4.2-14b) to show that 


e-^dx. 


r-lt/A . 

e iR c ls 2 e iRe w dg 


< R 


^7t/4 


e- R2sml0 de. 


Rewrite the integral on the right with the change of variable (j) = 29. Use the inequality 
sin 0 > 20/71 for 0 < 0 < tt/ 2 to argue that the resulting integral goes to zero as 
R —»• oo (see the derivation of Theorem 5). 

c) With R —»• oo, show that the equation derived in part (a) now yields 

r°° ? r°° ? f°° -? 2 

cos x dx = sin x dx = e dx. 

Jo Jo Jo 

Now use the result given at the start of Exercise 29 and a change of variables to show 
that 

1 

2 ' 




Make a change of variables in the preceding result and use symmetry arguments to 
show that, for b real and nonzero, 


f+°° , 1 

cos (bu)du=——* — 
J- OO y/\b\ ’ 2 

n+OO 


(±1) hi 


r +o ° 2 

sin (bu )du = _ 

J-oo V 

where (±) is chosen to conform to the sign of b J 


(6.6-l5a) 

(6.6-l5b) 


6.7 Integrals Involving Indented Contours 

Suppose you were given the integral dx to evaluate. With what you have 

learned so far in this text this would be a perplexing problem. The integral apparently 
fails to converge because of the singularity in the integrand at x=l. Were y ^ 
tempted to apply Eq. (6.6-12a), you should be alarmed by the requirement ® 
Q(x) 7 ^ 0 for all real x. We have Q(x) = x — 1. In what follows, we will see 
define, with a limiting process, integrals where the integrand becomes infinite- 
will find that such integrals sometimes—but not always—converge under this 


-gg aw' , 

fThese results are interesting as they illustrate an important difference between the properties °f se ^ 0 , j 
improper integrals. We know from the nLhterm test that a series ZJJZq Un (z) willdivergeiflinvi-*co Un ^ c -■ 
that is, the terms must start shrinking to zero or the series will diverge. However, the integral ^ fi 2 ' 


converge even though lim^-^oo /(*) 7^ 0- 
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definition; when convergence occurs, we will use residue calculus in the integral’s 

evaluation. 

We begin with a brief and ultimately useful digression. Let the function f(z) 
possess a simple pole at the point zo, and l et C be a circle of radius r centered at zo- 
Suppose c- 1 is the residue of f(z) at zo-Assuming that f(z) has no other singularities 
on and inside C, we know immediately that 


f(z)dz = 2jtic_i. 


(6.7-1) 


I : reader may wonder if an integration taken only halfway around C would yield 
c-i/2 and if an integration performed 1/4 of the way around C would yield 
c _i/ 4. A specific example (see Exercise 1 of this section) shows this is a naive 
ectation. What is true, however, is that an integral taken around a fraction of C 
be evaluated in the limit as the radius of C shrinks to zero by our using only 
corresponding fraction of the residue of f(z) at Zq. To be more specific, consider 
:orem 6. 

EOREM 6 Let f(z) have a simple pole at zo- An arc Co of radius r is 
structed using z.o as its center. The arc subtends an angle a at z.o (see Fig. 6.7-1). 

lim f f(z)dz = 2m'[^-Res[/(z), z 0 ]|, (6.7-2) 

r ^Oj Co L27 1 

;re the integration is done in the counterclockwise direction. (For a clockwise 
:gration, a factor of — 1 is placed on the right in Eq. 6.7-2). • 

Note that when the integration in Theorem 6 is performed around an entire circle, 
quals 2n and Eq. (6.7-2) yields a familiar result.^ 

To prove this theorem, we first expand f(z) in a Laurent series about z.o- Because 
he simple pole at zq, the series assumes the form 


(z - zo) 


+ y c n (z - zoT = , C - 1 , + g(z), 

„=o (z - Zo) 


I g(z) = c n (z — Zo)”, which is the sum of a Taylor series, is analytic at 
d where c_i = Res[/(z), zoj. We now integrate the series expansion of f(z) 
Co in Fig. 6.7-1. Thus 

f f(z)dz= f - 1 dz+ f g(z)dz- (6.7-3) 

*2Co C-O/ *-*Co 

!se g(z) is continuous at z o, we assert that |g(z)| is bounded in a neigh- 
of zo; that is, there is a real constant M such that |g(z)| < M in this 
3 °rhood. The radius r of Co is taken sufficiently small so that Co lies en- 
® the neighborhood in question. Applying the ML inequality to the second 


16.7-2), we should strictly write the limit using the special notation lim r ^o+ to signify that the limit 
as r shrinks to zero through positive values. This kind of limit will often be used without special 
^throughout the remainder of this book. 
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x 


Figure 6.7-1 


integral on the right in Eq. (6.7-3), we have 



< Mm, 


where m is the length of contour Cq. From Eq. (6.7-4), we see that 


(6.7-4) 


lim ( g(z)dz = 0. (6.7-5) 

r ^° JCo 

The first integral on the right in Eq. (6.7-3) can be rewritten with a switch to polar 
variables. With z = zo + re 1 ", dz = ire 1 " dO, and with the limits on 9 indicated in 
Fig. 6.7-1, we have 


Jcq (z - zo ) 


dz = 


c~iire id dO 

Je, re' 9 


c-i<xi = 2 ni —c_ i. 
2 n 


(6.7-6) 


Thus, passing to the limit r 0 in Eq. (6.7-3) and using Eqs. (6.7-5) and (6.7-6), 
we prove the theorem at hand. Applications of this theorem will now be discussed. 

For integrals of the form j*’ f(x)dx, we sometimes find that fix) becomes 
infinite at some point, let us say p, that lies between a and b. Let us assume that fix) 
is continuous at all other points in the interval a < x < b. We thus have an improper 
integral. Previously we have encountered improper integrals involving infinite limr K - 
The term “improper” is used in both cases because neither integral is expressible 
the usual limit of a sum. Some improper integrals of the type we are considering 
here are 


r 3 

J-i * Ji 


-dx, and 


X 


■tc/2 I 


■dx. 


.., (x-2) J- , 1/2 sin X 

In colloquial language, each of the integrands “blows up” somewhere between 
limits of integration. 


To evaluate such expressions we require a suitable definition. The term , 
principal value,” which we have used before (with another meaning), is a PP 
the following definition of this kind of improper integral. 
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DEFINITION Cauchy principal value of an integral containing a singularity 



(6.7-7) 


where f(x) is continuous for a< x < p and p < x < b and e shrinks to zero through 
positive values. • 

| In both integrals appearing in the brackets, the troublesome point x=p is 
^excluded from the interval of integration. In the first integral on the right, the point 
L j s approached from the left on the x-axis, while in the second integral, this same 
loint is approached from the right. The preceding definition is meaningless if the 
limit in Eq. (6.7-7) does not exist. 


p2 

Example i Find the Cauchy principal value of J 1 jx dx, 

Solution. Applying Eq. (6.7-7), we take a = -1, b = 2, and p = 0, (since \/x 


fas a discontinuity at x = 0). Thus for the Cauchy principal value we have 
■2 i r n-e 1 r2 


r l i r e 1 C 1 

I -dx= lim / -dx+ / -dx 
J-t X X Js X 


(6.7-8) 


|ing the indefinite integral J l/xdx — Log \ x\, we obtain 

2 


I 


' 2 1 

-dx = lim 
1 X e-vO 


Log 


1 


+ Log ■ 


= lim [Log e + Log 2 — Log e] = Log 2. 

£->0 


fice that in the limit e -> 0, neither of the integrals in Eq. (6.7-8) exists separately. 
|vever, because of the cancellation of negative and positive areas about x = 0 (see 
6.7-2), the sum of these integrals does possess a finite limit as e —> 0. In the 
pcises, we will see that there are integrals whose Cauchy principal value does not 
|t since the limit in Eq. (6.7-7) does not exist. • 

[Presently, we will be dealing with integrals that are improper not only because 
liscontinuities in the integrand but also because of infinite limits of integration. 
| s doth definitions of the Cauchy principal value are required; for example, 

C 1-e cosx C R cosx 1 

7 - rzdx+ | -- —dx\ 

J-R (x - 1) J 1+ 


X 


COSX 

-- dx = lim 

(x - 1) £ ~*-v 


>1 + 8 i X 0 



Figure 6.7-2 
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The point x = 1 is approached in a symmetric fashion, as are the limits at infinity. The 
concept of the Cauchy principal value can readily be extended to cover cases where 
the integrand has two or more points of discontinuity, as, for example, in this integral; 


r°° cos x 

J- oo 0 + 2)(x - 3) 


lim 
£-►0 
<5-*0 
R—>no 


r 2 S COST , 

---- ax 

J-i? (x + 2)(x-3) 


r 3-e _ COST_ ^ r R COST 

+ J_ 2+5 (X + 2)(x -3) X + J 3+e ( 1 + 2)(x ~T) dx 

The previous ideas, as well as the theorem just presented, can be combined in 
order to evaluate integrals of the form XX°° f(x)dx. where the discontinuities of 
f(x) at real values of x coincide with simple poles of the analytic function /(z). The 
method to be presented is known as indentation of contours, a term whose meaning 
will become clear with an example. 

Incidentally, the reason that the technique applies only to the case of simple 
poles is that there is no theorem comparable to Theorem 6 that works at higher 
order poles—the limit shown in Eq. (6.7-2) does not exist in such cases, as the 
reader may wish to verify. 


EXAMPLE 2 Find the Cauchy principal value of (cos 3x)j(x — l)dx. 


Solution. If we were to proceed according to the methods of section 6.6. we 
would consider J e l3z )(z — 1 )dz integrated along a closed contour like that of 
Fig. 6.5-1. We use here a contour like that one but with a modification. Because 
e l3z /(z — 1) has a pole at z = 1, this point must be avoided by means of a semicircu¬ 
lar indentation of radius e in the contour. The closed contour actually used is shown 
in Fig. 6.7-3. Notice that e t3z /(z — 1) is analytic at all points lying on, and interior 
to, this contour. Integrating this function around the path shown and putting z=- x 
where appropriate, we have 


X 


l- £ e l3* 


-R (X~ l) dX + J|A|=e (Z~ 0 


J\z -II 


o' 3 z 


dz + 


X 


■R £ i3x 


1+e (* - 0 


-dx 


+ 


L 


J3z 


(z - 1) 


dz = 0. 


(6.7-9) 



Figure 6.7-3 


J 
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Allowing R -> oo and invoking Jordan’s lemma (see Eq. 6.6-9), we can easily argue 
that the integral around the semicircle of radius R goes to zero. 

Taking the limit e -> 0, we can evaluate the integral over the semicircular in¬ 
dentation at z = 1. Using Eq. (6.7-2) with e = r, f(z) = e ,3z /(z - 1), zq = 1, and 
a = 71 (for a semicircle), we find that the second integral on the left becomes in the 
limit —ine 31 . The minus sign appears because of the clockwise direction of integra¬ 
tion. With R ->■ oo and e 0, we rewrite Eq. (6.7-9) as 


r l ~ e e lix r 

lim I - dx + I 

IV—R x~ 1 J 1. 


R gi3x 


dx \ — ine 15 = 0. 


I iphe sum of the two integrals in the bracket becomes, with the limits indicated, the 
‘Cauchy principal value of 


■>+00 £ i 3 x 


(X - 1 ) 




cos 3x + i sin 3x 
(x-l) 


r+°° cos 3.x r +0 ° sin3x , n . . 

I - ax + 1 I - -dx = i Tie = j7i[cos 3 + 1 sin 3J. 

j-00 ( x ~ 1) J -00 o-i) 


fi J-00 (■* 1 ) J— 00 (■* 1 ) 

Equating real and imaginary parts on either side, we have 


' 0O cos 3.x 


-dx = —n sin 3 and 


-dx = n cos 3. 


I J- oo (x - 1 ) J- oo (x ~ 1 ) 

Vbmment. In this example, the real integral evaluated had one discontinuity in its 
mtegrand, at x = 1. The integral was evaluated by means of a contour integration 
ffith the contour indented about the value of z corresponding to this point. In some 
lithe following exercises, we consider integrals in which the integrand possesses 
lire than one point of discontinuity. Here it becomes necessary to employ contours 
■integration indented around each such point. For example, to find 


I J- oo X 2 - 9 

luiust have indentations at z = ±3. 


PRCISES 

i 

i ~' Find fc = l (z+\)/zdz. 

find j c (z + l)/zdz , where C is the semicircle |z| = 1, 0 < argz < n. Integrate in 
the counterclockwise sense. 

In part (b) you integrated halfway around the circle used in part (a). Is the answer to 
part (b) half that of part (a)? Explain. 

Evaluate f 1+, Vz + 1 )/(z — 1 )dz around the semicircular arc of radius s shown in 
Pig.6.7-4! £ 
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1 + e 


Figure 6.7-4 



Figure 6.7-5 


b) In the answer to (a) let e —> 0. Verify that you obtain 
—27ti(l/2)Res[(z + 1 )/(z- 1). 1]. 

3. Obtain the Cauchy principal value required in Example 2 by using, instead of Fig. 6.7-3, 
the contour shown in Fig. 6.7-5. Notice that a pole singularity is now enclosed. 


Find the Cauchy principal value of each of the following integrals: 


"+ 00 sin 2jt 
4. - -dx 


••X 

X 


x +4 


r 

5. 

^ — 


'+°° cos 2* 


dx 


r»4-oo 

5. 

J —OO 


sin* 


cosx 


— dx 8. 
(x - n/2)(x 2 + 1) 

£ foo e inx/2 _ j' 

-- xrdx 

oo (* - l) 2 


16 ' J_ oo (x - n/2)(x - n) 

•+oo cos(|x) 


-dx 


c 

^ — 


(* - 1) 2 


dx 


Prove the following, where the Cauchy principal value is used: 
■*+oo 


f 

s>. 

^ — 


cos mx 


-dx : 


o mb • m\jb 2 —Aac 

—2n cos sin —- 


-co ax 2 + bx + c 
b 2 > 4ac, and a / 0. 


xjb 2 — 4a c 


—-, where m > 0, a, b, c are 


real, 


, cos mx —n. ne mh 

Loo x*-b 4 2b 2 2b 3 

-+oo s j n kt 7i jib 

11 . | — - dx =- tanh —, where a > 0 


where m > 0, b > 0 


r- 

1 . 

J — c 


sinh ax 


2 a 


Hint: See the technique discussed in Exercise 26, section 6.6. 
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12. In Exercise 24, section 6.6 you showed that 


f +0 ° sin* 

- dx : 

J—oC X 


cMsfto “" Cei “ ° f Ma,ti C0M ° U ' S -“ '»»» method, i., 


£ 


-dx. 


13. Show that 


X 


+0 ° sin 2 * 


-dx = 


Hint: sin 2 * = A - A cos 2x = Re 1 l ~ e2< ’ 


2 2 1 


14. Show that 


L 


' /cost — e~‘ 


0 \ 


dt = 0. 


Hint: Integrate e iz /z around the 
| Show that 


contour shown in Fig. 6.7-6andallow s —> 0 ,R 


oo. 


r+o o 
J — no 


cos ax — cos bx 


dx — n(b — a), where b > 0, a > 0. 


Hint: The integrand equals Re 


Jax _Jbx 


In i T egr ations Involving Branch 
Joints and Branch Cuts 

fewe ha V ei d s0 far „, uld enaWe „ s ^ 

ft x2+4~ and J 0 -24- -, 


, . * Vx(x+i) by means 0f com P le * variable theory—we have been 
K we whl ! megratl0n ^rational functions and trigonometric functions. In this 

ianck mi i t0 ^ T £ Calculus t0 evalu ate some integrals whose 

§ k (llke the ones J ust § lven )> when continued analytically into the complex 
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plane, require the use of branch cuts. These new problems cannot be solved with a 
prescribed set of rules—however, in every case we shall find ourselves integrating 
along branch cuts and around branch points. Some of the techniques that can be 
employed are illustrated in the following two examples. The third example shows, 
surprisingly, how integrals containing a log function can be used to determine the 
improper integral of a rational function. 


EXAMPLE 1 Find f 0 °°(Log x)/(x 2 + 4 )dx. Notice that Log x has a discontinuity 
at x = 0. This integral is thus defined as 


lim f 

0 Js 


Log xdx 
x 2 +4 


Solution. Following earlier reasoning, we try to evaluate f c log z/(z 2 + 4)dz around 
a closed contour C, a portion of which in some limit will coincide with the posi¬ 
tive x-axis. We will use the principal branch of log z since it agrees with Log x on 
the positive x-axis, and the integral along this portion of C becomes identical to 
that of the given problem. Other branches providing such agreement can also be 
used. The contour C is shown in Fig. 6.8-1. 

The integral along the negative real axis is taken along the “upper side” of the 
branch cut. + Since we want the integrand to be analytic on and inside C, the branch 
point z = 0 is avoided by means of a semicircle of radius e. 

We now express § c Log z/(z 2 +4 )dz in terms of integrals taken around the 
various parts of C. Note that the integrand has a simple pole at z = 2 i. Thus 


L 


Log z 
z 2 + 4' 


dz 




Log z 
z 2 + 4 


dz 


= 2ni Res 


Logz 
z 2 +4 


,2 i 


( 6 . 8 - 1 ) 



Figure 6.8-1 


t Strictly speaking, we should use a contour of the shape shown in Fig. 6.8-2 and allow a 
we can define what is meant by the “upper side” of the branch cut. 


0+.Inthi s 


ivaf 


i 



6.8 Contour Integrations Involving Branch Points and Branch Cuts 397 



Consider the first integral on the left. For the principal branch of the logarithm 
Log z = Log \z\ + i arg z, —n < arg z < n. Since we are integrating along the upper 
side of the branch cut in this integral, we see that arg z is n while |z| = \x\. Thus 


t 


r 8 Log zdz __ r 8 Log 1*1 
J-r z 2 + 4 


dx ■ 


z 2 + 4 J^ R x 2 +4 ' J.—r x 2 +4 


L 


in 


dx. 


( 6 . 8 - 2 ) 


he first integration on the right can be taken between the limits e and R (the integrand 
|s an even function) and Log \x \ can be replaced by Log x. Therefore, 

R Log* dx I ° m 
x 2 + 4 


f 8 Log z dz r R Log xdx C 

J — r z 2 +4 ~ Js x 2 + 4 + J_f 


-dx. 


(6.8-3) 


J—R Z~ +4 Js X +4 J—R 

|Jsing Eq. (6.8-3) on the far left in Eq. (6.8-1) and combining two identical integrals, 
ve have 


m 


r^ + 2 f‘}^ dx+ f^ dz+ f 

J—R z +4 J £ x +4 J z~ + 4 J 

lzl=e 


Log z 

z 2 + 4 

\<]=R 


dz 


-- 2ni Res 


Logz 


z 2 4-4 


,2i 


(6.8-4) 


^ need to show that the integrals over the semicircles of radii e and R go to zero 
Jjthe limits £ —> 0 and R -> oc, respectively. We will present the first result; the 
privation of the second is similar. The third integral on the left in Eq. ( 6 . 8 —4) is 

Log z 


I = 


f 

J Izh 


z 2 4-4 


dz, 


(6.8-5) 


t, -n 

lyre z -= ee , 0 < 0 < n, on the path of integration. We apply the ML inequality 
|, where L = ne (the path length) and M is a constant satisfying 


Log z 


Log se' d 

z 2 4-4 


e 2 e 2i ® + 4 


< M, 0 < 6 < 7i. 


( 6 . 8 - 6 ) 


e < 1, then Is 


(/( < Mns. 
2 „ 2 id _l 4 j > 3 , and 

1 


*2 e i2 9 + 4 


1 

< - 
_ 3' 


(6.8-7) 


(6.8-8) 
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Also, notice that 

|Log(ee ,e )| = | Log(e) + i0\ < [jLogej +n], (6.8-9) 

where we have recalled that 0 < 9 < n. Combining Eqs. (6.8-9) and ( 6 . 8 - 8 ), we 
see that 

Log(ee ,e ) [| Log e\ + %] 

g2gi29 _|_ 4 - 3 ' ( 6 . 8 - 10 ) 

A glance at Eq. ( 6 . 8 - 6 ) shows that the right side of Eq. (6.8-10) can be identi¬ 
fied as M. The right side of Eq. (6.8-7) becomes {%e/3)[\ Log e| + n\. As e -> o 
this expression goes to zero. ’ The integral in Eq. (6.8-5) and the integral over the 
semicircle of radius e in Eq. (6.8-4) thus become zero as e ->■ 0. 

The residue on the right in Eq. (6.8-4) is easily found to be (Log 2 + in/2)/(4i). 
Passing to the limits e —>■ 0 and R —> oo in Eq. (6.8-4) and using the computed 
residue, we have 


in 


£ 


dx 


-4 


£ 


Log x n 

—- dx -- - 

x 2 + 4 2 


in 

Log 2 + — 


Identifying real and imaginary parts in the above, we have 


Jo 


00 Log x , n T 

-r- dx = — Log 2 and 


dx 


+ 4 


n 

4' 


The right-hand result is of course more easily found with the method shown in 
section 6.5. 

However, there are times when the method used in this problem, or similar ones, 
provide us with a convenient way to integrate a rational function from 0 to oo, as 
shown in Example 3. • 


EXAMPLE 2 Evaluate J^°° dx/[x l ^(x + 1)], where a>l and x'l a = ifx 
for 0 < x < oo. The integrand is thus real and nonnegative within the limits of in¬ 
tegration. Notice that as in the previous problem the integrand has a discontinuity 
at x = 0. 

Solution. We will consider <j> dz/[z { ^{z + 1)], where the contour of integration 
C lies partly along the x-axis. When we pass to appropriate limits, the integration 
along this part of the contour reduces to the given integral. In this calculation, we 
must use a specific branch of With the polar representation z — re'®, we choose 
= /fre 1 ®'' 1 -, where 0 < 0 < 2n. This branch is analytic in a domain define 
by a branch cut along y = 0, x > 0. The contour of integration C, which lies 
this domain, is shown in Fig. 6.8-3. The circular path of radius e is necessary 
order to exclude the branch point of z 1 /® from the path of integration. 

We express f c dz/[z l ^ a (z + 1)] as integrals along the four paths shown in 
figure. Along path I, z = r, dz = dr, z 1 ^ = jfre 1 ®/*, where 9=0. Since r 
we have z = x, dz = dx, z 1/a = Jfx. Along path III, z = re l2n = r,z l/a=zz J re 


^To evaluate lirng^o-f e Logs* let — x = Loge- e — e x — \fe x . Considerlim^_^oo — xj eX — 
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^ Figure 6.8-3 

fehere 9 = 2n. Since r = xon III, this becomes z = x, dz = dx z l/a = L/xe i2n l« 

dz - And ^^ * *= 
l 1116 contour C encloses the simple pole of 1/|V/“( z + 1)] at z = -1. We have 
Res —-—--- _ i = ii m z + 1 I 1 \ 

! U 1/a (z + l)’ J z^-l Z l/«( z + l) U 1 / a 


( 6 . 8 - 11 ) 


^/re i0 / a \ r=ig=7i e in l<*' 


{ thoM/" Th fUl t° ^ Pa r iCU ' ar Value 0f (“ 1 ) 1/C< ^longing to the chosen 

i- z ' T hC 1 , ntegra around C, expressed in terms of integrals along the four 
is mentioned and evaluated with Eq. (6.8-11), yields the equation 

[ R _ dx ! f 2n Re w id6 | ^ dx 

l e y*( x + l ) n i) VR e i8 /«{Re id + 1) + m X ' Lfx e i2n l^{x + 1) 


P° £e l0 i dd _ 2ni 

2ji e ld / a [ee ie + 1] e ;jI / a ' 


( 6 . 8 - 12 ) 


f to zero! 'f gral al °c ng P"* IL U f g thC ML inec l ual| ty> we can show that 
zero as R oo. Since z = Re l9 , we have |/| < ML, where 

^{^+1) = ^R^Ti\~ M 

~ 2nR. Notice that for R > 1 , 


^R\Re‘ e + 1 | 
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Thus we can take 


M = 


and we observe that 


¥R{R - 1 ) 


2n 


lim (ML) = lim - 

R^OO ^(1 _ 1 //?) 


= 0 . 


Thus the integral over path 11 in Eq. (6.8-12) goes to zero as R -> oo. A similar 
discussion demonstrates that the integral over path IV in the same equation becomes 
zero as e -> 0. Taking the limits R -> oo, e -> 0 in Eq. (6.8-12), we now have 

dx r° dx 


r 

Jo 


+ e 


-i 2 n/a. 


, , - , = 2 t iie~ iK/ *. (6.8-13) 

j 0 tfx(x+l) Jco jfx(x + 1) 

Reversing the limits on the second integral on the left, compensating with a minus 
sign, and multiplying both sides of Eq. (6.8-13) by e lK/<x , we get 

dx , lV/ „ - . (6.8-14) 


f 

Jo 


-(e !n/a - e~ !n/ «) = Ini. 


Jo Jfx(x + 1) 

The exponentials inside the parentheses sum to 2 i sin( 7 t/a). Dividing by this factor, 


we have 


r 

Jo 


dx 


a > 1. 


JO xV a (x + 1) sin(7r/a) ’ 

Comment. We might try to solve this problem by means of a closed semicircular 
contour like that used in Example 1. However, because the pole of l/fz^Cz + 1)] 
at z = — 1 lies along this contour, an indentation must be made around this point. 
Such an approach is investigated in Exercise 10 below. 


dx 


■oo 

'0 (x+lp + l' 


EXAMPLE 3 Using residues, find | () 

Solution. The integrand does not have even symmetry and so we cannot use 
the method of section 6.5 and Theorem 4. However, the introduction of the ad 
ditional complication of the logarithm and its branch cut is useful here, as we 


shall 


see. We consider <f> - log : around the contour in Fig. 6.8-3. The branch of ft 16 

log in use is defined with the aid of the branch cut in the figure. Now og ^ 
log | z\ + i arg z- On top of the cut (path I), we take arg z = 0, and with this c ' aol ^ t 
follows that on the bottom of the cut (path II) arg z = 2n. On the top of the cu 
have z = x, dz ~ dx and log z = Log x, while on the bottom this also holds exc ^ 

that now logz = Log x + i2n. Thus taking f(z) = ■ we ^ ave Z 

J[ Mdz + f a f(z)dz + 4 f(z)dz + J| v f(z)dz = 2ni £Res[/(z)] at ^ong 
poles. Passing to the limits e 0 and R —> oo, we can show that the integ ^ 
paths II and IV disappear. The logic, is much like that in the preceding ^ ^ 
lem and will not be given here. Keeping the remaining integrals, we have 


limit f Q 


Log* 

'0 (t+lf + l 


* + £ jS0‘ IX - ln ‘ 2 ReS tITTpril a, all poles, 


we 


have tacitly assumed that there are no poles on the branch cut 
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demonstrated. Notice the cancellation of the integrations involving Log x. We are 
left with a result that is essentially the solution of our problem: 

f° i2n t • V D r z 

—dx = 2m 2^ R es 


loo ( x + l) 3 + 


or 


I 


--- dx = — ^ Res 

0 (r + 1) 3 + 1 ^ 


(z+ 1)3 + 1 

logz 


at all poles, 


^ ^ ^ ^ | at all poles. (6.8-15) 

The utility of the introduction of the logarithm in this problem should be evident— 
the integral of Log x on the two sides of the branch cut vanishes, leaving behind 
only the integral of the polynomial of the given problem. 

The poles of are ^ oun ^ ^ rom ^ + l ) 3 = — 1 or z = -1 + (— l) 1 / 3 , 

Vhose three values are z t = —2, zz = exp( i2n/3) and zt> = exp(? 47 t/ 3 ), which the 
reader should confirm. The residue at each pole is computed from the expression 
t 3 ( l 0 f i )2 evaluated at the pole—this follows from an application of Eq. (6.3-6). 

he residues at zi, zz, and 23 are, respectively, g[Log2 + in], — I (1 + i-J 3) and 
I*' (— 1 + f-v/3), which the reader should check. Tt is important to employ the correct 
branch of the logarithm in computing each residue, as in Example 1. For example, at 
I 3 = exp(/ 47 i/ 3 ) the logarithm to be used is i4n/3; this is not the principal value 
|which is —i2n/3). 

Summing these residues and employing Eq. (6.8-15), we have finally that 


f 


- l — - dx= - 

(x+ 1)3 + 1 3 


-^g 2 


Kffie technique used in this problem can be generalized (see Exercise 6 ) to enable 
gfc to d ' 1 intpnrohnn nf tho C 

S; : 

|cept that we now require that Q(x) ^ 0 for all x > 0. 


> do any integration of the form f g °° d x , w here Q and P satisfy Theorem 4, 


ffiRCISES 


|y employing the contour in Fig. 6.8-1, prove the following for a > 0. 


i-r 

1 


Log* 


x 2 + a 1 


■^dx 


2a 


Log a 


1 . r 

Jo 


x Log x 
: o x 4 + a 4 


dx ~- 


jis/2 

4 a 


Log a + 


Log x n 

x - xr^dx = — Log (a e) 

0 (x 2 + a 2 ) 2 4a} 

2 V 2 


1 6a 


Jsing the contour of Fig. 6 . 8 - 1 , pass to the appropriate limits, and derive the two results 


f 


Logx 


-dx 


and f° 

12 Jo 


1 TT /- 

—r - 3 - dx = -V 3. 

x 4 + x 2 + 1 6 


Jo x 4 + x 2 + 1 

Jrform the integration f c z^f dz around the contour of Fig. 6.8-1, pass to the 
|propriate limits, and prove that f^° dx = You may use the known result 
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Jo jJ+1 ~ f ’ but supply the arguments that the integrals around the two semicircles 
vanish in the limits. 


6. a) Using the method of Example 3, show that f°° ^ - T = - 7 = 

JO X‘*'j-X^-rl 3Vj 


b) Generalize the method used in Example 3 to show that J^°° 


E Res 


lo g(z)§| 


at all poles. We assume that P and Q are polynomials in z, th e 


degree of Q exceeds that of P by 2 or more, and Q(x) ^ 0 for x > 0. The branch of the 
log is defined by the cut along y = 0 , x > 0 , and we require 0 < Im(log z) < 2n. Check 
the formula just derivedby verifying that it yields the well-known result J^°° == s 

7. Use a contour like Fig. 6 . 8 -1 with additional semicircular indentations at z = ±a to 
establish the following Cauchy principal value: 


Jo 


00 


Log x ji 2 

x ^ 2 x = 4 ^ 


a > 0 . 


Hint: Your branch cut should extend from z = 0 into the lower half-plane. 


By employing the contour in Fig. 6.8-3 prove the following for a > 0 and x$ > 0. 


"O 

8 . 

Jo 


rP 


dx = - 


PaP 


(x + a) 2 

r° xp 

9. -5 - ^dx = 

Jo x 2 + a 2 


a sin(/?7i) 
naP 

2 a cos(/?tc/2) 


1 < p < i,p #0 
, -1 < P < 1 


10. a) Evaluate the integral of Example 2 by using the indented semicircular contour C shown 
in Fig. 6.8-4 and passing to appropriate limits. 

Hint: Consider f c hz/[z 1/,a (z + 1)]. Take the required limits for R and e. Evaluate 
the integral by employing a residue. Equate real and imaginary parts on both sides of 
the resulting equation. 

Solve the resulting pair of equations simultaneously for an unknown integral. Check 
your result using Example 2. 
b) Use a method similar to that of part (a) to show that 

f°° du n . . . - . 

I - = ji cot - (Cauchy principal value), 

Jo «!/“(« - 1) fl 

where a > 1 and u l / a > 0. 



Figure 6.8-4 
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11. Show that 


I 


x l > a -dx 
'o x 1 — d 2 


ji a 


la 


a 1 /” r 71] 

-— 1 — cos - (Cauchy principal value), 

sin(5)l «J 


12 . 


where a > 0 , x 1 /® - .j/T, -1 < 1 /a < 1 . 

Use the contour of Fig. 6.8 -1 to prove, as parts of the same problem, that for a > 0, 

V^Log* 

'o 


r 


dx ~^k( Loga+ l) 


x 2 + a 2 


and 


I 




b -t 2 + a 2 


dx 


Via 


Show that for a > 0, /? > 1 , x 1 //? = ^ > 0, we have 
Log* 


Jo 


'o + a ) 


dx = 


sin tt//? V -cot-+Log«). 


Use the contour of Fig. 6.8-3. Employ a branch of logz that assumes values 
| identical to Log * on top of the branch cut. 

f Show that for a > 0 and v > 0, 

r°° n 2 -1- v 2 

I t a ' X 71 

Log-r— cos vx dx = - (1 - e~~ av ) 

Jo x “ v 

J™' ^ va J uate / L °g[( fl2 +z 2 )/z 2 ]e mz dz around the contour shown in Fig 6 8-5 The 

|TS, S if n8eaCh 1 Slde ° fthebranChCUt( ^ = °- ~ a ~ y 5 fl ) are easy. To argue that as 
“V , °° * e lnte 8 ral around the semicircle jz| = R tends to zero, expand Log(l + a 2 /z 2 ) 

5 eachTt" 1 SCneS Vahd f ° r kl lMegrate term term ’ and apply Jordan’s lemma 
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15. The modified Bessel function of the second kind, of order zero, Kq(w), is defined for 
w > 0 by 


K, 


,(«o= r 

-v/a' 2, + 1 2 J_oo 


V* 2 +1 




This function occurs in problems involving radiation. The integral must be evaluated 
numerically. If w 2> 1 the numerical evaluation becomes difficult because of the rapid 
oscillation of the integrand. 

a) Using a contour integration in the upper half of the complex z-plane show that an 
equivalent form is 


J "»oo g—u>;y 

~F^= d y- 

i yy 2 ~~ i 

Hint: Use branch cuts along x =■ 0, |y| > 1. 

The preceding integral is more amenable to numerical integration, 

b) Explain why if w 3> 1 we have 

r-oo g -wy 

K 0 (w) ^ - dy. 

Jl -Jlsfy^ 

c) Make a change of variable in the preceding expression and show that 

e ~w r-oo e -wt 

Kq(w) & — —=dt. 

V2 Jo Vt 

d) Let x 2 = t in the preceding integral. The resulting integral is of known value (see 
Exercise 29, section 6.6). Thus prove that 

^o(m) « form»l. 

The function Kq(w) is supplied directly by MATLAB and is referred to as 
bessel k(0. w). Compare Kq(w) from MATLAB with the approximate expression just 
derived by plotting both on the same set of axes as the argument w goes from 0.1 t0 
5. Use a logarithmic vertical scale. 


6.9 Residue Calculus Applied to Fourier Transforms 

The theory of Fourier transforms is a branch of mathematics with wide 
application. 1 ' We do not have the space here to delve into this theory. However, 
will see how residue calculus is useful in the evaluation of integrals that arise w 
one is using Fourier transforms. 


t See R. Bracewell, The Fourier Transform and Its Applications , 3rd ed. (New York: McGraw— 


Hid. 


l999> 
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A few definitions are first required. 


DEFINITION (Absolute Integrability) A function /(f) of a real variable is 
Absolutely integrable if 


X OO 

1 /( 01 * 

00 


exists. 


(6.9-1) 


Next, we require the notion of piecewise continuity. 


[EFINITION (Piecewise Continuity) The function /(f) is piecewise continu¬ 
es over an interval on the f-axis if this interval can be divided into a finite number 
subintervals in which /(f) is continuous. For each subinterval, /(f) has a finite 
it as the ends are approached from the interior. • 

An example of a real function y = /(f) that is piecewise continuous is shown 
(Fig. 6.9-1. Note that the only discontinuities experienced by /(f) are “jumps” 
|finite size. At a typical jump, say t\, f(t ) has finite right- and left-hand limits 
ined by lim^o-f- f(h + <5) = /(fi+) and lim^o-f- f(h ~ <5) = respec- 

||ly. Recall that the symbol lim^o-i- means that S shrinks to zero only through 
|»tive values. Thus in the first case, f[ is approached from the right, while in the 
nd case, it is approached from the left. A piecewise continuous complex function 
for example, <p(t) + can have jump discontinuities that occur in both 4>(t) 

Ht)- 

Suppose we have an absolutely integrable function /(f) that is piecewise contin- 
over every finite interval along the f-axis. Then we can define a new function, 
> called the Fourier transform of /(f), which is given by the following definition. 

IlNniON (Fourier Transform) 


1 r+ °o 

F(ffl) = rnL* 


f(t)e 1(01 dt, —oo < co < oo. 


(6.9-2) 


Note 


that co is real. A comparison test'*' guarantees the existence of F( co). In this 
all improper integrals are to be regarded as Cauchy principal values. Usually, 


apian, Operational Methods for Linear Systems (Reading, MA: Addison-Wesley, 1962), Chapter 5. 
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we will use a lowercase letter (like /) to denote a function of t and the corresponding 
uppercase letter (here F) to denote its Fourier transform. It is well to note that we 
have stated sufficient conditions for the existence of F(to). There are functions that 
fail to satisfy Eq. (6.9-1) but that do have Fourier transforms (see Exercises 16 and 
20 of this section). 

It can be shown that, except for one limitation, the following formula permits 
us to recover or find f(t) when its Fourier transform is known: 

X +oo 

F(to)e l(0 ‘dto, (6.9-3) 

00 

where the integral is a Cauchy principal value. The limitation on Eq. (6.9-3) is 
that this formula correctly yields f(t) except for values of t where f(t) is discon¬ 
tinuous. Here the formula gives the average of the right- and left-hand limits of 
f(t), that is, (1/2)/(f+) + (1/2 )f(t—). The function f(t) and its corresponding 
function F(co) are known as Fourier transform pairs. ' Equation (6.9-3) is called 
the Fourier integral representation of f(t). We will often regard the variable t as 
meaning time. 


EXAMPLE 1 For the function 

m 


e~f t > 0, 

0, t < 0, 


(6.9-4) 


find the Fourier transform and verify the Fourier integral representation shown in 
Eq. (6.9-3). 


Solution. From Eq. (6.9-2), we obtain 


F(a>) = 


i r° 

'■K Jo 


2n 

l (l+ico)f 


‘dt = 


271 — 1 — ito 


i r° 
271 Jo 


1 1 
271 1 + ico ’ 


e -(l+io>)t dt 


Substituting this F(co) in Eq. (6.9-3), we have 

,,, i r+°° e iM J i r 

fit) = — I - dco = — I 

2n oo 1 + ito 2n 


4-oo 


1 + ix 


-dx. 


(6.9-5) 


We have replaced to by x in order to evaluate our integral with a contour integrate 
in the more familiar z-plane. In Example 2 and thereafter, we dispense with this ste 
With 7 > 0, Eq. (6.9-5) is readily evaluated from Eq. (6.6-11) an< 5 ^ 
fRes[e iz 7(l + i z )^ j] = With t < 0,Eq. (6.9-5) is evaluated from Eq. (6-6' 
and found to be zero since e lzt /(1 + iz) has no poles in the lower half of the z-p 


^There are several other definitions of Fourier transforms and inversion formulas in use. For example ^ 
77 f( t )e uot dt, while f(t) = ^ 77 F( c0 ) e ~ ,< ° t ^ a} are a se lf-consistent pair and are found comm 0 
a summary of the possibilities, see, for example, the previous reference to Bracewell. 
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The case t = 0 in Eq. (6.9-5) is considered separately. Evaluating, we find that 
j_ r+°° dx i r+°° i - ix dx 

“ 271 1 —fAT 271 J —oo A “hi 

1 /^+00 yjy 7 r*-\-OC y Jy 

= — | =-— / =-. (6.9-6) 

2n J_oo x 2 + 1 271 J^oo x 2 + 1 


The last integral on the right in Eq. (6.9-6) does not exist in the ordinary sense. 
However, because the integrand is an odd function, its Cauchy principal value is 
zero. The remaining integral on the right in Eq. (6.9-6) is readily evaluated with 
residues as follows: 


1 r +0 ° dx 

271 J-oo X 2 + 1 


2ni 

— Res 
2n 


1 

z 2 + 1 


1 

2 ' 


To summarize, 


X +oo 

■oo 


1 


-icot 


2% 1 + ico 


-dco = 


e 

l 

2 ’ 

0, 


t > 0, 
7 = 0 , 
7 < 0. 


(6.9-7) 


(Note that the function of 7 defined by Eq. (6.9-7) agrees with the given f(t) in 
feq. (6.9-4) for all 7 except 7 = 0. Here, the Fourier integral yields 1/2, whereas 
f(0) = e _f |o = 1. The discrepancy occurs because f(t) in Eq. (6.9-4) is 
iiscontinuous at 7 = 0. The right- and left-hand limits of f(t) at 7 = 0 are 1 and 0 
fsee Fig. 6.9-2). The average of these quantities is 1 /2, which is the value produced 
the Fourier integral shown in Eq. (6.9-3). • 

The Fourier integral representation of f(t) given in Eq. (6.9-3) probably reminds 
> of the complex phasors discussed in the appendix to Chapter 3. Equation (A3-1), 

f(t) = Re[iV f ] = Re[Ee(‘ T+i ' a,)f ], 

jiere F is the complex phasor corresponding to f(t), is in a sense analogous 
jiEq. (6.9-3). A similarity exists between the Fourier transform F(co) and the 
llpplex phasor F. Phasor representations are limited to functions of the form 
fcos(o)f + 0), that is, functions exhibiting a single complex frequency a + ico. 
|e Fourier integral, which represents a function of time by means of an integration 
jp all frequencies, is not limited to the representation of functions possessing a 
|pe frequency. 



Figure 6.9-2 
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Fourier transforms are used in the solution of differential equations in much 
the same way as are phasors. The transform of the sum of two or more functions i s 
the sum of their transforms. A property of Fourier transforms analogous to property 5 
of phasors in the appendix to Chapter 3 would be useful. Thus given the relation¬ 
ship between /(f) and F(co) described by Eq. (6.9-2), we want a quick method for 
finding the Fourier transform of df/dt, that is, for finding ~ (df/dt) 

e~ iwt dt. Suppose df/dt is piecewise continuous and f(t) is continuous over every 
finite interval on the f-axis, and suppose that f(t) and its derivatives are absolutely 
integrable. Assume again that lim f ^ ±co f(t) = 0. Integrating by parts, we have 


1 

2n 



d -Le -* 

dt 


dt = 




2n 


+00 

—00 


1 r+°° 

+ r*L 


The first term on the right becomes zero at the limits ± 00 . Hence we obtain 


1 

2n 



r. 

dt 2tz /_ 00 


/(f) e~ icot dt = itoF(co ), 


(6.9-8) 


which shows that if f(t) has Fourier transform F(co), then df/dt has Fourier trans¬ 
form itoF(to ). This result is also obtainable from formal differentiation of Eq. (6.9-3); 
the operator d/dt is placed under the integral sign. 

With certain restrictions, this procedure can be repeated again and again. Thus, 
if d n f/dt n is piecewise continuous over every interval on the /-axis and if the lower 
order derivatives d n ~ l f/df~\ d"' 2 f/dt n ~ 2 , etc. (including /(/)), are continuous 
for -00 < t < 00 , then the Fourier transform of d n f/dt n is (ito) n F(co). Therefore, 


(ico 


1 r+°° d n f 

) n FH = - \ ?-Le 

271 00 dt 


‘dt. 


provided d n f/dt n and the lower order derivatives (including /(/)) are absolutely 
integrable and all these functions vanish as / —> ± 00 . Equation (6.9—8) is analogous 
to property 5 for phasors mentioned in the appendix to Chapter 3. 

Letg(/) = £ f(x )dx, where, for some choice of the constant c, g(t) is absolutely 
integrable. Note that dg/dt = /(f), which implies that icoG(co) = F(oj) or G(co) = 
F{to)/{ia>), This is the counterpart to Property 6 for phasors in Chapter 3. 

The utility of the Fourier transform in the solution of physical problems is 
demonstrated in the following example. 


MPLE 2 Consider the series electric circuit in Fig. 6.9-3 containing a resistor 
r and inductance L. The voltage v(t) supplied by the generator is a sine function that 
is turned on for only two cycles. What is the current /(/)? 

Solution. Applying the Kirchhoff voltage law around the circuit, we have 


. . T di 

0(1) = L Jt + 


(6.9-9) 
to 


n ike Example 1 in the appendix to Chapter 3, the voltage in this problem fa^ s , 
e armonic for all time and therefore does not possess a phasor. Nonetheless,' 
oes have a Fourier transform. Applying Eq. (6.9-2) to v(t), using the exponent s 
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form of sin co 0 t, and integrating, we have 


V(w) = 


1 [gicoot _ g-iroofj 


2n 


2 i 


wn dt 


— J_n _ -MTtCO/fQQi CT o 

271 rn 2 _ 


“o - Cd 2 


(6.9-10) 


|ansforming both sides of Eq. (6.9-9) according to the rules just described, we get 

V(<j}) = iwLI(w) + I(co)r. (g 9_^1) 

|ing Eq. (6.9-10) in the preceding equation, we solve for /(«) and obtain 

7 (“) = ^-[! - e~ i4 ™^] -o 

271 W + r)(« 2 -cd 2 )- (6 ’ 9_12) 

|e desired time function i(t) is now produced from Eqs. (6.9-3) and (6.9-12). 


i(t) = h ( t ) - 


'+0O 


oo (cUq — cd 2 )(fcdL + r) 


tied 


(6.9-13) 

(6.9-14) 


, , Cdo r +0 ° e ! 

lo(f) = — _ 1 

J -oo (cd? — 


^ico(r—47 t/coo) 


”ie.t * 1 ^ f° r \ by me ans of a contour integration in the complex 

°f the integral ^ gU antl6S at " 7 we det ermine the Cauchy principal 
me integral. The contour used is shown below in Fig. 6.9-4 


oo (cd Q — co 2 )(icoL + r) 


dco. 


(6.9-15) 


Notice that 


!®bol (o (boldface) will refer to a complex variable whose real 


pan is co. Thus Re(&>) = co. 
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indentations of radius e are used around — coq and coq. We have 


X —COQ — S r* 

••• + 

■R *J\u 


••• + 


|O>+CO 0 |=£ 


-h I 

■coo+e Jlft 


+ 


ft 271 (oj2 _ 0 ) 2 )(m>L + r) 


dco --: 27ti Res 


6 >-CO 0 l = 


f 


coo+e 

i(ot 


2n (o;2 


zr 


<*> 2 )(i(oL + r) ’ L 


(6.9-16) 

Only one singularity of the integrand is enclosed by the contour of integration. This 
is the pole where icoL + r = 0 or u> = ir/L. We let R -* oo in Eq. (6.9-16) and 
invoke Jordan’s lemma (see Eq. (6.6-9)) to set the integral over the large semicircle 
to zero. We allow e -* 0 and evaluate the integrals over the semicircular indentations 
of radius e, in this limit, by using Eq. (6.7-2) with a = n. the result is 

rsin(o)Qt) — o)oTcos(o)ot) a>oLe~( r / L 


ii(t) = 


2(r 2 + WqL 2 ) 


+ 


r 2 + a> 2 L 2 


t > 0. 


(6.9-17) 


Although our derivation of Eq. (6.9-17) presupposed t > 0, we have indicated t > 0 
in Eq. (6.9-17). The case t = 0 in Eq. (6.9-14) can be treated with the contom 0 f 
Fig. 6.9-4. We use Eq. (6.5-10) to argue that the integral over the large semicircle 
vanishes. It is found that Eq. (6.9-17), with t = 0, gives the correct result. 

For t < 0, we must evaluate i x (i) by means of an integration over a semicircular 
contour lying in the lower half of the <y-plane. The contour used is obtained by 
reflecting the one in Fig. 6.9-4 about the real axis. The integrand employed is the 
same as in Eq. (6.9-16). The new contour does not encircle the pole at ir/L. We can 
use Eq. (6.6-13) to argue that the integral over the semicircle of radius R vanishes 
as oo. We ultimately obtain (see Exercise 10 of this section) 


*i (0 


_ coqL cos(u)oO — rsin(a)oO 
2 (r 2 + co 2 L 2 ) 


t < 0. 


(6.9-18) 


To evaluate n(t), we first consider the case t > A%/<oq. The contour of inte¬ 
gration used is identical to Fig. 6.9-4, and the integrand is the same as in 
Eq. (6.9-16), except (t — 4n/co 0 ) is substituted for t. We also make this substitu¬ 
tion in Eq. (6.9-17) to obtain 12 (f)- Note that sin[(u)o)(t — 47t/co 0 )] = sin coot 



Figure 6.9-4 
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cos[(cao)(t — 4n/coo)] = coscoot. Thus 
^ * 2(0 = 


rsin (mof) - cop L cos {(dpt) (d 0 Le( r/L ^ 4n ( w °( 


r 2 + 0JqL 2 


4n 

t > —. 
tt > 0 


2(r 2 + m 2 L 2 ) 

To obtain 12 (f) for t < 4%/(dp, we follow a procedure analogous to the derivation 
of Eq. (6.9-18). The contour of integration used is the same, and t in the integrand 
|s replaced by t - 4%/cop. With this change in Eq. (6.9-18), we get 


n(t) 


copL cos (copt) — r sin(mo0 47t 

- t < — 


2(r 2 + co 2 L 2 ) (dp 

Combining the last four equations according to Eq. (6.9-13), we have 

., _ CQpLe~ rt ( L M 
l(f) ^ 0 ^ O 


e 4nr/{o^Lh t > 

(dp 


r 2 + co 2 L 2 
rsin(coot) — copL cos(copt) 


l{t) r ' (r 2 + (d 2 L 2 ) 

i(t) = 0, t < 0. 


+ 


cd 0 Le~ rt ( L 


(r 2 + (OqL 2 ) 


0 < t < 


4% 

(dp ' 


(6.9-19) 

(6.9-20) 

(6.9-21) 

(6.9-22) 


Although there are physical problems, like the preceding one, that are unsolv- 
|Je with phasors and solvable with Fourier transforms, these transforms are incon- 
Inient or useless in many situations. The Fourier transform technique is incapable of 
counting for the response of a system due to any initial conditions that exist at 
I instant of excitation. Suppose, in the problem just given, a known current is 
'ady flowing in the circuit at / = 0. The Fourier transformation solution given 
es no account of how the response of the system is affected by this current. The 
Jdent of differential equations will perhaps realize that to obtain this portion of 
^response one must make a separate solution of the homogeneous differential 
tion describing the network. 

|The method of Laplace transforms, which is probably familiar to the reader, takes 
ft account of the initial conditions imposed on a system. In the next chapter, we 
hss Laplace transforms in their relationship to complex variable theory. 

the present section, we have shown how complex variables are useful when 
|iust evaluate the integrals arising in Fourier transform theory. Some additional 
; rties of Fourier transforms must be understood if one is to comprehend the 
Jjjjping section on Hilbert transforms. These properties are developed in Exercises 
and 16 that follow and which readers are encouraged to do, if only for review 
|>ses. 


tClSES 

j|hw that the Fourier transform of f(t) = e~ a where a > 0, is I and use the 

Sjsform to recover f(t) by means of Eq. (6.9-3). 
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2. Using the definition of the Fourier transform, show the following. 

a) If /(f) is an even function of t , i.e., /(f) = /(—f), and rea ^’ t ^ len a rea ^ and ev en 

function of to. 

b) If /(f) is an °dd function of f, i.e., /(f) = — /(—f), and rea l> t i len ^(®) is an imaginary 
and odd function of to. 

c) If /(0 is areal function, then F(-ao) = F(ao). 

d) If /(f) has Fourier transform F(co), then f(t - z) has Fourier transform e~ im F{ co). 


Use Eq (6 9-3) and contour integration to establish the functions /(f) corresponding to each 
of the following F(to). Consider all real values of f. Assume a > 0, b > 0, and use Cauchy 
principal values for Eq. (6.9-3) where appropriate. 

1 -« c e ~ ib0> * 2 

3.-- 4 - - 5 - " 6 - 


7. 


to 2 + a 2 

1 

to 2 - a 2 


8 . 


to — ia 
sin ato 
to 


9. 


oo 2 + a 2 
cos ato 
to 2 + b 2 


(a) — ifl) 2 


10. Supply the necessary details for the derivation on Eqs. (6.9-17) and (6.9-18). 

11. Let 


[ 1, 0 <t <T, 

f(t) = jo, t< 0, 

lo, f > T. 


Find the Fourier transform F(w). Verify the Fourier integral theorem by obtaining /(f) 
from F(co ). Consider all possible real values of f. Use Eq. (6.9—3). 

12. Use the results of Exercises 11 and 2(d), but no new integrations, to obtain the Fourier 
transform of the function /(f) given by 


5 < t < 6, 

f(t) = '< 5 ’ 

[o, f > 6. 

-a 2 m 2 • _ V” -r 2 /( 4 " 2) f° r 

13. Show that the inverse Fourier transform of F(t6) = e is /(f) — a 

& > 0. '4 The 

Hint: Consider a contour in the complex OJ-plane fike that in Fig. 6.6 • ^ g fl 

of the rectangle is t/{2a 2 ). Integrate <T fl2<u2 around the rectangle and 

the bottom of the contour, the integrand is e~ a “ . and on the top it is e 

Recall (see Exercise 29, section 6.6) that 


dx = 


a > 0. 


14. The convolution of two functions /(f) and g{t) is denoted /(f) * g(0 and 1S 

(6-9 




X OO 

f{t)g(t - z)dz 
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a) Show that g(f) * /( f y _ f* g(x)f(r — x)dx = /(f) * g(t). Thus convolution is com¬ 
mutative. 

v _ Hint: Make a change of variables in the integral defining /(f) * g(f). 

b) Show that the Fourier transform of f(t)*g(t) is 2nF(co)G(co), which means 

that the Fourier transform of the convolution of two functions is 2n multiplied by 
the product of the Fourier transform of each function. For the proof, begin with 
L Loo [Loo ~ x)dt\ e~ ,mt dt. Assume that it is permissible 1 ' to exchange the 

order of integration, and integrate first on the variable f, then on x. Note that we have 
proved that the inverse Fourier transform of the product of Wo functions ofco is \/(2n) 
times the convolution of the two corresponding functions of t. 

c) Consider the convolution F(co) * G(tu) = Loo F{co r )G(co — oofdof. Take the inverse 
Fourier transform of this function of co and obtain f{t)g(t). Thus the inverse Fourier 
transform of the convolution of two functions of co is the product of the correspond- 

, i n 8 functions of t. Alternatively, to obtain the Fourier transform of two functions 
of t, we convolve the Fourier transform of each function. For the proof, consider 

. Loo [Loo - coVoj e imt dco. Now exchange the order of the two integra¬ 

tions as in part (b). 

b 

jp* a ) Find the inverse Fourier transform of fF - 2 i) through the use of Eq. (6.9-3). 

p : b ) Check this result by finding the function of f corresponding to each factor and doing 
j|. a convolution as describedinExercise 14(b). 

fi. Fourier transforms are frequently employed even though the functions /(f) in use fail to 
| fulfill the sufficiency conditions accompanying our definition of the transform. 
1 Often these /(f) are generalized functions, a subject treated in Chapter 7. In the present 
j problem, we consider a Fourier transform pair in which /(f) is not absolutely integrable. 
ji The relationship to be derived below will be used in section 6.10, which concerns Hilbert 
.transforms. 

| a) The function sgn x is defined as follows: 

t 

i, sgn x = \, x> 0, sgn x = —\, x < 0, sgn0 = 0 

t Show that the Fourier transform of /(f) = ^ is ^sgn w and show that /(f) is not 
? absolutely integrable. 

b ) Ifwe seek to recover ^ fromEq. (6.9-3), we find that the integral f_°° =isgn co e iat doo 

t does not converge. Verify that this is the case. °° % 

Notice that the following relationship is valid: sgn co = lim a _ +0+ e -a Msgn co. 
Observe that if we replace sgn® in the integral of part (b) with e^^sgn ®, and 
take a > 0, the integral converges. Thus evaluate the integral. Now, in your result, 
Pass to the limit a -► 0+ and verify that ^ is obtained. This kind of reversal of orde[ 
or taking two limits, which we have not justified, is frequently required if we are 
to enlarge the number of functions that can be manipulated with Fourier transforms 
e yond those that are piecewise continuous and absolutely integrable. 

losing the swapping of limits discussed in part (c), show that the Fourier transform of 
s gn f is 


Ration for this exchange can be found on p. 415 in the reference to W. Kaplan previously cited. It re- 
1 andg(f) be piecewise continuous and absolutely integrable and that at least one of the functions 
ln magnitude for all t. 
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i(0 



17. MATLAB will perform symbolic Fourier transforms and inverse transformations, Read 

the documentation for the MATLAB functions fourier and ifourier, which are the 
transform and the inverse transformation. Notice that the definitions used are not quite 
those of this book. In MATLAB we have F(co) = f(t)e~ l0>t dt, while /(f) = 

Sf X^o F (®) eI “ id(U - Thus obtained from MATLAB is 2 7t times the F(ta) we obtain 
from our Eq. (6.9-2). 

a) Using the MATLAB function fourier, find the Fourier transform of /(f) = e~^i Check 
your answer by using the result contained in Exercise 1. Note the discrepancy of 27i. 

b) Apply the MATLAB function ifourier to the computer output F(co) of part (a) and 
verify that the given /(f) is obtained. Note that MATLAB expresses its answer 
using the function Heaviside, which is identical to the unit step function described in 
section 2.2. 

18. In Fig. 6.9-5, let v(t) be the voltage across this parallel r, C circuit, and let i(t) be the 
current supplied by the generator. Then from Kirchhoff’s current law. 


v( t) dv 

— + C— 
r dt 


i{t). 


Assume that for f < 0, v(t) = 0. Let i(t) be the function of time defined in Exercise 11- 
Use the method of Fourier transforms to find V(u)) and v(t). What is the “system function 
V(a))//(co)? 

19. a) Use residues to obtain, for T > 0, the Fourier transform of 


sin(^Sf) 

, tjt 0 , /( 0 ) 


2n 
T ‘ 


jod 

tb^ 


b) Sketch F(co) and /(f). What are the effects on /(f) and F(a>) of increasing theP en 
of oscillation T? 

20. In Exercise 19, the Fourier transform of /(f) = (sin(27tf/T))/f was found. Show 
I /Ml* fails to exist. 

Hint: When A is any nonzero constant, A/n is known to diverge. Make a c 4 
ison test! in which you show that, for an appropriate choice of A , the terms in this 


’ Sec W. Kaplan, Advanced Calculus. 4th ed. (Reading, MA: Addison-Wesley, 1991), sections 6.6 311 


id 6> 
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are smaller than corresponding terms in the sequence of integrals 


r T sin r 2T sin 

- -— dt , / -— dt ,. 

Jo t J T t 


Thus we see that Eq. (6.9-1) provides a sufficient but not a necessary condition for the 
existence of a Fourier transform. 

Suppose a taut vibrating string lies along the x-axis except for small displacements y(x, t) 
parallel to the y-axis (see Fig. 6.9-6). Let the deviation from the axis at any time be 
i described by y(x, t), where t is time. Assuming that the amplitude of vibrations is small 
•enough so that each part of the string moves only in the y-direction and that gravitational 
forces are negligible, one can show that 


d 2 y 
dx 2 


1 d 2 y 
c 2 dt 2 ’ 


(6.9-24) 


Iwhere c is the velocity of propagation of waves along the string. We will use Fourier 
Itransforms to solve Eq. (6.9-24) for an infinitely long string that, at t = 0, is subject to 
jthe displacement yo(x) = y(x, 0) and velocity vq(x) - dy(x, 0) /dt. The behavior of the 
Istring for t > 0 is sought. We use the transformation 


Y(co, t) 


r 

2n J_ c 


y(x, i)e~ ,mx dx. 


g) Transform both sides of Eq. (6.9-24) and show that 

d 2 Y 


(cu, t ) + co 2 c 2 Y{cd, t) — 0. 


dt 2 


JLHint: Assume that the operation d/dt and the Fourier transformation can be performed 
l In any order. 

^how that Y(co, t) must be of the form 

Y( co, 1 ) = A(to) cos (tact) + B(oS) sin(mcf). (6.9-25) 

|y Putting t = 0 in the preceding, show that 


1 /-‘'t-00 

A (m) = — yo(x)e- 
2 tz J —00 


X dx. 
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d) Differentiate Eq. (6.9-26) with respect to time; put t = 0, and show that 


B(co) = 


1 

toc2n 


X +co 

•oo 


v 0 (x)e imx dx. 


e) Show that 

r+oc 

y(x,t) = J [A(co)cos(coct) +B(co)sm(a)ct)]e’ wx d(D, (6.9-26) 

where A(co) and B(co) are given in parts (c) and (d). 

f) Assume that i>o(*) = 0 and that y$(x) = Ae“ w , where A > 0 is a constant. Using 
residue calculus to evaluate the integral in Eq. (6.9 -26), find y{x, t) for t > 0. Consider 
the three cases x > ct, —ct < x < ct, x < —ct. Check your answer by considering 
lim^o y(x, t). 


6.10 The Hilbert Transform 

The Hilbert transformation (or transform) is a mathematical tool used by engineers 
in designing electrical and acoustic wave filters, analyzing modulated signals, and 
in synthesizing electrical networks. The transformation is closely tied to a number 
of the topics in this chapter: residues, indented contours, Cauchy principal values 
and Fourier transforms. It is named for its apparent inventor, the renowned German 
mathematician, David Hilbert 1 ' (1862-1943). We encountered his name before, in 
section 5.7, in connection with the zeroes of the Riemann zeta function—one of 23 
unsolved problems that he brought to the attention of the mathematics community 
in 1900. 

We have the following definition. 


DEFINITION (Hilbert Transform) The Hilbert transform of the real function 
g(t) is 



where x and t are real variables. 


( 6 . 10 - 1 ) 


The integral in (6.10-1) is to be regarded as a Cauchy principal value both w 
respect to the infinite limits as described in section 6.5 and with respect to the sing 
point at x = t as described in section 6.7. Not every function will be found to 
a Hilbert transform, i.e., given g{t), the integral in Eq. (6.10-1) may simply n 


i The re is some controversy as to whether Hilbert deserves this attribution. According to E. C. Tiichm 


' Ihere is some controversy as to whether Hubert deserves tms attribution. /According ** e Qf 0 j 

his book Introduction to the Theory of the Fourier Integral, 1948, p. 120, the relationship for Hilbert tr ^ 
pairs that we will derive was ‘'first noticed by Hilbert.” Paul J. Nahin has perused the papers of 
mathematician G. H. Hardy and concludes that Hardy was the first to publish the transform pair in an 
language journal (1909) but later learned that Hilbert had known of the result in 1904. Nahin osS ^ oCto i^J 
the Russian mathematician Yulian-Karl Vasilievich Sokhotsky published the relation in his ^ 

dissertation. See Nahin’s The Science of Radio, 2nd ed. (New York: Springer, 2001), which ind u e 
applications of the transform to signal modulation. 
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converge. The notation here is of some importance—we begin with a function g(t ) 
and obtain another function g(t) dependent upon the same variable. This is in contrast 
to the Fourier transform, where we typically begin with f(t ) and transform it into a 
new function F(co) dependent upon a new variable. If t is interpreted as time, then oo 
must have dimensions of 1 /t, or frequency, as we see by studying the definition of 
the Fourier transform. Thus we cannot use the same variable for the two functions 
in the Fourier transformation. In the case of the Hilbert transformation, however, we 
can use the same or different independent variables for the functions g and g as we 


please. 

The functions g{t) and g(t) are called Hilbert transform pairs. Given g(t) how 
ban we recover g( /)? This procedure is called inverting or reversing the Hilbert 
transformation. In dealing with Fourier transforms in the previous section, we faced 
:a similar question, i.e., given the Fourier transform F(to), how could we obtain the 
function of time /(/). The solution to that problem was merely stated. Here we will 
[derive the needed formula. Let f(zj = g(x, y) + ih(x, y ) be a function analytic in 
|he space y = Im z > 0. Let x = t locate a point on the x-axis. We now employ the 
llosed contour C in Fig. 6.10-1 and investigate jzjdz. By the Cauchy-Goursat 
freorem, the value of the integral is zero. Thus 


ur 


/w 


dx - 


f M* + > f 

K Jet - Z n J T _ 


/(*) 


dx 


n JCi 


f{z) 


dz = 0. 


t-x n J r . t - z n J x+e t - x % J Cr t - z 

(6.10-2) 

||he integral along C B , which is taken clockwise on a small half-circle enclosing a 
ngular point of the integrand, can be evaluated in the limit e -> 0 by our using 


|e methods of section 6.7. Thus we have lim e _ 

|( 0 - 


Uc, £ 1 * = ^ 


M 

t—Z ’ 


lim 

R-y oo 


I f I 

71 JCr * ■ 


-dz = 0 . 


Let us assume that the integral on the large semicircle Cr satisfies 

f(z) 

JCr 

oo and e —> 0 in Eq. (6.10-2), we obtain 

" 00 f(x, 0 ) 

t — x 


Using to the limits R 


i n 

n J-o 


-dx + if(t) = 0. 



Figure 6.10-1 
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With/(t) = g(t, 0) + ih(t, 0) and an obvious rearrangement, the preceding becomes 
l r°° g(x, 0) + ih{ x, 0) 

^ —OO ^ X 


-dx = — ig(t , 0) + h(t, 0). 


Separating the real and imaginary parts in the above, we obtain 


1 f" 
7E v. —c 


g(x, o) 
t — x 


dx = h(t, 0) and 


1 r° 

It J-c 


h(x, 0) 


dx=~g(t, 0). (6.10-3) 


Referring to the definition of the Hilbert transform, we see that the equation on 
the left provides the Hilbert transformation of g(t, 0). The transform of g(t, 0) is 
here called h(t, 0). The equation on the right tells us how to recover g(t. 0) from 
its Hilbert transform—if we do a Hilbert transformation of the Hilbert transform of 
g(t, 0), we obtain minus g(t, 0). 

If we identify g(x) in our definition of the Hilbert transform with g(x, 0) in our 
present discussion and identify g(t) of the definition with h(t , 0), we can construct 
the following theorem. 


THEOREM 7 (Hilbert Transform Inversion) Let g{t) have Hilbert transform 
g(t) as described in Eq. (6.10-1) so that g(t) = £ j^dx. Then g(t) can be 
obtained from its Hilbert transform g(t) with 

1 /^°° 

*±Ldx = g(t), (6.10-4) 

^ J—oo t X 

where the integral is a Cauchy principal value. The relationship is valid if there exists 
throughout the upper half-planey > 0 an analytic function /'( z) = g(x, y) + ih(x,y ) 
with g(x, 0) = g(x) and h(x, 0) = 'g(x) such that 

lim — f 1 dz = 0. (6.10-5) 

R^oo 71 J Cr t — Z 

In the above, Cr is a semicircular arc of radius R in the upper half-plane as shown 
in Fig. 6.10-1. The preceding limit must hold for all real t. * 

How can we be sure that the requirements of Theorem 7 are satisfied? Suppos e 
we have determined g(x) + ig(x) by obtaining the Hilbert transform of a given g(x )■ 
Now g(x) + ig(x) — g(x, 0) + ih(x, 0). Byreplacing x with z in this expression, we 
will obtain f(z) for use in the theorem. We should check to see that this function ,s 
analytic for y > 0. In addition, we must verify thatEq. (6.10-5) is satisfied. Here we 
have material from sections 6.5 and 6.6 to help us. However, f(z) in those sec 
does not have the same meaning as in the present one; we must replace f(z) with ( _ z 
We can conclude the following: s(lC j J 

a) From Theorem 3, section 6.5, if there exist constants k > 1, , and fi 

that \~\< for all [cl > R () in the half-plane Im c > 0, then Eq. (6.1 0 " 
satisfied. 

b) From the discussion following Theorem 4 of section 6.5, we have that l 
where Piz) and Q(z) are polynomials in z with the degree of Q exceedn 

of P by 2 or more, then Eq. (6.10-5) is satisfied. 
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c) From Jordan’s lemma in section 6.6, we have that if e wz , where 

y ^ 0 and P(z) and Q(z) are polynomials in z with the degree of Q exceeding that 
of iU>y 1 or more, then Eq. (6.10-5) is satisfied. 

? The function f(z) described in Theorem 7 is the analytic continuation (see 

I ction 5.7) of g(x, 0) + ih(x, 0) = g(x) + ig(x) into the upper half of the z plane. 
[ S possible to modify the theorem to allow for functions that are not analytic in the 
per half-plane but are analytic in the lower half-plane. What is needed simply is to 
Actively turn the contour in Figure 6.10-1 upside down so that the arc of radius 
is in the lower half-plane. The result is the following corollary, which the reader 
iy wish to verify. Note that we are still using the same definition of the Hilbert 
nsform. 

TROLLARY TO THEOREM 7 Let g(t) have Hilbert transform g(t) as 
scribed in Eq. (6.10-1). Then g{t ) can be obtained from its Hilbert transform 
I) with 

1 r sw... _ ^ 


.I r i 

^ f —oo ^ 


-dx = g(t), 


giere the integral is a Cauchy principal value. The relationship is valid if there exists 
|oughout the lower half-plane y < 0 an analytic function f(z) = g(x, y) + ih(x, y) 
|thg(x, 0) = g(x) and h(x, 0) = -g( x ) (for all x) such that 


Ifl 

•X Jc R t- 


-dz = 0. 


I s a semicircular arc of radius R, in the lower half-plane. The preceding 
hold for all real t. • 

ell to notice the difference between this corollary and Theorem 7. Not only 
iling with an arc in the lower half-plane, we employ an analytic function 
en evaluated on the real axis, has an imaginary part that is the negative of 
t transform of the real part. The technique for recovering g(t) from g(t) is 
n both Theorem 7 and its corollary. The methods for arguing that, in the 
integral over Cg vanishes that we supplied following Theorem 7 almost 
e corollary. The exception is in part (c), where we will now require v < 0. 
the reader may verify, some functions g(t) satisfy both the theorem and its 
in example being g(t) = -jyy. Here g(x) + ig(x) = -/-y - i whose 

mtinuation into the upper half-plane is y-U, and Theorem 7 is satisfied. 
S(x ) — ig(x) = has an analytic continuation into the lower 

°f -~i , and the corollary is satisfied. 

tust realize that Theorem 7 and its corollary provide us with sufficient, not 
conditions for inverting the Hilbert transformation. These conditions can 
if we pursue a different proof relating the Hilbert transform to its inverse, 
described further in this section, where we use Fourier transforms, 
'ectrical engineering, we frequently require Hilbert transforms 
ns of time t. Thus we begin with a real function g(t). The expression 
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a Jt) = g(t) + ig(t) is known as the analytic signal because, assuming Theorem 7 
is satisfied,* this function can be continued analytically into the upper half of a 
complex plane having real numbers along the /-axis, or to use more familiar notation, 
g a (x) = g( x ) + ig( x ) can b e continued analytically off the x-axis into the upper 
complex z plane. Thus we have the following definition. 

DEFINITION (Analytic Signal) An analytic signal is a complex function of 
a real variable (usually time t) whose imaginary part is the Hilbert transform of its 

real part. ^ • 

The terminology is something of a misnomer as g(t) + ig(t) is a complex func¬ 
tion of a real variable which does not by itself constitute an analytic function. The 
concept was put forth in 1946 by Dennis Gabor* who used instead the term complex 
signal —which he proposed as an extension of the phasor representation of harmonic 
signals (see the appendix to Chapter 3). The definition is useful in describing mod¬ 
ulated carriers of information like radio signals. Gabor later won the Nobel prize in 
physics for the invention of holography. 


EXAMPLE 1 Find the Hilbert transform of g(t) = cos t and recover cos t from 
its Hilbert transform. 

Solution. Using Eq. (6.10-1), we must evaluate g(0 = \ j^dx. This is 
a familiar problem—it is almost identical to Example 2 in our work on indented 
contours (section 6.7), where we found dx. Where our denominator in that 

example was x - 1 it is now —%{x - t). Using a contour like that of the example, 
Figure 6.7-3, but making our indentation around z = t instead of z = 1 and account¬ 
ing for the new minus sign and n, we have that 


g(t) = Re 


/Res 


~(z - OJ 


= sin t. 


Let us try to recover g{t) from the above. Using Eq. (6.10-4), we must find 
.1 f°° The procedure is much like that just used in finding g(t), an 

n J—co t—x ■ r / r 1\ 

— COS t, 

gait) = 


(t-z) ’ 


we use the same contour. We have — ^ dx — Im Res 

which is our original g(t), as expected. Notice that the analytic signal i ^ = 

g (t) + ig(t ) = cos t + i sin t = e u . Thus, g a (x) = e' x . The function f(z) - q{ 

e~ y cosx + ie~ y sin x = g(x, y) + ih(x, y) is clearly the analytic contmua 
g(x) + ig(x) into the upper half-plane. It should be evident that ^ a 
satisfies Eq. (6.10-5). This follows from remark (c) following Theorem ■ f 
check, we have g(x, 0) + ih(x, 0) = g(x) + ig( x )- a ^ 

Seeing if the analytic continuation, into the upper half-plane, ofg(x) + tg 
g(x, 0) + ih(x, 0) satisfies Eq. (6.10-5) in Theorem 7 can help us exp 


_ na l It C*® 

tlf Theorem 7 is not satisfied but its corollary is, we can take g(t) - ig(t) as the ana1 ^ in' 

be continued analytically into the lower half-plane. It will not be necessary to use this deti 

follows. iq46) 429 ^ 

t D . Gabor, “Theory of Communication,” Journal of the IEE (London), 93, part III (November I** 
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disquieting results. For example, if g(t) = 0, it follows from Eq. (6.10-1) that 
g(t) = 0. From Eq. (6.10-4), we recover g(t) and get zero as expected. However, 
suppose g{t) = 1. From Eq. (6.10-1) we derive that the Flilbert transform of 1 is zero. 
(Indeed, the Hilbert transform of any constant is zero—see Exercise 2.) Employing 
Eq. (6.10-4), we do not obtain 1 for g(t) but get zero. The analytic continuation 
into the upper half-plane of a function whose real part is 1 on the real axis must 
be a constant whose real part is 1. This fact can be obtained from the Poisson in¬ 
tegral formula for the upper half-plane Eq. (4.7-16). It is a simple exercise to now 
show, with the aid of the Cauchy-Riemann equations, that the imaginary part of this 
analytic function must be constant. Investigating Eq. (6.10-5) with f(z) a nonzero 
constant, we find that we can do the integration in closed form and that in the l i mit 
g _> oo, we do not get zero. Ordinarily, in manipulating Hilbert transforms, we 
plight not check to see that Eq. (6.10-5) is satisfied. However, use of this equation 
is called for when we obtain puzzling outcomes. 

Although the previous example was very easy, it can be difficult or tedious to 


.obtain the Hilbert transform of even slightly more complicated functions. 
[Fortunately, tables of Hilbert transformations are available.* One must be a little 

I ful with tables—some define the Hilbert transform that we use in Eq. (6.10-1) 
. x — t instead of t — x in the denominator; results will differ in the two cases by 
nus sign. Perusing a table, one finds entries for functions g(t) (or g(x)) that fail to 
ess a derivative at one or more points. Since these functions g(x) are not differ- 
ible for some value of x, they cannot be the real part of an analytic function—at 
: in a neighborhood of the troublesome point—and Theorem 7 would appear 
;o apply. However, there exists a treatment of the Hilbert transform which does 
■equire analyticity and is based on the Fourier transform.* In that approach, it is 
vn that if g 2 (x)dx converges, then g(t) the Hilbert transform exists and that 
can be recovered from g(t) through Eq. (6.10-4) except for possible disagree- 
t at certain isolated values of t. Besides using direct computation and tables 
nd the Hilbert transform of a given function, we can also use the MATLAB 
ware package to perform a Hilbert transformation. Such an exercise is given 
xercise 11. One advantage of using MATLAB is that it permits our taking the 
ert transform of a function whose values are limited to experimentally obtained 


pkMPLE 2 Find the Hilbert transform of g(t), where g{t) = 1 for — y < / < j 
HpKO = 0 for \t\ > T/ 2. Thus g(t) is the pulse of unit height shown in Fig. 6.10-2 
IS;is undefined at t = ±j. 

fcfwn. We begin with Eq. (6.10-1). In doing our integration for g(t) = 
ijoo we observe that the singularity in the integrand when x = / is of 


I -g-, A. Poularikas, The Transforms and Applications Handbook, 2nd ed. (Boca Raton, FL: CRC Press, 
Chapter 7. Besides having tables, this reference has a comprehensive treatment of Hilbert transforms. 
( useful table is in A. Erdelyi, ed. Tables of Integral Transforms 2 (New York: McGraw-Hill, 1954), 

gapter 5 in the previous reference to Titchmarsh. 
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r 
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2 


Figure 6.10-2 


n roncem if I lies outside the rectangular pulse in Fig. 6.10 2, ire., for t < 1/2 

ndT, T 72 because here g( x) = 0, Doing the in.egrat.on under this cousharut, we 

a . a a_j_ c T ! 2 A*. = I log for |t| > T/2. 

ensilV Obtain g(t) — ,, J—T/2 t—x n ° t—T/2\ . , 

Tf in < 772 i e , the condition * - is within the time mterval occupied by 

the pulse, we must be mindful of the singular point. The Cauchy prmctpal value for 

^ . .. i r f_e _dx_ I r 7 ' 2 jLl! The first integral in 

the integral defining g(t) is lim e ^o n [J_r/2 t-x + Ji+e t-- c 1 

brackets is log ^, while the second is log ^. Combining these expressions, we 

r^t . tlrops'out of the corepu^ “ *. 

' (rt- -T/2 < r < T/2 Alt lies in this interval, then pfg is positive 

8 71 T/2 * reel i , \t+m\ for _ r/ 2 < t < r/2. This is equivalent 

and thus we may say g(y — ^ log | T / 2 ~t \ 10 ' 

to I l0 g I a#I obtained for |f| > T/ 2. Hence 

71 ° | t-l{L\ 


= - log 


n 


t + T/2 


■ T/2 


t / ±r/2. 


( 6 . 10 - 6 ) 


If t = ±T/2, we find that the integral defining g(t) does not conv^ge^as can^ 
verified by direct computation of the integral or by evaluating lim t -+ ± _, 

i . _z f A — -I 


\t±T[2 

7Tf/2’ 


verinea oy aireci compiuauuu &- ^ - 

above equation. The analytic signal in this example is g a (t) — g(<) + l v. °^i^ d ^ 
where g(t) is given at the start of the example. Ini Fig. 6.10^ 3 we ^ 

real and imaginary parts of the analytic signal g a { )> ■ ■> 8 -f v that with 

Hilbert transform for the case T = 2. Incidentally, e rea er c ana tytic 

suitable branch cuts into the lower half-plane, the function g a 
continuation i± log into the upper half of to C Q _ md ()ur give n g®’ 
Invo kin g Theorem 7 and employing g(t ) from Eq. (6. ) 

we can assert that 


-1 
~g2 

l J—c 


1 , ix- + r/2 

-log - - - 

t — x \x 


dx 


l for 
0 for 


< r/2 
> r/2 


6$ 


J—co 7 x IX -T/2, 

This result can be verified by contour integration and the ■ ° dither e easM* 
which employ integrations involving branch cuts. We have obtained it < 

a bonus. 
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Figure 6.10-3 Hilbert transform of a pulse 

There is an intimate connection between the Hilbert and Fourier transformations. 
|ecall Eqs. (6.9-2) and (6.9-3), our definition of the Fourier transformation 
a function F(co) = ~ f(t)e^ lcot dco and the inversion formula /(f) = 
( F(co)e iat dco. We can use Fourier transforms to prove the validity of the Hilbert 
jisform inversion formula, Eq. (6.10-4). Notice that Eq. (6.10-1) asserts that g(t ) 
ijbtained from the convolution of g(t ) and The convolution was defined in 

gprcise 14 of the previous section, which should be reviewed. Using the * notation 
oduced there, we now have 

g(t)=g(t) * — 
nt 

fchowed in Exercise 14 that the Fourier transform of the convolution of two 
Igions of t is 2n times the product of the Fourier transform of the functions, 
©bse we take the Fourier transform of both sides of Eq. (6.10-1). We recall from 
|p n 6.9, Exercise 16, that the Fourier transform of l/(nt) is ^sgn co. Thus the 
ler transformation of Eq. (6.10-1) is 


G(co) = 2nG(co)~— sgncu = —iG(cu)sgna). 
2n 


(6.10-7) 


IP(co) Mid G(co) are the Fourier transforms of g(t) and g(t), respectively. (Do 
Iprd G(co) as the Hilbert transform of G(co )—see Exercise 5 of this section 
1 distinction.) Equation (6.10-7) can be summarized in the following lemma. 


(Fourier Transform of a Hilbert Transform) The Fourier transform of 
gert transform of g(t) is — isgn coG(co), where G(co) is the Fourier transform 
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Let us multiply Eq. (6.10-7) by i sgn co: 

sgn 2 (m)G(m) = fG(m)sgnm. (6.10-8) 

Now recall that sgn co = ± 1 for co / 0 and that sgn oj = 0 for oj = 0. Thus the left 
side of the above is identical to G(oj) except possibly when co = 0—a discrepancy 
of no consequence when we take the inverse Fourier transform of the left side and 
so obtain g(t). The inverse Fourier transform of the right side of Eq. (6.10-8) (see 
Exercise 14(b) of section 6.9) is ^ times the convolution of the inverse Fourier 
transforms of G(m) and i'sgn oj. From our remark above, we know that the inverse 
Fourier transform of i'sgnoj is -2/t (recall that the transform of l/t is sgn co), 

while the inverse Fourier transform of G(co) is of course g(t). Thus the inverse 
Fourier transformation of Eq. (6.10-8) is 


M -2 r°° g(x) 

* W = IT J_ M 7r 


dx. 


(6.10-9) 


which is precisely the Hilbert transform inversion formula of Eq. (6.10-4), a 
result we have established without our resorting to the Cauchy integral formula. 
The restrictions that must be placed on g(t) and its Hilbert transform for the inver¬ 
sion formula to hold are now different from and less stringent than those imposed 
in Theorem 7. We require that G{co) and G(m) exist and that the conditions for 
the formula relating the Fourier transform of the convolution of two functions to the 
product of their Fourier transforms are met. Notice that since sgn oj = 1 for oj f 0, 
it follows from Eq. (6.10-8) that | G(m) | 2 = | G(m) | 2 . In electrical engineering, the 
square of the magnitude of the Fourier transform of an electrical signal is called 
its energy spectral density. We have just shown that, except possibly at co = 0, a 
signal and the signal which is its Hilbert transform have the same energy spectral 
density. 

If we have an analytic signal, g a {t) = g(t) + ig(t), its Fourier transform is given 

by the expression G a (co) = G(co) + iG(co). Eliminating G(co ) from the preceding 
by means of Eq. (6.10-8), we have that 

G a (co) = G(rn) + sgn rnG(rn). (6.10-10) 

For oj > 0, the right side of the preceding is 2G(co) since sgn co = 1 ,while form 0, 
the right side is zero because sgn co = — 1. Thus we have the following. 

THEOREM 8 (Fourier Transform of an Analytic Signal) LetG fl (m) ^ e ^ 
Fourier transform of the analytic signal g a (t). For negative values of the radian^ 
quency co, G a (co) = 0, and for positive values, G a (co) is twice the Fourier trans ^ 
of the real part of g a {t). 

*f 't is e^I 

A good way to compute the Hilbert transform of a function g(t), « 11 
to find G(m), the Fourier transform of g(t), is to find the inverse transform ■ 
function, defined as 2G(m) for co > 0 and 0 for oj < 0. The result is the 
signal g a (t). That is, we have the following corollary to Theorem 8. 



6.10 The Hilbert Transform 425 



[ Figure 6.10-4 

.OROLLARY TO THEOREM 8 Let g(t) be the real part of an analytic signal 
f (t), and let G(co) be the Fourier transform of g(t). Then g a (t) is given by 

I ga(t) = g(t) + ig(t) = J o 2G(co)e i0>, dco. (6.10-11) 

Ee imaginary part of the integral yields g(t), the Hilbert transform of g(t). • 


Kusality 

Ken Fourier transforms are used to analyze many electrical and mechanical systems 
components, we frequently employ what is called the transfer function? Refer to 
m. 6.10-4. The signal that is placed at the input of a system is designated as x(t). 
Here t is time. This signal is also known as the excitation. The resulting output 
mi the system, sometimes called its response, is designated by y(t). It is shown in 
Rdard texts on electrical circuit theory and mechanics that the Fourier transforms 
■he input and output can be related through the formula 

B Y(to) = G(m)X(co). (6.10-12) 

H§ Y(ai) is the Fourier transform of the input, while Y(co) is the transform of the 
VI The function G(co) is the transfer function of the system (or sometimes called 
Western function). G(co) is completely determined by the nature of the electrical 
Mechanical elements and their connections within the system and is independent 
Bf| excitation. 

Jgom what we learned in the preceding section on convolution of functions, we 


1 f° 

2n J-c 


g(t — z)x(z)dx 


(6.10-13a) 


1 f°° 

y(t) = 7T g(f)x(t-x)d%. (6.10-13b) 

Zti J—oc 


pain encounter this term in a slightly different form when we treat applications of Laplace transforms 
j|Tlt is applicable to any physical system whose output and input can be related by a linear differential 
Brh constant coefficients. 
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Here g(t) = G(co)e im dco is the inverse Fourier transform of the transfer func- 
tion. Often g(t) is k n own as the Green’s function or the impulse response of the 
system. It is a real function of time t. The meaning of the term impulse response 
is developed in section 7.4, where we treat what are called generalized functions. 

All electrical and mechanical systems that can be fabricated are said to be nonan- 
ticipatory or causal. Thus if x{t), the input to the system, is zero for all t< 0, 
then the output y(t) must also vanish for all t < 0; that is, in a causal system, there 
can be no output until an input signal (excitation) has begun. 

In Fig. 6.10-5(a), we have sketched a hypothetical impulse response function 
g(x) Note that we have assumed this function is nonzero, over a nonvanishing 
interval, for negative values of its argument. We have sketched a hypothetical input 
signal x(t) in Fig. 6.10-5(b), assuming this excitation to vanish for negative t. Just 
below, in Fig. 6.10-5(c), we have drawn x{-%), while in Fig. 6.10-5(d), we display 
x (j. _ x ), assuming t is negative. If we use Eq. (6.10-13b) to evaluate the output 
y(t), for this negative time t, it is clear that we will have a nonzero result—the 
product x{t - r)g(r) is positive (see Figs. 6.10-5(a) and (d)) over an interval, and 
the integral in the equation is nonzero. Thus the system described by g(t) or g(t) is 
not causal. Notice from Fig. 6.10-5(a) and Fig. 6.10-5(d) that if g(t) = 0 for all 
negative t, then the system is guaranteed to be causal; i.e., there can be no output 
for negative time if the input x(t) begins at t = 0. It should be evident that for a 
system to be causal, its impulse response g(t) must equal zero for all t < 0. This 
statement has implications for the Fourier transform of g(t), i.e., for G(co), which 
we now explore. 

Any function of a real variable, say, t, can be expressed as the sum of two 
functions, one having even symmetry and the other having odd symmetry. Thus 


g(t) = ge(t) + go(t). 

(6.10-14) 

where the even function g e (t) satisfies 


ge{t) = ge(-t). 

(6. 10 —15a) 

while for the odd function g 0 (t). 


go(t ) = - go(-t )• 

(6.10—15b) 

In general, g{t) is neither an even nor an odd function. 
Eqs. (6.10-14) and (6.10-15) that 

It is easy to verify with 

ge(t) = ^[gW +g{~t)\ 

(6.10-1^ 

and 


go(0 = ^[g(0 -*(-*)]■ 

(6.l0~ l6b} 

off* 

Let us assume that g(t) vanishes for all t < 0. Suppose t\ is a negative val 


Then from Eq. (6.10-14), 
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Figure 6.10-5 


Eq. (6.10-15), we can write the preceding as 

0=Se(-fi)-&,(-n). (6.10-18) 

f Preceding equation, the argument -t\ of each function is positive. Thus we 
for al 1 1 > Othatge(f) = goW-InEq. (6.10-17), the argument t\ is negative, 
tor all t < 0, we have g,At) = ~go(0- We can summarize the two preceding 
jpnships between g e (t) and g 0 (t) with 

I go(t) = sgn (t)ge(t). 
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which, together with Eq. (6.10-14), yields 

g(t) = ge{t) +sgnO)g e (t). 

We can take the Fourier transform of the preceding equation. Recalling from the 
previous section that the Fourier transform of the product of two functions of t is 
obtained by convolving the Fourier transforms of each function, and rememberingt 
that the Fourier transform of sgn(f) is - i/{two), we have 

G(co) = G e (co) — iG e (co) * 

In other words, 

, x i r°° GJto') , , 

G(<j}) = G e (a>) -I - -dco , (6.10-19) 

n J_oo co - co' ; 

We recall, from section 6.9, Exercise 2 that because g e (t) is a real and even function, 
G e (co) must be a real function. A glance at the definition provided by Eq, (6.10-1) 
together with the preceding equation yields the following. 

THEOREM 9 (Causal Systems and Hilbert Transforms) For a causal system, 
the transfer function G{co) must be of the form G{co) = G e {m) — ± J ^ ~~jdw' 

or, equivalently, G e (co) — iG e (co) * , i.e., the imaginary part is the negative of the 

Hilbert transform of the real part. • 

This theorem is useful—if we know the real part of the transfer function of a 
causal system it tells us how to get the imaginary part—it is just the negative of the 
Hilbert transform of the real part. On the other hand, supplied with the imaginary part 
of the transfer function, we obtain the real part—it is simply the Hilbert transform of 
the imaginary part. The preceding methods will fail if any of the Hilbert transforms 
do not exist or can fail if the conditions guaranteeing the inversion of a Hilbert 
transform are not satisfied.* 

EXAMPLE 3 In Fig. 6.10 -6, we show the series electrical circuit consisting of 
an inductor and a resistor. The value of the inductance is measured in henries and 
given the symbol L and the value of the resistance is measured in ohms and giving 
the symbol r. The input signal on the left, x(t), is a harmonically varying voltag e 
supplied to the network while the output signal y(t) is a voltage appearing across 
the resistor. Using the methods of elementary circuit theory,§ it is not hard to show 


f See Exercise 16 of section 6.9. 

The first application of Hilbert transforms to a causal system in electrical engineering appears to have ^ 
in a doctoral dissertation of Y. W. Lee submitted to the electrical engineering department at MIT In J9 
thesis adviser was the legendary mathematician Norbert Wiener. For more on this subject, including ^ 
difficulties that Lee had in presenting his idea because of the apparent failure of the transform to al wa y s jgggl 
the real and imaginary parts of the transfer function., see “The Lee-Wiener Legacy” by Charles Therri etl > J 

Signal Processing Magazine , 19:6 (November 2002), 33-44. 

See, for example, W. Hayt and J. Kemmerly, Engineering Circuit Analysis , 5th ed, (New York* jB 

19 93), p. 364. M 
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Figure 6.10-6 


Ihat the transfer function is 


G(ca) = 


. This is identical to the ratio of 


lie phasor output voltage to the phasor input voltage of the network. The subject of 
|hasors was discussed in the appendix to Chapter 3. Our goal is to verify that, since 

( e have a causal system, the real and imaginary parts of G(co) satisfy Theorem 9. 

is interesting but not necessary to notice that the one pole of G(co) appears in the 
Jiper half-plane and that Theorem 7 does not apply; however, its corollary does. 

i o> is a complex variable whose real part is co, then the pole of the transfer 
l occurs at 0 ) = ir/L. 

■■ real and imaginary parts of G(co) are pr^'-opo and respectively. 

bert transform of the real part is: - dx. We evaluate this 

sidues, noting that there are simple poles in the complex plane at z — ±ir/L 
we must use a contour indented at z = co where there is a simple pole. Thus 
ontour like that in Fig. 6.7-3, except with an indentation at z = cn instead 

f°° r 2 1 2ni r 2 ni r 2 

J — OO f 2 + x 2 L 2 co — x n 2irL(co — ir/L) nr 2 +(o 2 L 2 ’ 

ie first term on the right arises from the pole at z = ir/L, while the second 
fom the integral taken along the indentation. The right side simplifies to 
, which illustrates the applicability of Theorem 7 to this problem, i.e., the 
transform of the real part of the transfer function G(co) yields the negative 
naginary part of the transfer function. Observe that the transfer function has 
nly in the upper half-plane at <o = ir/L, while the analytic continuations of 
and imaginary parts into the complex o> plane each have poles at ±ir/L. 
ng with the imaginary part of the transfer function , the reader should 

Hilbert transform and verify that the real part of G(co) is obtained, 
ne output signal had been taken from across the inductor, rather than the 
the transfer function would have real and imaginary parts of and 

> respectively, or equivalently, G(co) = This function does not satisfy 

litions required (on f(z)) in Theorem 7 or its corollary. Thus the method just 
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presented would fail in this case as can be verified if we take the Hilbert transform 
of the imaginary part of G(w ) and fail to recover the real part. % 


exercises 


1. a) Find the Hilbert transform of the function g(t) = Is Theorem 7 and/or its corollary 

satisfied by g(t) and g(t)? Explain. 

b) Recover g(t) from its Hilbert transform by means of an integraion, 

2. Show by using the definition of the Hilbert transform that the transform of any real 
constant is zero. 

3. Repeat Problem 1, but take g(t) = . 

4. a) Find the Hilbert transform of the function g(t) = —^ 2 °- f . 

b) Use the answer to (a) to find the analytic signal corresponding to g(t). 

c) Suppose the analytic signal g(x) + ig(x) is continued analytically off the x-axis into 
the complex z plane. Express this function as succinctly as possible as a function of 
the variable z. 

5. Suppose we take the Hilbert transform of a function g(t) and then find the Fourier trans¬ 
form of the result. Now suppose instead that we take the Fourier tansform of a function 
g(t ) and then find the Hilbert transform of the result. Show that, in general, we cannot 
interchange the procedure of taking Hilbert and Fourier transformations without affecting 
the results. Assume that all required Fourier and Hilbert transforms exist and that we can 
swap orders of integration. 

6. Consider the function g{t) — . Find the Fourier transform of this function and take 

the Hilbert transform of the result. Now instead find the Hilbert transform of g{t) and 
then the Fourier transformation of that result. Compare your two answers while referring 
to the answer to Exercise 5. 


7. a) Let g(t) = , where a is a positive constant. Find the Fourier transform of this 

function and from it find the Fourier transform of the analytic signal g a (0- 

b) Use the result derived in (a) to find g(t ) from an inversion of the Fourier transform of 
the analytic signal. 

c) Find g{t) by using the definition of the Hilbert transform. Verify that the results in (b) 
and (c) agree. 

8. Let g(t) have a Fourier transform defined by G (co) = 1 for — 1 < a) < 1; G(a>) = 0 ^ or 

M > l. 

a) Find the Fourier transform of the corresponding analytic signal directly from G(p) m 


b) Use the preceding result to find g(t) and g(t). 

c) Using the definition of the Hilbert transform, check part (b) by obtaining gif) & 

8 ( 0 - 

9. Refer to the imaginary part of the transfer function in Example 3. Take the Hi ^ 
transform of this expression and verify that the real part of the transfer function is obta 

10. The real part of the transfer function of a causal system is m 4_^r jlr Using 1 

transforms, show that the imaginary part must be ■ ,, 

GJ CO +1 

11. One can use MATLAB to perforin Hilbert transformations. The operation 
contained in the MATLAB Signal Processing Toolbox will perform this operation- m 
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the documentation for this function and obtain a graph of the Hilbert transform of the 
function g(t) described in Example 2. Take T = 2 and thus verify the figure supplied 
in the example. 


6.11 Uniform Convergence of Integrals 
and the Gamma Function 

In section 4.4, we saw how an indefinite integral of an analytic function can create 
: a new function that is also analytic. Frequently, a definite integral of a function is 
[used to define a new analytic function. Although this definite integration might be 
performed along any contour in the complex plane, it happens so often in applied 
aathematics that wc perform an integration to infinity along the real axis that we 
[confine ourselves to that situation. Thus we begin with an integral of the form 


F{z)= f° 

Ja 


f(t, z)dt. 


( 6 . 11 - 1 ) 


I’here a is real. 

Because of the upper limit, this is an improper integral which is evaluated as 
cribed in section 6.5. In contrast to our previous work, the integrand is now a 
nction of two variables, t, which is real, and z, which is complex. We will require 
iht z lie in some region R and will choose f(t, z ) so that for z in R, the integral on 
Tip right converges and defines the function on the left. We will usually assume that 
jjff, z) is continuous for t > a. However, if f(t, z) has a discontinuity at the lower 
nit a , we replace the lower limit by lim,) ,o + (a + c>); i.e., t is made to approach a 
»m the right. This will be implicit in what follows. 

Jr' Integrals of the type in (6.11-1) appear in a variety of instances. The Laplace 
mpsformation, with which the reader is perhaps familiar and which will be discussed 
fie next chapter, is such an example. Other cases are the Mellin and Hankel 
Ssformations.^ The gamma function, treated in the present section, is also an 
gpiple of Eq. (6.11-1). 

j Since an integral is the limit of a sum, it is not smprising that much of the 
jluage and concepts that we developed in dealing with infinite series can be 
K>ted to integrals like these. We defined the uniform convergence of an infinite 
fis in section 5.3. A parallel definition applies to our integral as follows. 

I 

MUNITION (Uniform Convergence of the Integral J^° f(s, z)ds) The pre- 
integral is said to converge uniformly to F(z) for all z in a closed 
| n R if given a real e > 0, we can find a real z, independent of z, such that 
la /( f < z ) dt \ < e for all b > r. • 

IJhis no matter how small we make the positive number s, we can make the 
^tude of the difference between F(z) and the approximating integral be less 
provided that we make the upper limit b at least as big as z. Here z must 


Jpections on Laplace, Mellin, and Hankel transforms in Lokenath Debnath, Integral Transforms and 
plications (New York: CRC Press, 1995). 
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not depend on z. Typically, the smaller we make e, the larger we must make T . 
The preceding definition presupposes that f(t, z) is continuous for t > a. If f(t, z ) 
is permitted to have a discontinuity at the lower limit a, the above definition must 
be modified slightly, as described in the reference by Widder below. 1 ' 

We are interested in integrals of the type in Eq. (6.11 -1), where not only is the 
integral uniformly convergent but where f(z, t ) is an analytic function of z- Then 
the following theorem can be established. The reader is referred to more advanced 
texts for further discussion. 1 

THEOREM 10 (Analyticity of a Function Defined by an Integration to In finit y) 

Let f(z, t) be a continuous function of t for a < t < b, for all finite b, when z lies 
inside a simple closed contour C. For each t satisfying the preceding, let f(z, t ) be an 
analytic function of z when z lies inside C. If the integral £ f(t, z)dt converges uni¬ 
formly to F{z) when z lies in the closed region bounded by C, then F(z) is analytic in 
the domain whose boundary is C. Furthermore, in this domain F' (z) = ff -ff-dt. 
Derivatives of higher order can be computed by successive differentiation under the 
integral sign. • 

The preceding tells us that an integral of the type in Eq. (6.11-1) can produce 
an analytic function of z. Furthermore, it instructs us how to obtain its derivative (or 
higher derivatives)—we merely differentiate under the integral sign. What we see in 
Theorem 10 is the analogue for integrals of Theorems 11 and 12 in section 5.3 for 
uniformly convergent series of analytic functions. 

One test that we can use to prove uniform convergence is the analogue 
of the M-test for the uniform convergence of an infinite series. This was introduced 
in section 5.3 as Theorem 7. Applied to integrals it assumes the following form. 1 

THEOREM 11 (M-test for an Integration to Infinity) Let f(z, t) be contin¬ 
uous for t > a when z lies in the bounded closed region R. Let M{t) be a positive 
function of t that is independent of z. For each z in R, let \f(z, t)\ < M(t) for t > a- 
If the integral ff M(t)dt converges, then the integral ff f(t , z)dt is uniformly 
convergent for all z in R. • 

EXAMPLE 1 Consider F(z) = C°° rfzzdt. Investigate the uniform convergence 

JO (fY1) v 

of this integral for the rectangular region R described by 0 < Re(z) < A, - 
Im(z) < B, where A > 0 ,B > 0. Find an integral expression for F'(z)- 

Solution. With z = x + iy , we have 

/(z ’ ?)= (7TTF = 77+T)^ whichim P lies = 


^D. V. Widder, Advanced Calculus, 2nd ed. (New York: Dover, 1989), p. 347. ^ 

*E. T. Copson, An Introduction to the Theory of Functions of a Complex Variable (New York: Oxford J 

Press, 1960), pp. 110 and 116 (Problem 8). 

^Seeprevious reference to Copson, p. 111. 
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The largest value assumed by the nonnegative function e xt in the region R is 1. This 
occurs on the boundary x = Owhenf = 0. Thus for z confined to R and with i > 0,we 
have \f(z, t) | < so that we can take M(t) = Because J 0 °° dt = 

1 ; we have successfully used the M-test to establish the uniform convergence of the 
given integral. Now, observing that f(z, t) = is an analytic function of z in 

R for all t, we can assert, using Theorem 1, that F(z) = jf—^dt is an analytic 
function of z in the domain 0 < Re(z) < A, — B < Im(z) < B. By differentiating 
under the integral sign we have F'(z) = J^°° \dt. • 

Comment. We were fortunate in this example that we could prove that the integral 
in Theorem 1, J^°° M(t)dt, converges by our actually performing the integration. 
Sometimes the integral is not readily evaluable and we must prove that it converges 
by a comparison test—a standard technique from the calculus of real variables that 
the reader may wish to review. The test has two forms and can be used to prove both 
convergence and divergence. 1 ' 


The Gamma Function 

1 . 

|The gamma function is an analytic function that is of interest for several compelling 
geasons: it serves as a link between the arithmetic learned in the early grades of 
liementary school and advanced calculus, it illustrates the utility of analytic con- 
pnuation, and finally it is one of the more elementary of what are called special 
functions. Special functions are functions other than such elementary expressions 
|s polynomials, the logarithm, the exponential, and functions derivable from the 
Exponential (trigonometric and hyperbolic functions and their inverses). Special 
junctions can arise as the solutions of differential and difference equations oqcur- 
ing in the physical sciences—for example, the vibrations of a circular drum head 
re described by means of special functions, the Bessel functions. 

I An elementary school student can be taught the meaning of the word factorial 
| applied to the positive integers and a bright third grader could be expected to 
frnpute in his or her head a number as large as perhaps 5!. However, this student 
puld be understandably puzzled when told that 0! = 1. The gamma function, which 
s devised in the 1730s by Leonhard Euler, 1 is a function which for an appropriate 
of its independent variable will produce nl. Stated in its original form for a 
1 variable, the function is 


T(x)= f 
Jo 


?~ l e 


~*dt. 


( 6 . 11 - 2 ) 


I. We shall see that the integral on the right converges for x > 0 and that T(x) is 
|tinuous for x > 0. Here t is again a real variable. Note that if 0 < x < 1, the 
gpand is discontinuous at t = 0. We then approach t = 0 as a limit from the right 
mentioned previously. At this point, it is useful for the reader to verify for future 


bonias. R. Finney, M. Weir, and F. Giordano, Thomas’ Calculus , 10th 4d. (Boston: Addison-Wesley, 
^section 7.7. 

gavis, “Leonhard Euler’s Integral: A Historical Profile of (he Gamma Function,” American Mathematical 
S’. 66 (December 1959), 849-869. 
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reference that r(l) = 1. To see how r(x) relates to the factorial, we replace x with 
x + i in Eq. (6.11-2) and consider 

poo 

E(x+1) = t x e- f dt. (6.11-3) 

Jo 

No w we use the standard formula for integrating by parts f udv = uv ~ f vdu, 
taking dv as e" f dt and u as t x . We thus obtain 

X OO 


With x > 0 the first expression on the right vanishes at the lower limit t — 0. For 
the upper limit, we must investigate \im R ^oo{e~ R R x )- The limit is zer0 for a11 -*- + 
We have thus eliminated the first term on the right, and the second term is defined 

with the aid of Eq. (6.11-2). Therefore, 

r(x + i) = xr(x) x > o. 


Let us put x = 1, 2, 3, and 4 in the above. We have T(2) = T(l), T(3) = 2r(2), 
IY4) = 3r(3) If we recall that T( 1) = 1, we have from the first of these that T(2) = 
II and if we combine the first two, we get T(3) = 2!, while combining all three 
we obtain T(4) = 3!. Letting m > 1 be an integer, we can generalize the preceding 
to r(m) = (m — 1)! or if we take n = m — 1 where n is a nonnegative integer, we 

obtain the result 

F(«+!) = «!. (6.11-4) 


Since T(l) = 1, as the reader determined from direct evaluation of Eq. (6.11 2), the 
preceding equation explains the perhaps puzzling logic of defining 0! — 1, it m 
the above equation valid when n = 0. 

Note that we can compute T(x) for any real x > 0 provided we have a computer 
handy and are willing to do a numerical integration of Eq. (6.11—2). Elemen ary 
evaluations of the integral do not exist for arbitrary x. As a check on our numen 
work, we must find that whenever x happens to be a positive integer, we get (x 
Presently, we will see how to compute the gamma function when its mdepen 

variable is a negative real or complex number. h • tn the 

To extend our definition of the gamma function off the real axis and in 

complex plane, we use, not surprisingly, 


m = 


f~ X e 


f dt. 


( 6 . 11 " 5 ) 

J0 . A (Z- 1) M '. 

where z = x + iy. The expression t z ~ l in the integrand is here define as e ^ ^ 
Notice the principal value of the logarithm. The integrand in Eq. (6. if plane 
analytic in the z plane for t > 0. One can show that T(z) is analytic in e a .^ n0 t 
Re(z) > 0. The method is very similar to that employed in Example 1 tb e 

be supplied here. '' In addition, we are justified, by Theorem 10, in o a 


tTo verify this, write the expression as R x /e R and replace the denominator by its Maclaurxn sen • ^ 
*As a hint, break the interval of integration into 0 < » < 1 and 1 < t. Find a separate M(t) for e ^ j 
Also see E. C. Titchmarsh, The Theory of Functions (New York: Oxford University Press, 1993), P- j| 
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derivative of Hz) in the domain of analyticity by differentiating the right side of 
Eq- <6.11-5) under the integral sign. Hence 


rtz) 


r 


t z l e 'Log tdt. 


Since an analytic function is continuous, T(z) and its derivatives are continuous 
functions of z for Re(z) > 0. 

We cannot use Eq. (6.11 -5) to define a function that is analytic outside Re(z) > 
0. Indeed, it can be shown that this integral does not even converge for Re(z) < 0. 
>The cause is the singularity displayed by t z ~ 1 at t = 0. We can, however, create an 
analytic continuation of the function defined by the integral in Eq. (6.11-5). This 
(■continuation, which we continue to call T(z), extends into the space Re(z) < 0 and is 
.analytic except at certain poles, whose locations we will derive. The gamma function 
fevill thus be defined throughout the complex plane (except at the poles) either by the 

i ;egral in Eq. (6.11-5) or its analytic continuation. 

We have shown above that for positive x that T(x + 1) = xT(x). Using 
[. (6.11-5), assuming Re(z) > 0 and following a parallel derivation, we have 
z + 1) = zE(z). Although the integral in Eq. (6.11-5) converges only if Re(z) > 
its value can be determined in closed form only if z is a positive integer n. 
s have seen that T(n) = (n — 1)!. For other values of z in the right half-plane, 
; must resort to numerical integration on a computer. However, if using numer- 
il integration in Eq. (6.11-5), we have computed T(z) only in the vertical strip, 
< Re(z) < 1. We could, if we wanted a value of T(z) in the neighboring strip, 
< Re(z) < 2, save ourselves the trouble of doing numerical integrations by us- 
l r(z + 1) = zr(z). For example, having calculated T(.5 + .251), we compute 
1.5 + .251) = (.5 + .251)T(.5 + .251). In a similar fashion, we might use values 
(the strip 1 < Re(z) < 2 to produce values of the gamma function in the strip 
1|< Re(z) < 3. To proceed leftward from the half-plane Re(z) > 0 into territory 
g|ere the integral definition of the gamma function cannot be used, for example, 
< Re(z) < 0, we rewrite the equation we have been using as 


r (z) = 


F(z + 1) 


( 6 . 11 - 6 ) 


the preceding, we assign values to T(z) in the strip — 1 < Re(z) < 0, e.g., 
|5 + .51) = , but we avoid z = 0. Since T(z) is analytic for Re(z) > 0, 

unction T(z + 1) on the right in Eq. (6.11-6) is an analytic function, for 
1+1) > 0, of the analytic function z + 1. The right side of Eq. (6.11-6), which 
Quotient of analytic functions, involves a division by z. Since at z = 0 we have 
0 = T(l) = 1, which is nonzero, it should be clear (see section 6.2, Rule 
|t using the right side of Eq. (6.11-6) and values of T(z) in the half-plane 
I > 0, we have obtained a function that has a pole at z = 0 but is otherwise an- 
|throughout the half-space Re(z) > — 1. Thus the gamma function as defined 
^integral in Eq. (6.11-5) has with Eq. (6.11-6) been continued analytically 
| e strip — 1 < Re(z) < 0 (excluding the origin), and we now have a gamma 
j| n defined in the larger domain Re(z) > —1 for z ^ 0. 
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We can repeat this procedure so as to extend T(z) into the strip 
_ 1 We replace z with z + 1 in Eq. (6.11 -6) and obtain 

r(z + 2 ) 


-2 < Re(z) < 


r(z + 1 ) = 


z + 1 


Using the preceding to eliminate T(z + 1) on the right in Eq. (6.11-6), we get 


With the integral definition of the gamma function, Eq. (6.11-5), we can evalu¬ 
ate T(z + 2) on the above right in the space Re(z) > -2. Thus the preceding i s 
an analytic continuation of the gamma function into the region -2 < Re(z) < ~\ 
(provided z # -1), and our gamma function is now defined (except at poles) in the 
domain Re(z) > -2. In so doing, we have obtained a function not only with a sim¬ 
ple pole at z = 0 but also with a simple pole at z = — 1. (Recall that T( 1) = 1). The 
procedure can be continued and we can define the gamma function throughout the 
finite complex plane. Thus the gamma function has only simple pole singularities 
and they are at zero and the negative integers. 

In general, if we want to define T(z) in the half-space Re(z) > -n, where n > 1 


is an integer, we use 


rr ^ = _ r (^ + ") _ 

{Z) (z + n — l)(z + ra — 2) • • • z ’ 


( 6 . 11 - 8 ) 


which shows the simple poles at — (n — 1), — (n — 2), ..., 0. If we know the value of 
the gamma function at some point in the complex plane, we can use the preceding to 
compute the value of the gamma function at any other point having an identical imag¬ 
inary part and a real part differing from the real part of the first point by an integer. 


EXAMPLE 2 Given that T(1.5 + .Hi) « 0.668 + 1.0616, 

a) find T(—2.5 + .8 if, 

b) find T(3.5 + .Hi). 


Solution. 

a) Here —2.5 + .Hi is displaced four units to the left of 1.5 + .Hi, where the 
gamma function is known. We take z = —2.5 + ,81and« = 4inEq. (6.11“ 
The equation becomes T(-2.5 + .81) = ’ where we 

put z = —2.5 + .Hi in the denominator. A calculator or computer equipP 
to manipulate complex numbers comes in handy and yields the re 
T(-2.5 + .81) = -.106 - 1.131. This result, as well as the following 
is necessarily approximate because we have used an approximation 
irrational value of T(1.5 + .81). 


b) Here 3.5 + .81 is two units to the right of 1.5 + .81. Recalling that n 


2 1 

; jat° r 


in Eq. (6.11-8), we must place the unknown T(3.5 + .81) in the nuine g,; 
on the right in this equation. We take n = 2, and with z + « = 3. 
the equation becomes T(1.5 + .81) = ^'+i)z^ ’ w here we put z = 
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X 


Figure 6.II-I 


in the denominator. The left side is known. Thus T(3.5 + .8 i) = 
I (z + l)zr(1.5 + .80 = 1.88 + z2.33. • 

, In Figure (6.11-1), we have used MATLAB to plot T(z), where z = x is real 
|d hes in the interval —3 < x < 4. The plot can be obtained if we evaluate the 
htegral in Eq. (6.11—5) for 0 < x < 1 and then follow the procedures we have just 
gained. Notice from the curve that when x = 1, 2, 3, 4, the values of the function 

| |f the factorials or 0 through 3, respectively, as we would expect from the relation- 
EP r(«) = (n — 1)!. Note also that the gamma function is positive for x > 0 and 
Splays only one minimum for positive x (see Exercise 11). This is near x = 1.46. 
function alternates in sign in the intervals -1 < x < 0, -2 < x < - 1, etc., on 
egative real axis because of the presence of the terms on the right in the denom- 
t in Eq. (6.11-8). Each time we pass through a negative real integer, exactly 
tf the factors changes sign. This is an example of a more general principle: If a 
tion is real on the real axis it displays, on that axis, opposite signs on either side 
simple pole. The reader should try to prove this. 

h Fig. (6.11-2), weplotr(.l + iy) as y varies from -3 to 3. Because T(z) is in 
ml complex when evaluated off the real axis, we must plot the real and imaginary 
o our function. We have also shown the magnitude. The peak exhibited at v = 0 
f beca use of the proximity of z = . 1 to the pole at z = 0. 


| c tion Formula for the Gamma Function 

jpon 6.8, Example 2, we derived the following formula, which we use here to 
pan interesting identity for the gamma function, an identity that can be useful 
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Figure 6.11-2 


in numerical computation. We obtained 


r 

Jo 


-l/« 


X ~h l 


-dx = 



where we required oc > 1. Suppose we put — 1/a = /? — 1. It should be clear aftera 
moment’s study that we need 0 < /? < 1. Rewriting the above with this change, and 
using the fact that sin 7i(l — j$) = sin nfi, we have, for future reference, 


f 


1 


-dx = 


0 < jS < 1. 


(6.11-9) 


;o x + 1 sin 7i/T 

Turning now to our definition of the gamma function in Eq. (6.11-5), we make the 
change of variable t = y 2 , dt = 2ydy, so that 


r°° 2 

T(z) = 2 I Jy. 

Jo 

Now we do two things to the preceding equation. We replace the integration var * a ^ s 
y on the right by the variable x. We also want T( 1 — z), so we replace z on both s 1 
of the equation with l — z. Thus we obtain 


r°° 2 

T(1 — z) = 2 x 1-2 ^-* dx. 

Jo 

We now multiply these two preceding equations together and have 

X OO pco 

J Q y 2 z ~ l x l ~ 2 z e~ x 2 e~y 2 dxdy. 
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This difficult-looking integral is evaluated with a trick. We regard it as an integration 
in the xy- plane over the entire first quadrant. Then we switch to the polar coordinates 
r and 6, with x = r cos 6, y = r sin 6 , and the differential dxdy is replaced by rdrdO. 
Covering the entire first quadrant requires our having 9 vary from 0 to n/2, while r 
goes from 0 to oo. Thus 

X oo r oo . _ . 

J (r sin Q) 2z ~ l (r cos 0) 1_2z e~ r cos e e~ r sin 6 rdrdO. 


We now add the exponents of e to get — r 2 . Multiplying all the factors containing 
r and combining (sin 0) 2z ~ 1 (cos0) 1 ~ 2z into (tan 0) 2z_1 , we find that the preced¬ 
ing is expressible as the product of two integrals: r(z)r(l — z) = f 0 4c r rdr 

r^itcmef^de. 

1*AJ . r 

The integration on r is easily performed by our casting it into the form J e“du, 
iwhere u = — r 2 . Including the factor of 4 in the above, this integral evaluates to 


b.ThusrtzjTd - z) = 2 / 0 re/2 (tan Of^dO = 2 /^(tan 0) 


W 2, 


t 2z bm6 • To evaluate the 

last integral, we take x = tan 2 9. If 9 goes from 0 to n/2, then x goes from 0 to oo. 
Note that (tan 0) 2z = Recalling that differentiating the tangent yields the square 
of the secant and that sec 2 9 = 1 + tan 2 9, we have dx = 2 tan 0(1 + tan 2 0)d0. Thus 


dx 


dx 


We then have r(z)r(l - z) = f 0 °° ~ffdx. 


Band 2tan 2 (9(l+tan 2 9) 2x(l+x)' 

We can evaluate this integral using Eq. (6.11-9) provided we require that z be 
pal and satisfy 0 < z < 1. We obtain 


room ~z) = 


sin nz 


( 6 . 11 - 10 ) 


quation (6.11-10) is known as the reflection formula for the gamma function and 
|as stated by Euler in 1771. It can provide us with a shortcut in numerical calcula- 
as. For example, suppose we have computed F(-2). The formula yields T(.8) since 
ve put z ~ 0.2 in the equation, we get T( 1 — .2) = r ~ ^ ^ . Presently, we will 

|pw that the equation is not restricted to real values of z satisfying 0 < z < 1. 
Suppose we rearrange Eq. (6.11-10) as follows: F(z) = sin(7tz)r(z)r(l — z) — 
0. We know this equation is satisfied on the real axis for 0 < z < 1. 
Userve that sin(7tz) has zeros of order 1 at z = 0, ±1, ±2,..., etc. These are 
icisely the locations of the simple poles of either T(z) or T( l — z). Thus F(z) -- 
gfo)r(r)r(l — z) — n has removable singularities at the integers and therefore 
|be made analytic everywhere provided we use the integral definition of the 
aa function or, if needed, its analytic continuation. We learned in section 5.7 
^ be zeros of an analytic function are isolated unless the function is identically 
I Since on the line segment 0 < z < 1 we have F(z) — 0, the zeros of F(z) are 
Isolated, and it follows that F(z) = 0 throughout the complex plane. After rear- 
ftg this equation, we have that Eq. (6.11 -10) is satisfied except where the two 
|fail to be analytic, i.e., at the integers. This completes the proof. 

know that the only poles of T(z) are at z = 0, — 1, —2, ... and that the 
|P°les of T(1 — z) are at z = l,2,3,.... The equation used above, 
|)r(z)r(l — z) — n = 0, shows that if T(z) has a zero at some point zo, then 
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m _ z ) would have to exhibit a pole at zo if th e equation is to be satisfied. Thus 
ZQ — 1,2, 3, .... But at these points T(z) is not zero but equals 0!, 1!, 2!, etc. Thus 
the gamma function has no zeros in the complex plane, and I /T(z) is an entire func¬ 
tion. A nice result comes from Eq. (6.11 -10) if we put n/2. We have T 2 ( 1 /2) = n, or 
1 /2) = ± */n. But since the integrand defining the gamma function in Eq. (6.11-5) 
is positive for x = 1 /2, we choose the positive root and obtain T( 1/2) = J/n. Armed 
with this result, we readily compute the gamma function at the odd half integers, 
_j_i 5 ±§, ' etc. For example, from Eq. (6.11-6) above, with z = -1/2, we 

have r(—1/2) = —2^/n. 


exercises 


Without doing the integration, prove the uniform convergence of the integrals in Exercises 
1-3 where z = x + iy. Also, find an integral expression for F'(z). 


f° 

1. F(z) 

Jo 


-dt, where —a<x<a and 0 <y<b. Take a and b as positive. 


(f+ 1) 3 / 2 

The denominator is positive real. 

Hint: This is similar to Example 1. Find an upper bound on \e lzt \. 

2 F(z\ = r---dt, where a < y < b, \x\ < c, and b > a. Take a, b 

{) Jo (fi+l)(W + z) 

and c > 0 and use f 1 / 2 > 0. 

Hint: Find a lower bound for |f 1/2 + z| that is independent of z. 


r* OO 

3. F(z) = - 

J l 1 


+ e : 


izt 


dt, where z lies in the region |z — i\ < 1/2. 


Hint: Find a lower bound for 11 + e ,zt \ that is independent of z. 


4. What is T(6)? 


Given that (approximately) F(3 + 71) = —.0044 — 1.0037, find the following. 
5. T(4 + 71) 6. T(1 + 71) 


We learned that F( 1/2) = -Jn sa 1.772. Using this result, find the following. 
7. T(3/2) 8. T(5/2) 9. F(-3/2) 


10. a) Using the integral definition of the gamma function, Eq. (6.11-5) show that r(z)^ 

r(z). Explain why this relationship will apply to the analytic continuation o 
integral representation of the gamma function. . -x 

b) Using the above result as well as Eq. (6.11-6), find T(—1/2 1 

F(l/2 + 1/2) ~ 0.8182 - 10.7633. _ ^| 

11. Figure 6.11-1 shows F(x) having only one relative minimum for x > 0. In this ex 1 
you will prove that there is only one minimum for x > 0. 

a) Using the integral definition of the g amnia function and Theorem 11, show th a 
is positive for positive x. 
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b) Suppose the gamma function has two or more relative minima for x > 0. Explain 
why your result of part (a) contradicts this. 

12. a) Using two of the formulas derived in this section, show that T(2 — z)T(2 + z) = 

sin(irz) ‘ 

b) Using the above show that T(l — zy)r(2 + iy) = — . 

13. a) Show that if n is a positive integer that r|n + A j = -y/n^n + \ - l^{n + \ - 2^j ■ ■ ■ A. 

b) Show that we can rewrite the above right as which can be used for any integer 

n > 0. 


14. Show that the residue of T(z) at -m, where m > 0 is an integer, is 

Hint: Refer to Eq. (6.11-8). Use Eq. (6.3-3) for the residue at a simple pole and find 
the residue at z = -(n - 2), and let m = (n - 1). 

15. Obtain the same result as was obtained in Exercise 24 by using the reflection formula 
f Eq. (6.22-20) and Eq. (6.3-3). 


16 . 

t 


17 , 


Make a suitable change of variable in the reflection formula to show that 

a) r(2/2 + z’y)r(2/2 - iy) = cosh ” , where y is real. 

b) In Exercise 20, we proved that the gamma function satisfies T(z) = F(z). Using this 

equation and the result of part (a), prove that | r( 2 /2 + iy) \ = for y » 2. 

c) Using some of the suggestions in parts (a) and (b), show that |r(7y)| = I— . 71 

s] ysmh(ny)' 

This exercise involves the derivation of the formulas 


f 


cos (fix)dx cos( 7 ia/ 2 ) 

= l W -xz- and 


r l— a 


P a 


f 


sin (f)x)dx sin(7ia/2) 

- =l(a)- 


vl — 0 


P a 


where 0 < a < 2 and ft > 0, and positive real roots are used in the integrands. 

, Hint. Begin by evaluating )f~ zl _ d a z around the indented quarter circular contour shown in 
|Fig. 6.21 - 3. Now argue, using the ML inequality, that as e^0+, the portion of the integral 
ftp °ng t e indentation goes to zero. Prove that as R oo, the integral along this large 
|?rc goes to zero (see Theorem 5, section 6.6). Having passed to these limits, write the 

iSh Tfi 10 " al ° ng thC positive y_axis as an integral on the variable y and evaluate it using 
■L e definition of the gamma function. From your result, obtain the desired two formulas. 



Figure 6.11-3 
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18. Using MATLAB, write a computer program that will generate the curve shown in 
Fig. 6.11-2. You will have to work with the integral defining the gamma function as 
the MATLAB function gamma accepts only real arguments. 


6.12 Principle of the Argument 


If we are given a function f(z) that is analytic in a bounded domain D, except 
for perhaps having poles there (a meromorphic function), can we tell how many 
zeros and poles f(z) has in D without a detailed numerical study of the function? 
The answer to this question is of practical importance—for example, it can predict 
the stability or instability of an electrical or a mechanical system. The reader has 
doubtless witnessed an electrical system that has become unstable: If the microphone 
and loudspeaker in a public address system are too close together, a painful howl is 
heard in the room—the hardware obviously no longer works as intended. The matter 
of stability is considered in section 7.3. In the present section, we provide some of the 
mathematical foundation for what is later required, and we develop a mathematical 
principle, interesting in its own right, that not only helps answer the above question 
but is an aid in finding the roots of equations and in proving the fundamental theorem 
of algebra. 1 ' The surprisingly simple formula we will obtain requires residue calculus 
in its derivation, which is why the subject is treated in this chapter. 

Consider a function f(z) that is analytic and nonzero everywhere on a simple 
closed contour C. In addition, we assume that f(z) is analytic in the domain inside 
C, except possibly at a finite number of pole singularities. The preceding guarantees 
that, as we make one complete circuit around C, the initial and final numerical 
values assumed by f(z) are identical. As C is completely negotiated, there is no 
reason, however, why the initial and final values of the argument of f(z) must be 
identical. 

Suppose we write 


f(z) = l/(z)|e'( arg - / ^ > . (6.12-1) 

We will use the notation Ac arg f(z) to mean the increase in argument of /( z) (fi na1 
minus initial value) as the contour C is negotiated once in the positive direction. 

Let us consider an elementary example. We take f(z) = z, and, as a contour > 
the circle |z| = 1. On C we have z = \z\e ‘ arg " = e l arg LAs we proceed around 
once in the counterclockwise direction, we see fromFig. 6.12-1 that arg z progresses 
from 0 to 2n. Thus in this case, Ac arg f(z) = 2n. Note that f(z) = x + iy returns 
to its original numerical value after C is negotiated. . . 

To choose another example, it f(z) = 1 /z 2 and C is any closed contour encirc 
the origin, then the reader should verify that Ac arg f(z) = —4n. o(JJ . 

These two examples illustrate something that will always be true: since 
assumptions about f(z) require that this function return to its starting value a 
is negotiated, then Ac arg/(z) must be an integer times 2n. 


tWe have already seen one proof in section 4.6. Another is given here. There are many different P ro ° 
theorem. 


,fs of d 
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Now consider 


We observe that 


2nJc f(z) 


d , f , x f (Z) 
— log/(z) = —— 
dz f(z ) 


( 6 . 12 - 2 ) 


If we use some analytic branch of log(/(z)). If we require that C not pass through 
tiny zero or pole of f(z), we see that our integral / can be evaluated by a standard 
procedure (see Eq. (4.4-4)), and thus 1 ' 

X l °Sf(z)dz = ~ (f> d(logf(z)) 


2niJc dz 


2ni Jc 


= ~—: [increase in log f(z) in going around C] 


— ^ [increase in [log |/(z)| + i arg f(z)] in going around C], 

Ow \f(z)\ necessarily returns to its original numerical value as C is negotiated, 
pwever arg f(z) need not. Thus 


1 a 1 a 

s! «zr* = s Acarg/(z) ' 


(6.12-3) 


e can also evaluate Eq. (6.12-2) by residues. If f(z) is analytic on C and at all 
P s interior to C except at poles, then f'(z.) will be analytic on and interior to C 
PPt at these same poles. (Recall from section 4.5 that the derivative of an analytic 
|hon is analytic.) The quotient f'(z)/f(z) is thus analytic on C and interior to 
cept where f(z) has a pole or when f(z) = 0. Thus to evaluate Eq. (6.12-2) 


cj|J 

sip 


pbservant reader should be troubled by the requirement that the use of Eq. (4.4-4) means that log /(z) be 
[ in a domain containing C, and is concerned that C might intersect a branch cut defining this function. 
w ith this problem, the start and finish of the integration along C are chosen to lie on opposite sides of 
_ e -g., if the branch cut lies along the line y = 0, x > 0, then we choose the beginning and end of our 
integration as shown in Fig. 6.12 -1. This technique can be extended if there is more than one cut. 
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residues, we must determine the residue of f(z )/ f(z ) at all zeros and poles of f(z) 
lying interior to C. 

Suppose f(z ) has a zero of order n at c. Recall (see section 5.7) that this means 
f(z) has a Taylor expansion about £ of the form 

f(z) = a n (z - £)" + a «+1 (z — £)” +1 H-, a„ / 0. 

Thus factoring out (z — £)”, we have 

f(z) = (z-Q n <Kz), 

where cj)(z) is a function that is analytic at £ and has the series expansion 
<P(Z ) = + a>i+ l(z — 0 + a n+l(Z ~ C) 2 + • • • , 


Note that (/>(£) = a„ / 0. Differentiating Eq. (6.12), we arrive at 

f'{z) = n(z - O n_ V(z) + (z - 0 n 4 >'(z). 
Dividing Eq. (6.12-4) by Eq. (6.12), we obtain 

f\z) _ n <j)\z ) 

/(z) z ~ C 0(z) ' 


(6.12-4) 


(6.12-5) 


The first term on the right in Eq. (6.12-5) has a simple pole at £ in the z-plane. The 
residue is n. Recalling that <j)(C) ^ 0, we see that the second term on the right has 
no singularity at £. Thus at £, the residue of f(z)/f(z) is identical to the residue of 
n/(z — £) and equals n. In other words, the residue of f(z)/f(z) at £ is equal to the 
order (multiplicity) of the zero of f(z) at £. 

Suppose that f(z) has a pole of order p at a point a inside C. Proceeding much 
as before (see Exercise 7 of this section), we find that the residue of f(z)/f(z ) at a 
is equal to ( — 1) times the order p of the pole of f(z) at a. 

We can use the information just derived to sum the residues of /' (z.) / f(z ) at all 
the singularities that this expression possesses inside C and thus evaluate the integral 
I in Eq. (6.12-2) (see Fig. 6.12-2). If f(z) has zeros of order ti\ at £i, «2 at £ 2 , • • • 
and poles of order pi at oq, P 2 at 0 . 2 , • • •, we have 


2ni 


C /(z) 


dz = N 


P, 


( 6 . 12 - 6 ) 



Figure 6.12-2 
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where 


7V = ni+«2 + --- (6.12-7) 

is the total number of zeros of f(z) inside C and 

P = Pi+P2-\ - (6.12-8) 


is the total number of poles of f(z) inside C. In both Eqs. (6.12-7) and (6.12-8), 
zeros and poles are counted, according to their multiplicities; for example, a zero of 
order 2 at some point contributes the number 2 to the sum on the right in Eq. (6.12-7) 
and a pole of order 3 results in a contribution of 3 in Eq. (6.12-8). We will assume 
that f(z) has a finite number of poles inside C. One can show that f(z) has a finite 
number of zeros inside C'.' ] 

Equations (6.12-2) and (6.12-3) provide two different ways of evaluating the 
same integral. We dispense with the integral and utilize the right side of each equation. 
jThis provides the following theorem. 


^THEOREM 12 (Principle of the Argument) Let f(z) be analytic on a simple 
[closed contour C and analytic inside C except possibly at a finite number of poles, 
gdso, assume f(z ) has no zeros on C. Then 


-J-A c arg/(z) = N ■ 
2 % 


P, 


(6.12-9) 


here N is the total number of zeros of f(z) inside C, and P is the total number 
if poles of f(z) inside C. In each case the number of poles and zeros are counted 
Recording to their multiplicities. • 

, The preceding theorem is called the principle of the argument. We should also 
call that A c arg f(z ) in Eq. (6.12-9) is computed when C is traversed in the positive 
Egnse. This quantity can be positive, zero, or negative depending on the relative sizes 
N and P. 


PLE 1 Let /(z) = z 2 — 1, and let C be the circle 
rectriess of Eq. (6.12-9) in this case. 


1 ( = 1. Verify the 


| ution. We will use two planes, the usual z-plane and the u;-plane, the latter 
j|ving values assumed by w = /(z) as z travels around C. We write w = u + iv. 

| • 

|A few points a, b, c, ... (see Fig. 6.12-3(a)) lying on C are considered. We 
Ipune the corresponding image points a', b',... under the transformation w ~ 
i(see Table 1) and plot these points in the m-plane (see Fig. 6.12-3b). Using the 
p e points, we can quickly sketch the locus C of all the values that f(z) assumes 
■®- Notice that because /(z) = z 2 — 1 is a polynomial in z with real coefficients, 


„/ shown that a function that is not identically zero and is analytic in a bounded region, except at pole 
Plies, has a finite number of zeros in that region. See R. Boas, Invitation to Complex Analysis (New 
Nidom House, 1987), p. 105, 
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TABLE 1 


Point in 
z -plane z 



z 2 —1 =w 

Point in 
w -plane 

a 

2 



3 

d 

b 

1 + 

V2 + 

i 

V2 

\Fl + i( 1 + V2) 

b' 

c 

1 + 

i 

2i — 1 

d 

d 

1 - 

71 + 

i 

41 

—■s/2 + i/s /2 — 1) 

d! 

e 

0 

-1 

e' 

f 

1 + 

1 

V2 

i 

V2 

s/2 — i(l + s/2) 

f 


we have 

m = Kzj. 

For example, the values assumed by f(z) at the conjugate points b and / are complex 
conjugates of each other. Notice the relationship of the points b, b',f , and /' in 
Fig. 6.12-3. Since the curve C in the xv-plane is symmetric about the x-axis, the 
curve C’ in the wv-plane must be symmetric about the w-axis. 

We see from Fig. 6.12—3(a) and (b) that the argument of f(z) increases by 2n 
as C is negotiated in the counterclockwise direction from a to b to c ... and back to 
a again; that is, one complete counterclockwise encirclement of the origin has been 
made in the w-plane. Thus on the left in Eq. (6.12—9), we have 

A c arg/(z) _ 

2n 



Figure 6 . 12—3 



6.12 Principle of the Argument 447 


To evaluate the right side of Eq. (6.12-9), we see that f(z) = z 2 - 1 has no pole 
angularities. We have P = 0. Since (< 2 - 1) = (z - l)(z + 1), we see (compare 
ph Eq. (6.12)) that f(z) possesses two zeros, each of order (or multiplicity) 1. Only 
lie zero at z = 1 lies within C. Thus N - P = 1. The correctness of Eq. (6.12-9) 
been verified in this case. 


Verify Eq. (6.12-9), where f(z) = z/(z + l) 2 and C is the circular 


example 2 
lontour |z| = 20. 

Solution. A typical point on C is described by z = 2Qe l& (see Fig. 6.12-4). 
lie corresponding point in the w-plane is 20e ll, /(\ + 2()e l0 ) 2 . For our purposes 
Re make an excellent approximation by ignoring 1 in the denominator. Thus 

„ , 20e w 1 m 

f(z) sk-= — e~™ 

AOOe™ 20 

| ; the values of f(z) that we will encounter on C therefore lie approximately on 
fircle in the w-plane of radius 1/20. As we move around C in the positive di- 
lion, the angle 6 increases by 2n. However, the argument of f(z), which is —6, 
greases by 2n, that is. it increases by —2n. Thus Ac arg f(z) = —2n. The left side 
|q. (6.12-9) is -1. 

§Now f(z) = z/(z + l) 2 contains a zero of multiplicity 1 at the origin of the z- 
5 e. A vanishing denominator causes f(z) to have a pole of order 2 at z = — 1. Both 
lero and the pole are inside C. Thus the right side of Eq. (6.12—9) is 1 — 2 = —1. 
brmula is verified. • 

'^ment. In some texts the left side of Eq. (6.12-9) is written in a different form. 
JpC is traversed, the locus of f(z) makes one complete encirclement of the origin 
H fn-plane, then the argument of f(z) increases by 2n. Every such additional en- 
Ifpnent results in an additional contribution of 2n to the expression Ac arg f(z)- 
» on the left side of Eq. (6.12-9), Ac arg/(z)/2 n tells the net number of coun- 
rfckwise encirclements that f(z) makes about the point w = 0. 




(b) 


Figure 6.12-4 



448 Chapter 6 Residues and Their Use in Integration 


Letting 


A c arg/(z) 

2n 


be this number, we have, from Eq. (6.12 9), 

E = N-P. 


( 6 . 12 - 10 ) 


In Example 2, E = -1 since the origin in Fig. 6.12—4(b) was encircled once in the 
clockwise direction, while in Example 1 we had E = l. 


EXAMPLE 3 Use the principle of the argument to determine how many roots 
e z _ 2z = 0 has inside the circle |z| = 3. 

Solution. Mapping |z| = 3 into the w-plane by means of the transformation w = 
e z - 2-is a somewhat tedious (but not impossible) procedure if we follow the method 
employed in Example 2. For this reason, we have elected to use MATLAB to carry 
out the mapping, choosing 100 points on the circle |z| = 3. The results are shown 
in Fig 6 12—5(b), where we have chosen to indicate the images of the four points 
a, b, c, and d shown in Fig. 6.12-5(a). The same mapping can also be performed 

conveniently with the software 1 ' called f(z). 

We see that, if we move counterclockwise along |z| = 3 and encircle z — 0 once, 
then the corresponding image point encircles w = 0 twice in the positive sense. 
Since w(z) has no poles, we have, according to Eq. (6.12-10), two solutions inside 

|z| = 3. 



w = e z -2z 


Figure 6.12-5 


twe mentioned /(z) in the Introduction to this book. 
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The preceding problem illustrates the utility of the principle of the argument 
in determining whether an equation f(z) = 0 has solutions in a given region of the 
complex plane. This property is further developed in the following chapter, where 
we study the Nyquist method. 

We proved the Fundamental Theorem of Algebra in section 4.6 with the aid 
of Liouville’s theorem; i.e., we showed that the equation P(z) = 0, where P(z) = 
d n z n + a n - iz" -1 + ■ ■ ■ + ao(?i > 1, a n j=- 0), has a root in the complex plane. An 
extension of the theorem, Exercise 18 in section 4.6, shows that there are n roots. If we 
call them zi, Z2, ■ ■ ■, z n , then P(z) is a constant times (z - zi)(z - Z 2 ) ■ ■ ■ (z - z„)- 
An alternate and simple proof of the fundamental theorem, based on the principle of 
the argument, is now available to us. Using this principle, we first derive Rouche’s 
theorem (Exercise 8), from which the fundamental theorem follows (Exercise 9). 
Rouche’s theorem, by itself, is also useful in locating the roots of both algebraic and 
transcendental equations (see Exercises 10-15). 


EXERCISES 


Let f(z) be each of the following functions and take C as the circle indicated. Sketch f(z) 
in the w-plane as z moves counterclockwise around the circle. Without using the argument 
principle, determine the number of zeros and poles of f(z) inside C. Check your result by 
using the principle of the argument, Eq. (6.12-9). 

l-/(z) = z,Cis|z-2| = 3 2. f(z) = l/i 


3- f(z) = (z + l)/z, C is |z| =4 4. f(z) = 

5. f(z) = Log z, C is \z - e\ = 2 6 . 


Cis |z-2| =3 
1 


stnz 


(z 


C is 


l ) 2 

z\ = Tt /2 


C is |z| = 2 


Show that if f(z) has a pole of order p at a, then the residue of f'(z)/f(z) at a is —p. 

Hint: f(z) can be expressed as g(z)/(z — a) p , where g( a) ^ 0 and g(z) is analytic at a. 
f. Why? 

K Let f(z) and g(z) be analytic on and everywhere inside a simple closed contour C. 
; Suppose | f(z) \ > | g(z) \ on C. We will prove that f(z) and (f(z) + g(z)) have the same 
Inumber of zeros inside C. This is known as Rouche’s theorem and is a very clever result, 
lit was published by the French mathematician Eugene Rouche (1832-1910) when he 
|Was about 30 years old. He is known almost entirely for deriving this formula. 

Explain why 


A c arg/(z) 

2n 


= N f 


and 


Ac arg(/(z) + g(z)) 
2n 


= Xf+ g 


where Nf is the number of zeros of f(z) inside C and Nf +g is the number of zeros of 
I'Lfe) + g(z) inside C. 
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b) Show that 

Nf+g = argfiz) + b wg t 1 + ii) ■ 

Hint: f + g = ,f[l + g/f\. 

c) If |g|/|/| < 1 on C, explain why Ac arg[l + g/f\ = 0. 

Hint: Let u>(z) = 1 4- g/f. As z goes along C, suppose that w(z) encircles the origin 
of the w-plane. This implies that w(z) assumes a negative real value for some z. Why 
does this contradict our assumption |g|/|/| < 1 on C? 

d) Combine the results of parts (a), (b), and (c) to show that Nf = Nf i- g . 

9. Let h(z) = a n z n + a n ^iz n ~ l 4-1- aoz° be a polynomial of degree n. We will prove 

that h(z) has exactly n zeros (counted according to multiplicities) in the 2 -plane. This 
is a version of the Fundamental Theorem of Algebra, which was discussed in section 4.6 
a) Let 

/(z) = a n z n , 

g(z) = a n -iz n ~ x + a„- 2 Z n ~ 2 H-1- aiz + a 0 z°. 


Note that h = f + g. Consider a circle C of radius r > 1 centered at z = 0. Show that 
on C 

g(z) ^ |qq| + |fli| + ■ ■ ■ + \a n ~i\ 
f(z) < \a„\r 

How does this inequality indicate that for sufficiently large r we have |g(z)| < \f(z)\ 
on Cl 

b) Use Rouchd’s theorem (see Exercise 8) to argue that, for C chosen with a radius as 
just described, the number of zeros of h(z) = f(z) g(z) inside C is identical to the 
number of zeros of f(z) inside C. How many zeros (counting multiplicities) does/(z) 
have? 

10. Show that all the roots of z 4 + z 3 + 1 = 0 are inside |z| = 3/2. 

Hint: Use RouchCs theorem (Exercise 8), taking f(z) = z 4 , g(z ) = z 3 + 1- Note that 
(g(z)( £ 1 + lz| 3 . 


11. Show that all roots of the equation in Exercise 10 are outside (z| = 3/4. 

Hint: Same as above, but take /(z) = z 3 + 1. g(z) = z 4 . Note that |/(z)l > 1 — kl • 

12. In Exercises 10 and 11, we investigated the solutions of z 4 +z 3 + 1 = 0 ttnd foun 
them to lie between the circles |z| = 3/4 and |z| = 3/2. Most computational sofiw^ 
packages have a program for computing the roots of a polynomial. In MATLA 
program is called roots. Using roots or something comparable find all the roots o 
quartic equation and verify that they do lie as predicted. 

13. Use Rouche's theorem to show that 3z 2 — e z = 0 has two solutions inside |z| = ^ 


Hint: Take /(z) = 3z 2 . 

14. Use Rouche's theorem to show that 5 sinz — e z = 0 has one 


solution inside the sq 
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15. a) In Example 3 we found that the equation «?* - 2 Z = 0 has two roots inside the circle 

ki Mow that none of these roots is real. 

Hint: What is the sign of the left side of the equation at z ~ ±3? 
b) Show that if zi is a solution of the equation, then so is Zl . 

C) XsSt^ 

that lies inside the quarter-circle |z| = 3 and 0 < arg z < n/2. The necessnrv 
is simple enough to be done by hand. y a PP ln g 

16. By writing the appropriate MATLAB code, generate Fig. 6.12-5(b). 

!7. a) How many solutions does the equation = sin z have inside the circle | z | = 2 9 Use 
method of Example 3, generating the required mapping with a MATLAB program 
b) Repeat part (a) but use the circle | z | =4. 




7 

Laplace Transforms and 
Stability of Systems 


I jAplace Transforms and Their Inversion 

l assume in this chapter that the reader has some familiarity with how Laplace 
rms are used in the solution of differential equations as taught in an elementary 
We further assume that if you have any knowledge of how transforms are 
d it does not extend beyond either looking up the inverse transformation in a 
f tables or the application of a set of rales known as the Heaviside expansion 
as. You may recall that these formulas can be tedious to use as they require a 
fraction decomposition of a rational function. 

this chapter, we will learn how to use residue calculus to invert Laplace trans- 
The use of the awkward Heaviside formulas will be dispensed with entirely 
ile you will not be encouraged to throw away your tables they should be needed 
ly in unusual cases. The ability of the Symbolic Math Toolbox, supplied with 
AB, to perform Laplace transformations, and inverse transformations, also 
' traditional tables less important. Some exercises that require use of the Tool- 
U be supplied. Finally, in sections 7.3 and 7.4, we will use our knowledge of 
“ functions to determine whether the behavior of a physical system, analyzed 
tplace transforms, is stable or unstable. 

: begin by briefly reviewing and listing the basic properties of Laplace trans¬ 
it f(t) be a real or complex valued function of the real variable t. Let 
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s = a + ico be a complex variable. Then the Laplace transform of /(f), designated 
F(s), is defined as follows: 


DEFINITION (Laplace Transform) 

J r»0O 

f(t)e~ st dt. 

o 


(7.1-1) 


In general, we use lowercase letters to mean functions of t, for example, /(;) 
and g(t), and uppercase letters to denote the corresponding Laplace transforms, i n 
this case, F(s) and G(s). 

In anticipation of later work we define the integral in Eq. (7.1- 1) as follows: 


F(s) = I f{t)e st dt = lim f(t)e st dt. 

JO e— *0+ Js 

The lower limit is thus 0+; that is, t = () is approached from the right through positive 
values. For ordinary functions f(t) that are continuous at t = 0 or have jump discon¬ 
tinuities here (see section 6.9), it makes no difference whether we use lower limit 0 
or 0+. However, if f(t ) does have a severe singularity at t = 0 the choice of lower 
limit does become significant. In the present section the lower limit is chosen so as 
to exclude such singular points; the function F(s) is defined entirely in terms of f(t ) 
for t > 0. Equation (7.1-1) is then the classical definition of the Laplace transform. 

For some engineering purposes it is important to define F(s) so as to depend 
not only on the behavior of /(f) for t > 0 but also on the behavior of /(f) in a small 
interval around t = 0. This matter is treated in section 7.4, where we deal with 
singular functions of t that are not functions in the usual sense. Then we will modify 
our definition of the Laplace transform so that the lower limit of integration is 0 
Most of the results of sections 7.1 and 7.2 will be applicable in section 7.4. 

The operation on /(f) described by Eq. (7.1-1) is also written F(s) = CM 
The function of t whose Laplace transform is F(s) is written £ 1 F(s) . Thus /(ri 
E" 1 F(s) . We say that /( t) is the inverse transform ofF(s) . Just as we have an 
Eq. (7.1—1), defining the operator £, we will soon regard £ 1 as an operator e 
by an integral. 

Recall that 


£e~ bt 


- if Re s > — Re b. 

s + b 


(7.1-2) 


which is derived from 

-»oo 


Ce 


-bt 


= r 

Jo 


e~ st e~ bt dt 


lim 

f —>00 


0 —(s+b)t 




J ^oo 

e -(s+fo)< dt 
o 

1 


+ 


(S + b) • 


e ~(s+b)t “ 
— (r + b) o 


Taking s = a + ico, b = a + if, we obtain 

e -{s+b)t e -{a+o)t e -i{P+m)t 

s + b s + b 





7.1 Laplace Transforms and Their Inversion 455 


For o' + ot > 0, the preceding expression * 0 as f * oo. Putting this limit in 
Eq. (7.1-3) establishes Eq. (7.1-2). The condition a + a > 0 is equivalent to 
Re ^ > — Re b. The inverse of Eq. (7.1-2) is 

/T 1 —= t> 0. (7.1-4) 

s + b 

If necessary, the reader should consult a table to again become familiar with some 
of the common transforms and their inverses. 

p Both of the operations £ and £~ 1 satisfy the linearity property. Thus 


£[ci/i(0 + c 2 f 2 (t)] = c i£/i(0 + c 2 Cf 2 {t) = c\F\(s) + c 2 F 2 (s), (7.1-5) 

vhere ci and 02 are constants, and 

C~ l [c\Fi(s) + c 2 F 2 (s)] - cifi(t) + c 2 f 2 {t). (7.1-6) 

la function /(f) is piecewise continuous^ over every finite interval on the line t > 0 
nd if there exist real constants k, p, and T such that 


|/(f)| < ke pt for t > T, 


(7.1-7) 


l /(f) will have a Laplace transform F(s) for all s satisfying Re 5 > p. This trans- 
Ipi not only exists in the half plane Re s > p, it is an analytic function in this half 
line.* For the case where /(f) is continuous for t > 0, the proof follows in a straight- 
pward manner from Theorems 10 and 11 in section 6.11, which deal with uniformly 
hvergent improper integrals. The details are studied in Exercise 13 that follows. 
|tually, we have seen a glimmer of the gamma function in section 6.11. We should 
1 realize that T(x) defined there (see Eq. (6.11-2)) is really the Laplace transform 
Ithe function t x ~ l in the special condition 5=1. Functions satisfying Eq. (7.1-7) 
Some choice of k, p, and T are said to be of order e pt , or of exponential order. 
JThe preceding conditions are sufficient to guarantee both the existence of the 
glace transform and its analyticity for R es> p. The requirement of piecewise 
' is actually overly conservative. There are functions of order e pt , with 
■ singularities, which possess transforms that are analytic in a half-plane. 
|example, it is proved later in this section that Cl/sft = yf%/s 1 ^ 2 for a cer- 
branch of 5 I/2 . We require that Re 5 > 0. The function 1 /sfl is of exponential 
|r (one can take p = 0, k = 1, T =1); however, this function is not piecewise 
auous on the line t > 0 owing to its singularity at t = 0. 

1 any transformation procedure one needs to consider uniqueness. According to 
j-l~ l)>/(0 has only one Laplace transform F(s). It can be shown that if /(f) and 
ave the same transform F(s), then for t > 0, we can almost say that /(f) = g(t) 
' Unite nonzero interval in the variable t. We say “almost” because /(f) and 
differ at a finite number of isolated points in each interval. No statement 
|/nade concerning the relationship between /(f) and g(t) for negative f. Note 
7(0 and g(t) are both continuous for t > 0 and have the same transform F(s), 
P) = g(t) for t > 0. 


| e c °ntinuity is discussed in section 6.9. 

|Churchill, Operational Mathematics, 3rd ed. (New York: McGraw-Hill, 1972), p. 186. 
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The usefulness of Laplace transforms relates to the ease with which we may 
obtain Cdf/dt in terms of F(s) = £/(f). Taking Cdf /dt = df /dte st dt, we 
integrate by parts and obtain 


f 


°° - st df 


—dt 

dt 


7(0 


00 poo 

+ [ sf{t)e~ st dt. 
0 Jo 


If f{t) satisfies Eq. (7.1-7), then, provided Re 5 > p, e st f{t) will vanish as t 00 . 
Also e~ st f{t) equals /(0) at t = 0. The integral on the right in the preceding equation 
is by definition sF(s). Thus 


C-j- = sF(s) — /(0). 
dt 


(7.1-8) 


If /(f) has a jump discontinuity at t = 0, then df/dt will not exist at t = 0. 
However, since the Laplace transform of df/dt involves an integration only through 
positive values of t , we can still use Eq. (7.1- 8) if we replace /(0) on the right side 
by /(0+). 

The derivation of the preceding equation is valid if /(f) is of order e pl , /(f) is 
continuous for t > 0, and /'(f) is piecewise continuous in every finite interval along 
the line t > 0. 

Knowing the Laplace transform of df/dt, we can now find the transform of 
d 2 f/dt 2 in a similar way. It is given by 

C d ^r=s 2 F{s)- S f{Q)-f'{0), 

dt 2 


and in general, 

£/W(f) = s n F{s) - /^/(O) - s n - 2 f'( 0) - s n - 3 f"( 0) 


/ ( ' ,_ 1 ) ( 0 ) , 
(7.1-9) 


provided /(f) andits first, second,..., and (n - l)th derivatives are of ordered fU) 
and these same derivatives are continuous for t > 0, and./' 1 "’/) is piecewise continu- 
ous in every finite interval on the line t > 0. If f(t) or any of its first n — 1 
fail to be continuous at t = 0, it is understood that we must use the right-hand linn 

0+in the preceding equation. f , r D . 

The Laplace transform of the integral of /(f) is easily stated in terms o 
lace transform of/(f). If theLaplace transform of/(f) exists for Re/) > P - ’ 

r 1 1 , F(s) n 1_10) 

£ I f(x)dx = -£/(0 = —— • 

Jo s s 

is valid for Re j > p. A proof is presented in Exercise 21. con . 

Laplace transforms are of use in solving linear differential equations ^ 
stant coefficients and prescribed initial conditions. Such equations are ^ 
to algebraic equations involving the Laplace transform of the unknown 
The following example should serve as a reminder of the method. We sotv 

— + 2f{t) = <?" 3r for t > 0 
dt 

with the initial condition /(0) = 4. 
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FromEq. (7.1-8) we have Ldf/dt = sF(s) - 4, and from Eq. (7.1-2), Ce 3t = 
1 / (5 + 3). Employing the linearity property in Eq. (7.1- 5), we transform both sides 
of Eq. (7.1-11) and obtain 

sF(s) - 4 + 2 F(s) = 1 


We solve the preceding equation and obtain 

1 


F(s) = 


5 + 3 


+ 


(s + 3)(s + 2) 5 + 2 


To obtain /(f) = £ ' F(s), we could consult a table of transforms and their inverses 


and find that /(f) = 5e 


-it 


— e 


— 3 1 


. We easily verify that this satisfies the differential 


equation and its initial condition. 

v The preceding illustrates one potentially difficult step for the Laplace transform 
user—performing an inverse transformation to convert F{s) to the actual solution 
Often we are lucky enough to find F(s) in a table; we then read off the corres¬ 
ponding /(f). If F{s) is not listed, we must, if possible, rearrange our expression 
hto a sum of simpler terms that do appear in our table. The reader is perhaps 
familiar with a set of rules for finding C~ l F(s) when F(s) — P(s)/Q(s) and P(s) and 
Q(s) are polynomials in 5. These rules, called the Heaviside expansion formulas, are 
jased implicitly on the fact that rational expressions like P(s)/Q(s) can be written 
fs a sum of partial fractions, each of whose inverse transform is readily found/ 
Ihe technique that we introduce here for finding /(f) is rooted directly in complex 
jariable theory. It is more succinct than the Heaviside method, does not involve the 
riemorization of a set of rules, and is not limited to rational expressions. 

Typically, F(s ) defined by Eq. (7.1- 1) exists when s is confined to a half-plane 
&5 > p\ we observed earlier that F(s) is analytic in the same half plane. For exam- 
p (see Eq. (7.1-2)) Ce~ 2t = 1/(5 + 2) exists and is analytic for Re 5 > —2. The 
||alytic properties of F(s) are important as they enable us to use the tools of complex 
friable theory. 

For the moment, instead of dealing with F(s), let us use F(z) which is F(s) with 
;eplaced by z, that is, 


Hz) 


-r 

Jo 


f(t)e z dt. 


(7.1-12) 


Ippose that F(z) is analytic in the "-plane everywhere along the line x = a and 
|P e right of this line. We also make an assumption about F(z) tending to 0 as 
jr* 00 along any path in the half plane Rez > a. More precisely, there exist 
jjtive numbers m, k, and Rq so that for |z| > Rq and Re r > a, we have 


> 

m 


I£(z)l 5 ~ k 

I z\ K 


(7.1-13) 


jp°w let us apply the Cauchy integral formula to F(z) and use the closed semicir- 
| contour C shown in Fig. 7.1-1. The radius of the arc is b. For simplicity, we take 


: R. Wylie and L. C. Barrett, Advanced Engineering Mathematics, 6th ed. (New York: McGraw-Hill, 
[ e ction 10.9. 
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Figure 7.1-1 


a > 0, although an easy modification makes the discussion valid for a < 0 as well, 
We take .v as some arbitrary point within C and take Ci as the curved portion of C. 
Integrating in the direction of the arrows, we have 


F(s) = 


1 


m 


2ni Jc z — s 


d? = 


2ni 


Ja+ib Z S Jet Z 


dz 


)a+ib 
along x=a 


(7.1-14) 


Our plan is to argue that the integral over C\ tends to zero in the limit b oc. 

Let us consider an upper bound for |F(z)| /| (z — ,v)| on C\. We begin with the 
numerator. Provided b is sufficiently large, Eq. (7.1-13) provides a bound on the 
numerator |F(z)|. As shown in Fig. 7.1-1, on Ci we have |z| > b or l/|z| < l/b. 
Combining this withEq. (7.1-13), we have 


ffl 

|F(z)| < —r withzonCi. (7.1-15) 

b k 

Now we examine |z — j| on Q. 

Some careful study of Fig. 7.1-2 reveals that on C\ the minimum possible value 
of |z — s| occurs when the point z lies on the line connecting points s and a. The 
minimum value of |z — s\ is indicated and is equal to b — |,v — a\. Thus on Ci we 
have 

\z — s| > b — |s — a\. (7.1-1^) 



Figure 7.1-2 
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A triangle inequality \s — a\ <\s\ +a combined with Eq. (7.1-16) yields 

\z - j| > b - (M + a). (7.1-17) 

We will assume that b is large enough so that the right side of Eq. (7.1-17) is positive. 
.Taking the reciprocal of both sides of Eq. (7.1-17), we get 

—— <---; (7.1-18) 

[ \z - s\ b - |j| - a 

Lultiplying Eq. (7.1- 18) by Eq. (7.1-15), we obtain 

> -”-. (7.1-19) 

\z — s\ b k {b - |y| - a) 

j 

jj ow we apply the ML inequality to our integral over C i, and notice that L, the path 
sngth, is nb. Hence 

I I f F ( Z ) j.l ^ ,n 1 on) 


f 

Jci z — ■ 


dz\ < Mnb, 


(7.1-20) 


here we require that \F(z)\/\(z - T)| < M. 

' We see that M can be taken as the right side of Eq. (7.1-19). Thus Eq. (7.1-20) 


Jc, Z - s 


b k (b — |T| — a ) t>k ^ 


arly, as b oo, the right side of the equation 0. Therefore, the integral con¬ 
ed on the left also goes to zero. Finally, passing to the limit b —>■ oo in Eq. (7.1-14) 
using the result just derived for the integral on Ci, we have 


I ^ = 55 

Si a reversal of limits this becomes 


= JL f 

J a . 


a+ioo Z S 




! f a+l0C F(z) 


(7.1-21) 


E ,n the contom of integration in Eq. (7.1-21), we have z — a + iy, —oo < 
°> and dz = i dy. Using y as our parameter of integration, we obtain the fol- 
g theorem. 


E H5M 1 Let F(z) be analytic in the half-plane Re z > a. and in this region 

Satisfy 

I F(z )I < m/\z\ k 

er |z| > R(). Here k. m, and Rq are positive constants. Then if Re(.s) > a. 


i r 

F(s > = si 


1 r+°° F(a + iy) 

— - 7 - zn-dy. 

In oo - {a + iy) 


(7.1-22) 
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The preceding theorem is not limited to functions F(z) that are Laplace 
transforms but is applicable to any function satisfying the condrtions stated. above 
However, we will use the theorem to establish an integral expression that will yield 

0 some p. Then its Laplace transform F(s) is 

analytic for Re r > p. Taking a > p, we will show that 

/(0 = ^ F( S )e st d S , (7.1-23) 

271 1 Jfl—[OO 

where the integration is performed in the complex j-plane, along a vertical line to 

the jfprove Eq^l-23), we take the Laplace transform of /(f) as defined by this 
formula and show that F(s) under the integral sign is recovered. 

First, we put.v=<r + to on the right in the preceding equation, and we set u = a 
on the contour of integration. Thus ds = i dm and we have 

f( t ) = _L f + F(a + im)e {a+,a)t dm. (7.1-24) 

2.71 J — OO 

The Laplace transform of the above is 

1 /-»0O f-CXD . . 

£f(t) = l. f e ~ st \ F(a + im)e (fl+1 “ ), dmdt 

2 u Jo J—oo 

= _L (°° f +C ° e -^ a >F(a + im)e^dmdt. 

2 u Jo J—OO 

We wish to change the order of integration in the preceding double integral Let 
the following conditions be true: Res > a and I F(a + im)\dm exists, i 

both these satisfied it is not hard to show that the absolute value 
e -(s-aF F (a + im)e im is integrate first from ® = -oo to co - oo and“ 
t = o t0 t = oo. It can then be shown that this is sufficient to guarantee the e 
of this double integral and to permit us to reverse the order of integration 
Assuming that these conditions are satisfied, we have 

■+O0 




-st e (a+im)t 


dm. 


(7.1 


The inner integral is simply the Laplace transform of e , which a ^T jo) = 
_ m i ow u — —r, — Thus for Re j > —Re( a ' 


aiJLll^iy Ulu muHiuvv -- 

evaluated (Eq7 (7.1-2)). Here b = -a - im. Thus for Re s > - Re L 
the integral in brackets is \/(s — a — im). With this resu t we ave 


25) 


msiy 

rstf, 


i r +OQ 
£/w = 277 .Loo 


E^Ldw. 


0- 


1 - 2 © 


■ — (a A- im1 


fThe problem of justifying the reversal of the order of integration in an improper double 


Wesley, 1974), Chapter 14, 
1959), pp. 479^-92. 


the oraei oi inicginLiun m mi nu^iu^i ~~~— - M/V 

owing: f. Apostol, Mathematical Analysis, 2nd ed. (Reading j 

and J Pierpont. The Theory of Functions of Real Variables (New 
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Putting y in place of at in the preceding, studying Theorem 1, and assuming its 
requirements to be satisfied, we see that the right side of Eq. (7.1-26) is simply the 
desired F(s). Notice that we assumed one of the requirements of the theorem, 
Re s > a, to justify a swap in the order of a double integration. Summarizing 
Eq. (7.1-23) and its derivation, we have the following. 


THEOREM 2 (Laplace Inversion Formula) Let F(s) be a function analytic 
in the half-plane Re ,v > a of the complex ,v-plane. Assume that there exist positive 
constants m, Ro, and k such that j F(s) j < m/\s\ k when jv| > R 0 in this half plane. 
Then there is a function /(f) whose Laplace transform is F(s), and it is given by 

••a+too 


m 


i r a+l 

= C~ 1 F(s) = ~ 

Ja—io 


F(s)e st ds> 


(7.1-27) 


The integration is performed along the straight line Re s == a or along any other 
contour into which this line can legally be changed (see Fig. 7.1-3) by the principle 
bf path independence. The preceding equation is also called the Bromwich integral 
formula A • 

Komment. Our derivation of Theorem 2 presupposes the existence of 

| F(a + ico)\dco. A more sophisticated analysis than the one presented here 

shows this to be unnecessarily restrictive,* and we will ignore this requirement. This 
inalysis also shows that if F(s) is the Laplace transform of a function of t having 
i jump discontinuity at some point, say, fo > 0, then the function of time produced 
jy the right side of Eq. (7.1-27) will, when evaluated at fo, yield the average of 
|e right and left hand limits of /(f) at f 0 , i.e., (l/2)[/(fo+) + /(fo—)]. If fo = 0, 
j|e equation yields (l/2)/(0+). If there is any question as to the validity of using 
fe - (7.1-27) in obtaining /(f) from F(s), we can justify ourselves by taking the 



Singularities of 
F(s) * 



Original 

contour 


A valid 

alternative 

contour 


Figure 7.1-3 


HP for Thomas J. Bromwich (1875-1929), an Englishman and Fellow of the Royal Society, one of the 
jg >w n teachers of mathematics of his era at Cambridge University. He is also known for Bromwich’s 
jg or solving the source-free Maxwell equations. 

|g-. R. V. Churchill, Operational Mathematics, 3rd ed- (New York: McGraw-Hill, 1972), Chapter 6. 
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Laplace transformation of the function of t obtained from this equation and1 ven- 
f in? that the given F(s) is obtained. In certain cases the integral in Eq. (7.1 27) 
Jill be found to exist only as a Cauchy principal value. Thus the integral must be 

defined as 

i pa+ib 

lim -—: I F(s)e xt ds, 

£>->oo 2ni Ja—ib 

h it is this evaluation that we shall use. The definition of F(s) used in Eq. (7.1-1) 
^mloys only /(f) defined for t > 0; we thus assume f > 0 ,n applying Eq. (7.1-27). 
InExercise 30, we show that the function f(t) obtained from the Bromwich integral 

iS Z Tn alternate derivation of the Bromwich integral, which exploits the properties 
of the Fourier transform and its inverse (see section 6.9), is developed in Exercise 29. 

The function F(s) is typically defined and analytic throughout some right 
half-space of the complex .-plane, and the analytic continuation of F(s) into the 
rpmainder of this plane is often such that the Bromwich integral is evaluated by 
Sues For example, suppose we must find £-1/(. + l) 2 without a table of 
transforms. We have, from Eq. (7.1 27), 


Y r-a+ioo 

m = ^ 

2m Ja—ioo 


-ds, 


(s + l ) 2 

where, because of the pole of 1 / (. + l) 2 at-1, we require a > 

To evaluate our integral, we consider the contour C in Fig. 7.1-4, which consists 
of the straight line extending from co = -R to w = R and the semicircular arc i 
on which |j| = R- We have 

1 C iR eSt a j. 1 f ^ ds (7.1-28) 

^-2^iLi7TW ds + ^k " 


1 


-£ 


2niJc (. + 1) 2 ““ 27ciJ_«(j + l) 2 “ U ' 27ciJ Cl (J+ 1 ) 2 

The integral on the left, taken around the closed contour C, is readily evalua 
residues as follows: 


2ni 

2ni 


Res 




I ?’" 1 


d 

= lim —~e 

s->-i ds 


,St _ 


te 


(7.1-29) 



rAnalytic continuation is discussed in section 5.7. 
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Passing to the limit R oo in Eq. (7.1-28), we see that the first integral on the right 
is now taken along the entire imaginary axis. One can easily show that as R oo 
the integral over the arc C\ tends to zero whenever t > 0. The details, which involve 
the ML inequality, can be supplied by the reader. 

Thus, letting R ^ oo in Eq. (7.1-28) and using Eq. (7.1-29), we have 


te 


— t 


= 2- f 

2m J_ 


' I '°° e st ds 


ico {s + l ) 2 

On the right we have a Bromwich integral for the evaluation of C~ l 1/( v + |) 2 . Thus 
= C 1 1/b + l) 2 , which tables of transforms confirm as being correct. 


te 


i The procedure just used should be generalized to permit inversion of a variety 

'of transforms. We will therefore prove the following theorem. 


THEOREM 3 (Inverse Laplace Transform of Function with Poles) Let F(s) 
pe analytic in the .v-plane except for a finite number of poles that lie to the left of 
|j)me vertical line Re s = a. Suppose there exist positive constants m, R 0 , and k 
such that for all s lying in the half-plane Re .v < a, and satisfying .v > R (h W e have 
W(s)\ — m/\s\ k . Then for t > 0, 


^ lp ( s ) = X Res [ F 0K*] at a H poles of F(s). 


(7.1-30) 


I Theorem 3 requires that ultimately F(s) falls off at least as rapidly as m/\s\ k 
gen ^ lies in a certain half space. 

I The proof proceeds as follows: Consider (^) £ F( s )e st ds taken around the 
ftour C shown in Fig. 7.1-5. We choose R greater than R 0 of the theorem, and a 

Ill.fincon n/v i. .-.11 1 r' v—r /* \ * 


giuuici mail i 

n . ? tha ! aU poles of are inside C. Recall that e* is an entire function. 


iP residue calculus we have 

~§ c F(s )e - ds 


X Res [F( 5 ) g «] at all poles of F(s). 


(7.1-31) 



Figure 7.1-5 
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We now rewrite the integral around C in terms of integrals along the straight segment 
and the various arcs. Thus 



where as shown in Fig. 7.1- 5, C\ extends from a + ib to iR, Ci goes from iR to - J?, 
etc. Our goal is to let R -> oo and argue that the integrals taken over Ci, C 2 , C 3 , C 4 
become zero. The first integral on the right in Eq. (7.1-32) becomes the Bromwich 
integral in this limit while the left-hand side of Eq. (7.1- 32) is found from residues. 

Let us consider h , the integral over C\. We make a switch to polar variables so 
that j = Re w , ds = Re w i dQ, and obtain 



where we have put e Ru ‘ l ° = e R ‘ (cm,l+i ™ 0) . We now use the inequality, shown in 
Eq. (4.2-18); it is rewritten here with different variables: 



if 02 > 0\ 


and u{0) is any integrable function. We can thus assert that 



Now, |i| = 1 and \e 1Rl sin " = 1. Further, e lKcos0 is positive, and its magnitude signs 
can be dropped from inside the integral. Thus 

i rn/l 

| 7l |<_L I F(Re ie )\e Rtcose Rd6. 

2 n J ^ 


Since, by hypothesis, \F(Re l ®)\ < m/\s\ k = m/R k , then 


|/il < 


1 r 71 / 2 m 

2n X R k 


e Rt cos e Rd o = 


m 


2nR k - 


rn/2 

T 1 


Rt cos 9 


dQ. 


(7-1- 


-33) 


As 6 varies from i b to n/2, e Rtcos ® becomes progressively smaller. Thus,^ c0S 
interval of integration, e Rl cosW < e Rtcos ■ We can substitute e tco y.l 

Eq. (7.1- 33) and preserve the inequality there. Note that R cos ij/ = a( seeFig- 
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°r ^ ~ cos 1 (a/R). Rewriting the far right side of Eq. (7.1-33), we have 
1 m r 71 !^ 


|/il < 


27t R k 


n r 71 ' 1 

^ Jcos 


(a/R) 


„at ja 1 meat \ n -i a 

e dv = — - — cos — 

2ttR*-i l2 R 


and, because 


we have 


7t 


- - cos 1 -- = sin 

^ Tv 


a 


-l 


a 

R' 


I/ll 5 -3--^-^ sin- 1 -. 
2n R k ~ l R 


|Now, we will use the inequality 


sin 1 p < —p if 0 < p < 1. 


(7.1-34) 


(7.1-35) 


he validity of this is demonstrated if we sketch sin~ 1 p and (n/2)p over 0 < p < 1. 
Pius, with p = a/R, we have, by combining Eqs. (7.1-34) and (7.1-35) 

|/!| < -1 J0_ e a t ™ = rnf_ 

2n R k ~ l 2 R 4 R k ‘ 

s R oo, the expression on the right -> 0. Thus, h must approach the same limit. 
Now I 2 , the integral over C 2 , will be treated in a similar fashion. 

h = ^~. f F(Re w )e tReW iRe ie d6 and 
Jn/2 

*n 


\h\ < 


l r n 


„Rt cos 9 


\F(Re w )\Rdd. 


Ince \F(re' e )\ < m/R k , we have 


\h\ < 


1 m 


r 

T ., 

Jn . 


„Rt cos 9 


dd. 


(7.1-36) 


2n F k ' - Jn/2 

t tCh of cos ^ and 1 - (2 /n)0 shows that cos 6 < 1 - (2/n)d for n/2 < 6 < n. 


(7.1-37) 


gRtcosO < e R,(l-(2/n)g) for |< 057c _ 

|btning the inequalities in Eqs. (7.1-37) and (7.1-36), we get 

Iteafs t°S, Z have* ^ o’ - *-">• 

1 argument much like the one just presented shows that as R ^ oo the integral 

I one'l l f 7 ' V (S6e Fig \ 7 - 1_ 5) g06S t0 Zera Flnall >’ a discussion much 

i in p 8 ^, 7 ' l* 6 mtegral 0ver Cl) can be used t0 ^ow that the integral 

* m fcq. (7.1- 32) becomes zero as R —»• oo. 
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If/? ^ oo in Eq. (7.1-32) with a kept constant, then b must also become infinite. 
Passing to this limit and using the limiting values of all integrals, we have 

1 £ 1 ra+iao 

lim — ( 1 > F(s)e st ds = — F(s)e st ds. (7.1-38) 

R-+oo L%IxJC Zlll ua — ioo 

Since Eq. (7.1-31) is still valid as R -> oo, it can be used to replace the integral on 
the left side of Eq. (7.1-38) with the result that 

1 r*a-\-iOO 

V Res [F(y)e s( ] at all poles of F{s) = — F(s)e st ds. 

Z-J ZUl Ja — loQ 

The right-hand side of this equation is C~ l F(s), and so we have proved the theo¬ 
rem under discussion. Note that we derived the theorem by assuming t > 0. Equa¬ 
tion (7.1-30) must not be applied for t < 0. Indeed (see Exercise 30), if we evaluate 
the Bromwich integral using residues we obtain a function of t that is zero for t < 0. 
If we agree to require that /(f) = 0 for t < 0, then we may employ Theorem 3 for 
both t > 0 and t < 0. 

Let F{s) — P/Q, where P and Q are polynomials in s whose degrees are n and Z, 
respectively, with l > n. Then \F(s)\ < c/|y| /_ " for large .v|, where c is a constant 
(see Exercise 37, section 6.5). 

The conditions of the theorem are satisfied, and /(f) can be found. 


EXAMPLE 1 Find 


CP 


1 

(y —2)(y+l)2 


= Ab¬ 


solution. With F(s)e st = e sl /[(.v - 2)(s + l) 2 ], we use Eq. (7.1-30) recognizing 
that this function has poles at s = 2 and s = — 1. Thus 


/(f) = Res 


(y-2 )(y+l/ 


Res 


(y-2)(y+l)2 


The first residue is easily found to be e 2t /9 while the second, which involves a pole 
of second order, is 


d (s+l) 2 e st (s-2)f s (e st )-e st -3te ‘ - e ^ 

*->-i ds (s — 2)(s + l) 2 *->-i (y — 2) 2 9 

Notice that the expression te 1 arises when we differentiate e st with respect tos. Th 
summing residues, we obtain 


CP 


1 


te 


{s - 2 )(S + 1)2 9 3 9 ' 

A common problem in engineering is to obtain the inverse Laplace tr ^ jgj 
of a function F(s) = (P(s)/Q(s))e s \ where P and Q are polynomials in / 
positive real. The technique used in the previous problem does not apply- 
is inapplicable because e~ sx is unbounded in any half-plane Re s < a. We caI1I ^ ce 
constants m and k such that | F(s) \ < m/\s\ k . However, if the degree of Q e 
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that of P we can use Theorem 3 to find C 1 ( P(s)/Q(s )). It is shown in Exercise 15 
how C~ l (P(s)/Q(s)) e - sx is now easily found from ( P(s)/Q(s )). 

If we must find £~ l F(s) where F(s) contains an infinite number of poles, Theo¬ 
rem 3 is again inapplicable. However, as shown in Exercise 35, we are often justified 
in still using Eq. (7.1-30) to obtain f(t) provided that we evaluate the infinite sum¬ 
mation of all the residues of F(s)e st . 

When, however, F(s) is defined by means of a branch cut, then a summation 
of residues or a Heaviside formula will not yield f(t). Instead we must return to 
the Bromwich integral (see Eq. (7.1-27)) and deform the path of integration into 
Isome other valid contour in the .v-plane along which the integration is more easily 
performed. An example follows. 


EXAMPLE 2 Find C 1 (1 Is x ' 2 ) by means of the Bromwich integral. 
Solution. From Eq. (7.1-27) we find that 


__ i _ i r a+i0 ° l 

S 1/2 2ni Ja-ioo ‘S' 1/2<: 


ds. 


(7.1-39) 


lie vertical line s = a must be chosen to lie to the right of all singularities of 1 /s 1 ^ 2 . 
Bow \/s x ! 2 is a multivalued function. A single-valued branch can be established 
jy means of a branch cut extending from the origin to infinity. A branch specified by 
Shut along the path Im s = 0, Re s < 0 will be used. When s assumes positive real 
Hues, we will take s = */s > 0. The path of integration can now be chosen as the 
Ifrtical fine Re s = a > 0 shown in Fig. 7.1-6. To evaluate Eq. (7.1-39) along this 
■e we first consider (Aii) o st /s x ^ 2 ds taken around the closed contour C shown 

|Fig. 7.1-7. As e st js x ! 2 is analytic on and inside C, we have ^ e st /s x ^ 2 ds — 
|fhis integral is rewritten in terms of integrations taken along the various portions 
IP- We have 

pa+ib 


along Re s=a 


fcf ■ 


e st J 

i 

r e st 

i 

r e 

e ut 

~r^ds + 


—- 

-ds A - 

- 

— xdo 

sV 2 

2ni 

Jc^ 2 ni 

a 1 / 2 





above cut 


e st 

1 

r~ R 

e at 

i r 

e st 

—r^ds + 



——-da A -1 

——7— ds ■■ 

^V 2 

2 ni 

J-s 

CT l/2 

2ni J c . 

2 s 1 ! 2 



below cut 






0)1 


a + 






‘ Re .s = a 


Branch cut 








1 

a 

CT 




! 

! 

a - i<x> 



0, (7.1-40) 


Figure 7.1-6 
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Figure 7.1-7 


where C\ is the circular arc extending from a + ib to — R, while C 2 is the circular arc 
extending from — R to a — ib. For the integrals along the straight lines that are above 
and below the branch cuts we recognize that s = a. Because 1 / s { ' 7 has a branch point 
singularity at s = 0, we make a circular detour of radius e around This point. 

We now consider the limiting values of the integrals along arcs Ci and C 2 as 
the radius R -> 00 . Referring to the derivation of Eq. (7.1-30) and to Fig. 7.1-5, 
we find that the discussion used there to justify setting the integrals over C\,C 2 , C 3 , 
and C 4 to zero as R ■—> oc can be applied directly to the present problem. Thus, as 
R — 00 , the integrals over C 1 and C 2 in Eq. (7.1-40) become zero. 

We study now the integral in Eq. (7.1-40) that is taken around |y| = e. We 
make our usual switch to polar coordinates y = ee 10 , ds — ee l0 i dd, s 1 ,/2 = y/se 1 ^ 1 , 
and so 


1 

2 ni 


M 2 d6. 


As s 
As s 


r _ J_ r~ n e EteW se id id6 _ Je p 71 

i J|s|=£ y 1 / 2 2 ni J n yjl.e m 2n J K e 

0 , file integral on the far right is bounded and its coefficient yfe/2n ^ 
0, the right side of the preceding equation -» 0. We thus have 


lim 


>0 2 ni 


|i|=e-r 


1/2 


ds = 0 . 


Along the top edge of the branch cut in Fig. 7.1-7 y 1 / 2 = cr 1 ^ 2 is the s tjuare ^^3 
of a negative real variable. The correct value of this multivalued expressiop ^ 
be established. By assumption, yh 2 j s a positive real number for any s lyhp 
positive real axis. Here arg y 172 = 0. As we proceed to file top side of th® 
cut, argx increases by n (see Fig. 7.1-8). Thus arg y 1/2 increases iron 1 
Hence, when s is a negative real number and lies on the top of the cut, 
argy 1 / 2 = n/2, which implies that a lf2 = i^f\cr\ = iyf^a. ^J/i 

A similar discussion shows that along the bottom of the branch CLt _^ 

Note from Fig. 7.1-7 that as R 00 , with a fixed, we have b ■ 


mg to the limits R 


do, e 


0 in Eq. (7.1 - 40) and using the limiting 


valu 6 1 
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Top Branch cut 

~^\s m positive^realhere 

Bottom 



Figure 7.1-8 


^integrals, we obtain 

>a+ioo gif 


2 ni 


na+io o g if IT 0 e at 1 T' 

I Ja-ioc s 1 ! 2 ds + 2 ni J_oo + 2717 Jo 


~W~a 


-.da = 0. 


(7.1-41) 

rhe second and third integrals on the left are equal and can be combined into 
-(1/ 7 i) y/—a)da. Thus Eq. (7.1-41) becomes 

■»0 „<Jt 


1 r a+,0 ° e st 1 r v e at 

2ld Jloo S^i 2 71 d — oc -/~~C 


:d<7. 


ie left side of this equation is the desired £ _1 (1/,? 1/ ' 2 ). The integral on the right 
l be somewhat simplified with the change of variables x = /—a, x 2 = - <r, 
dx — —da. Thus 

£ -iJL = 2 r e -* dx 
S V 2 71 Jo 

?. right-hand side here contains a well-known definite integral. From Exercise 29, 


lion 6.6, we find that J Q 


e d.x = (\/2)sJnft, which 


means 


r - 1 _- 

iV i/2 


-Jnt 


lalso 


r-L = 2^5 
S * 1/2 ' 

|ast result can be verified when s is positive real if we use the definition of the 
Ip 6 transform, Eq. (7.1- 1), make the change of variable x 2 — t, and again use 
|nnula in Exercise 29, section 6.6. • 


INCISES 



pdues to find the inverse Laplace transforms of the following functions for t > 0. Your 
s should be real functions of t. Take a ^ 0 and b 0 as real, a ■£. b. 


2 . 


(s — a)(s + b ) 


3. — 


(v + a ) 2 


4 . 


(s + a)-(s + b) 

(continued) 
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(, continued ) 


y 2 + a 2 


^ 9 ~ 7T7TI 


y 2 + a 2 


10. 


(y+l ) 4 


1 8 __!_ 

(y 2 + a 2 ) 2 (J 2 + « 2 )C * 2 + b 2 ) 

11. —, n > 1, integer 
s n 


12. a) Consider Example 2. where /(f) = Using the operation laplace in the MATLAB 
Symbolic Mathematics Toolbox show that F(s) - ^ is obtained. 

b) Apply the MATLAB operation ilaplace to the preceding F(s) to show that the given 
/(f) is obtained. 

c) Find the inverse Laplace transform of the function in Exercise 3 by using ilaplace. 

d) Repeat part (c) but use F(s) in Exercise 11. 

13 Let /(f) be a function that is continuous for t > 0 and assume there exist real constants 
k p and T such that for t > T, we have |/(f)| < kef*. We can prove that /(f) will have 
a Laplace transform, F(s), for Re(y) > p, and that the transform is analytic m this half 
space. To begin, refer to Theorems 10 and 11 in Section 6.11. Note that /(f) m the present 
problem is not f(z, t) of the theorems. From the definition of the Laplace transform (see 
Eq. (7.1-1)), we see that to apply Theorems 10 and 11 we must regard f(z, t) as f(t)e zl , 

where z is to be set equal to the variable y. 

Assume that /(f) has the properties stated in the first sentence above. Let y lie in the 
closed bounded region R satisfying a < Re(y) < P, | Im(y)| < y, where p < a, p > a, 
and y is positive. Let us consider a function M(i) defined as follows: for 0 < t < T 
M(t) = |/(f)[e ,a|r ; for t>T, we take M(t) = ke p ‘e xt . Show that the integral 
C°° M(t)dt converges and explain, using Theorem 11, how this establishes the exis¬ 
tence of F(s) and its analyticity in R. Note that we can increase p and y without bound 
in this proof. 

14. Let F(s) = P(s)/Q(s), where P and Q are polynomials in j, the degree of Q exceeding 
that of P. . 

a) Suppose that Q(s) = C(s — «i)(^ — o-i) ■ ■ ■ {s — a n ), where aj /= au if j j= k- 
constant. Thus Q(s) has only first-order zeros. Show using residues that 


/(f) = C~ l F(s) 


y £QL e “j‘ 

U 2 '(«;) 


This is the most elementary of the Heaviside formulas and is usually derived from 
partial fraction expansion of F(s). 
b) Use the formula derived in part (a) to solve Exercise 1 above. 

15. Recall (see section 2.2) the unit step function 


K(f)=0, f <0; u(t) = L f >0. 

Thus if t > 0, then f(t - i)u(t - t) is identical in shape to the function 
is displaced t units to the right along the f-axis. Let £[f(t)u(t)] = £[fv) 
show by using Eq. (7.1- 1) that 

£[f(t — r)u(t — t)] = e~ ST F(s), r > 0. 
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Thus, conversely, 


C~ l [e n F(s)] = u(t - r)f(t - t), t > 0. (7.1-42b) 


Use the result of Exercise 15 and Theorem 3 to find the inverse Laplace transforms of the 
following functions: 


-2 s 


16. 


s 2 + 1 


17. -— 


-3 s 


18. 


(s 2 + l)(.y 2 + 4) 


19. 


(s 2 + b 2 ) 2 ’ 


a > 0, b > 0 


20. Let /(f) — 0 for t < 1 and /(f) _ 1 for f > 1. This function has a jump discontinuity 
at f = 1. Use Eq. (7.1- 1) to verify that £/(f) = e~ s /s = F(s). Show for this F(s) that 
the Bromwich integral (see Eq. (7.1- 27)) evaluated as a Cauchy principal value has the 
j value 1/2 when f = 1. Thus the inverse of F(s) yields, at the jump t = 1 the average 
; (l/2)[/(l+) + /(l —)]. 

| Hint: Consider (1/2 tu) 1 /sds, a > 0, taken along Re(s') = a. Evaluate, and let 

I b —>- oo in your result. 

|i. a) Let /(f) = J‘ g(t')dt'. Recall the fundamental theorem of real integral calculus and 
use Eq. (7.1-8) to show that 


Cg(t) = sC f g(t')dt 
Jo 


from which we obtain £ fg g(t')dt' = G(s)/s. 

p) the preceding result and the transform £1 = l/s, find £f. Finally, extend this 

procedure to find £f", n > 0 is an integer. 

| For the series L, C, R circuit shown in Fig. 7.1—9 the charge on the capacitor for time 
1 ~ 0 is <7(0 coulombs. The switch is open for f < 0 and closed for f > 0. When the 
I switch is closed the capacitor C contains an initial charge q 0 . After the switch is closed 
> the charge on the capacitor is 


9(0 = 90+1 i(t')dt\ t > 0, 

Jo 

phere i(t') is the current in the circuit. From Kirchhoff's voltage law, when f > 0, the 
of the voltage drops around the three elements must be zero. The voltages across the 



q{t) = charge 


Figure 7.1-9 



1 
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Figure 7.1-10(a) Figure 7.1-10(b) 


inductor L, capacitor C, and the resistor R are, respectively, Ldi/dt, q(t)/C, i(t)R. Thus 

0 = L— + — qo+ f KOdt' + i(t)R. 
dt C Jo 

From physical considerations we also require that f(0) = 0 and that /(f) be a continuous 

function. 

a) Show that 


C\Ls 2 + R s+ -J 

Hint: Transform the preceding integrodifferential equation. Recall that C\ = 

Eq. (7.1-2), with f> = 0; also use Eqs. (7.1-10) and (7.1 8)). i 

b) Use residues to find i(t) for t > 0. Consider three separate cases: J 


(i) R > 2 


(ii) R <2 


Describe the qualitative differences m your results. Th - s ^ location <d 

damped, underdamped , and critically damped. How, m each , j 

order of the poles of J(s) related to the type of damping. ^ Q and ft*j 

23. Let f(f) be a function defined for 0 < t < T, and let /(')_= 0 ” > /(t - 

t > T. The periodic extension of this function for t> is g( «sform^’J 

fc,»,ed in fig, 7.l-KX,, and (b). Shb.- if/W “ ^ 1 

p(t) has transform G(s) = F(s)/(l e )■ 

Hint: /(f - T) has Laplace transform e~ sT F{s)^x j»rcise , ^ 

form e~ 2sT F(s), etc. Thus Cg{t) = F(s)[ 1 + e + e . > id? fl 

brackets. What restriction applies to j for your su mmation 

g 

below are as follows: 

24. (see Fig. 7.1-11) G{s) = - tanhf—J 
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Qiitinued) 

(see Fig. 7.1-12) G(s) = 

| 

|.(see Fig. 7.1-13) G(s) = 


-sT/2 


s 2 T Issinh^) 
nT l _(sT\ 

TV^? c0,h Wl 


figure 7.1- 14 illustrates a mechanical problem whose solution requires coupled differ- 
sntial equations. A pair of masses m\ and m 2 lie on a perfectly smooth surface and are 
bparated by the three identical springs having elastic constant k. Mass m\ is located by 
ie coordinate x\, and mass m 2 is located by the coordinate X 2 . These coordinates are 
Measured from the equilibrium configuration of the system, that is, with mi at xi = 0 
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Fixed 

wall 



^ Fixed 
' wall 


Figure 7.1-14 


the motion of these masses, as a function of time, is governed by the following pair of 
coupled d ifferential equations: 


mi 


d 2 Xi 

dt 2 


= — 2 kxi + kx 2 , 



= kx\ — 2kx2, 


where x\(t) and x 2 {t) are continuous functions. 

a) Suppose k = l,mi = l,m 2 = 2,dxi/dt = dx 2 /dt = Oat t = 0,xi(0) = l,x 2 (0) = 
0. Take the Laplace transform of the above differential equations and obtain the 
simultaneous algebraic equations 

j 2 Xi(j)-s = -2X 1 (j) + X 2 (j), 

2 s 2 X 2 (s) = Xi(s) - 2X 2 (s). 

b) Solve the equations derived in part (a) for Xi(V) and X 2 (s). 

c) Use the method of residues to obtain X\{t) and x 2 (t) for t > 0. 

28. A pair of electrical circuits are coupled by means of a transformer having mutual induc¬ 
tance M and self-inductances L\ and L 2 (see Fig. 7.1—15). If these terms are unfamiliar, 
see any standard textbook on electric circuits. One can show that the time-varying con¬ 
stants n(t) and i 2 {t) circulating around the left- and right-hand circuits in the directions 
shown satisfy the differential equations 

di\ dii di\ T di2 

oi(f) = Riii{t) + L i-^- 0 = M— + ^2U + ^2 df ■ 

a) Perform a Laplace transformation on these equations and obtain a pair of s i mu ^ n ^°g 
algebraic equations for 7i (.s') and/ 2 (X). Assume theinitial conditions ii(0) — 12 ( ) 

Take i>i(f) = e ~ at , t > 0, a > 0. . 

b) Assume Li = L 2 = 1, M = 0.5, Ri = 1, R 2 = 1, a = 1 . Solve the equations obtain 

in part (a) for 7i(.y) and h(s). 

c) Use residues to obtain i\{t) and 12 (f)- 



Figure 7.1-15 
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29. This exercise deals with connection between Fourier and Laplace transforms. In Chap¬ 
ter 6, we presented the Fourier transform pair 


i r + °° 

F ^) = ~ . 
271 J—OO 


/(f) = 


X +OO 

oo 


F(co)e‘ Mt dm, 


which implies 


r+oo j / r +oo \ 

f(t) = J^ 2n \J_oo (7.1-43) 

a) Suppose in the preceding equation we take /(f) = g{t)e~ at , where g(t) - 0 for t < 0. 
We must, of course, also replace /(/) on the right in Eq. (7.1-43) by g(t')e~ at '. Using 
Eq. (7.1-43), show that 


l p+oo I" poo 

g(t) = — g{t')e^ a+i0> F'd t' 

Zti J—qq v0 


e {a+i0)F dm. 


b) Make the change of variables v = a + im, where a is a real constant. Show that the 
equation derived in part (a) can be written 


1 na+ioo r poo 


e st ds. 


c) Show that the equation derived in part (b) can be written 

| pa+ioo 

8( 0 = — G(s)e st ds, 

Zm J a—ioo 

where G(s ) is the Laplace transform of g(t). Thus we have derived the Bromwich 
integral (see Eq. (7.1-27)) for the inversion of Laplace transforms. 

(Let F (s) be analytic in the v-plane in the region Res > a. Suppose there exist pos- 
i '!' vc const ants m, R 0 , and k such that in this region \F(s)\ < m/\s\ k when \s\ > R 0 
|bhow that the Bromwich integral, Eq. (7.1-27), will yield a function /(f) that is zero for 

l^wf; The derivation is similar to that for Theorem 3. Use the contour shown in 
^ ■ -16. Argue that the integral of F(s)e st on the arc goes to zero as R —> oo. 

^t/(f) anc j g( t) be functions that are zero for f < 0. Then the convolution of f(t) with 
TO. written /(f) * g(t), is defined as^ 


/(0 * §(0 — f /(I — r)g(r)dT. 
Jo 

f« easy to prove that /(f) * g(t) = g(t) * /(f).) Show that 
mt)*g{t)] = [Cf{t)][Cg(t)], 


(7.1-44) 


fnition here is consistent with the definition of the convolution given in Exercise 14 of section 6.9. 
_ given in that problem is the fundamental one, while the definition in this problem (which has 
| nuts of integration) reflects the fact that now /(f) and g{t) vanish for negative t. 
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from which it follows that 


C l [F{s)G{s)}= f{t) * g{t). 


(7.1-45) 


Hint: 


am * m] 



f(t - r)g(r)dr 


dt. 


Explain why we can write the inner integral as f(t — x)u(t — -t)g(i)dT, where u( 
is the unit step function defined in Exercise 15. Use this expression in the prece ing 
double integral and, assuming it is legal, reverse the order of integration, then emp 
Eq. (7.1-42a) in Exercise 15. 

32. By starting with the contour shown in Fig. 7.1- 17 and passing to the appropriate lim 1 
show that 

1 e kt 1 f°° e~ ul , 

r~ 1_ = -I- du, 

s l ! 2 (s — k) ~Jk n Jo Ou( u + 


where k > 0 and is the principal branch of this function. 
33. Show that 


e -b(s l/2 ) I noo e - xt sm(bOx) 2ix 

C~ l - =1-- --> 

S X JO X 

where b > 0, and s x l 2 is the principal branch. 

Hint: Take the branch cut of j as shown in Fig. 7.1-18 using s l/2 > 0 011 
real axis. Do an integraion around the contour indicated and then allow R 
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Since Re(^ 1/2 ) > 0 on the arcs of radius R, we have, for b > 0, 

-bis 1 / 2 ) 




I < 1 and 


II 

— ~ 


Thus an argument much like that leading to Eq. (7.1- 30) can be used to assert that the 
integrals over the two curves of radius R become zero as R oo. Note that as e ^ 0, 
the integral around |^| = e approaches a nonzero value. 

: Show that 


C~ 


1 


(s 2 + 1)V2 


ir 

n J-l 


■+1 jolt 


dm 


J - 1 -\Jl — m 2 

The integral on the right is J 0 (f), the Bessel function of zero order. A branch cut connecting 

' With _f definin ® ( j2 + ! ) 1/2 is shown in Fig. 7.1- 19. We take (s 2 + 1 )V 2 > 0 on the 
positive real axis. ’ 

Ultra: Recall the principle of deformation of contours (see Chapter 4). Use this concept 
|tn or er to show that ) f F{s)e s, ds taken around the inner contour in Figure 7.1-19 
||qua s this same integration performed around the closed contour C. Allow R-^oo 
■ptothat at points such as P and Q the values assumed by \/{ s 2 + l) 1 ! 2 are identical 

jri °PPosite ln S1 g n 



Figure 7.1-18 
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Figure 7.1-19 


The derivation of Eq. (7.1- 30) was based on the assumption that F(s) has a finite number 
of poles. If F(s) contains an infinite number of poles, the proof given is invalid since, as R 
goes continuously to infinity (see Fig. 7.1-5), the contour of integration will pass through 
singularities of F(s). 

However, Eq. (7.1- 30) is often still valid provided we use on the right the infinite sum of 
all the residues of F(s)e st . The justification for this procedure involves replacing the contour C 
in Fig. 7.1-5 by an infinite sequence of expanding contours C \, C /, ■ ■ ■, C n (see Fig. 7.1- 20) 
that are chosen in such a way that no contour passes through any pole of FTy). If F(s)e sl ds 
tends to zero along the curved portion of C n as n -+ 00 , then one can show that the required 
Bromwich integral along the line s = a equals the sum of all the residues of F{s)e st . This 
technique is used in the following examples. 

35. Show that 


-1 


1 


s cosh s 


= 1 + 


;Z 

n~\ 


(—1)" (2n—l)nt 
cos-. 


2 n — 1 


Hint: F(s ) = l/(ycoshy) has simple poles at s = 0 and at s = ±i{kn — n/2), k = 
1, 2, 3,.... Now consider ( 55 ) f F{s)e st ds around the closed contour C„ shown in 
Fig. 7.1-21. Evaluate this integral by summing residues at the enclosed poles. The 
radius of the arc, nn, will go to infinity through discrete values as n passes to infinity 
through the positive integers. Argue that the integral along the curved portion o 
contour goes to zero in this limit. The remaining integral, which is along the imagin 
axis (with indentations), is the Bromwich integral for /(f) and is thus evaluate^ 
the sum of the residues of F(s)e st at all poles in the complex plane. To argue^^ 
the integral along the arc tends to zero as n -* 00 it is sufficient to find a coa n 
m such that 11 / cosh y] < m is satisfied on the arc. If m is independent of n (^ ^ 
sufficiently large), the argument used for discarding the integral along the ^ 2 co 
derivation of Theorem 3 applies. To find m, recall that | cosh s | 2 = cosh " ‘ 

(see section 3.3, Exercise 19). A sketch shows that for integer n, | sin col 5 \ n1t 


The Maclaurin expansion of cosh a reveals that cosh er > 1 + <t 2 /2, which 

Use the eq’’ 


imply 


that cosh 2 cr > 1 + er 2 . Thus | coshy| 2 > 1 + cr 2 — {nn — co) 2 . Use the ec l ua ^ 
the arc in the preceding expression to show that [ coshy| 2 > 1 + 2w{nft " ^ 
show that on that portion of C n lying in the second quadrant | coshy| 2 2 ’. ^ 
1/1 coshy| < 1. Note that | coshy| = I cosh y|. Thus the constant m is estab 
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36. a) Show that 




1 

ysinhy 



(- 1 )" 

n 


sin nnt. 


Hint: The solution is similar to that used in Exercise 35. A contour like that in Pig 

7.1-21 must be used, except there are indentations at s = 0, ±in, ±i2n, _The 

radius of the arc is now nn + n/2. Notice that [ sinh s\ 2 = cosh 2 a — cos 2 co, and that 
cosh 2 a >1 + a 2 , |cosco| < \(nn + n/2) - co|. 

b) Extend the preceding result to show that 

1 f 2 (—1)" . nnt 

L -= —|— y -sm-, 

s sinh bs b n *—•\ n b 


where b is real. 


7.2 Stability—An Introduction 

One of the needs of the design engineer is to distinguish between two different kinds 
of functions of time—those that “blow up,” that is, become unbounded, and those 
that do not. We will be a bit more precise. Let us consider a function f(t) defined 
for t > 0. 


DEFINITION A function f(t ) is bounded for positive t if there exists a constant 

M such that 


1/(01 < Af for all t > 0. 


(7.2-1) 


We will usually just use the word “bounded” to describe an /(f) satisfying 
Eq. (7.2- 1). If no constant M can be found that remains larger than we will 
say that /(f) becomes unbounded. Such a function “blows up.” 

Although /(f) = l/(f — l) 2 is unbounded because of a singularity at t = 1» our 
concern here is primarily with functions that fail to satisfy Eq. (7.2-1) because they 
grow without limit as t —oo. Thus /(f) = e~‘ is bounded because this function ^ 
less than 1, but /(f) = e r is unbounded since, for sufficiently large f, it will ex ^ e ^ 
any preassigned constant. The same is true of the functions t sin t and e‘ cos t, ^ 
exhibit oscillations of steadily growing size as t increases. The main subject o 
section and the two that follow is the relationship between bounded and umboun^^ 
functions and their Laplace transforms. We will also be concerned with kno^ ^ < 
whether the response of a system (typically electrical or mechanical) is b° un 
unbounded. 

jjl 

example 1 It is easy to devise an innocent-looking physical problent ^ 
response or solution is unbounded. In Fig. 7.2-1, a mass of size m is att ^ C v , 
spring whose elasticity constant is k. The mass is subjected to a harmonical y ^ 
external force Fq cos co Q t for f > 0 . Let y be the displacement of the mass j 
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* 


F 0 cos(<UoO 


k 

-1 


/■VVN 

m 



■-► Force 


y(t) 

Figure 7.2-1 


position in which the spring exerts no force. Then if there are no frictional losses 
Newton’s second law asserts that 

, d 2 y 

+ k y ~ F o cos (co 0 t). ( 7 . 2 - 2 ) 

gfewillassnme that at t = 0, dy/dt = 0, and y(t) = 0. Taking the Laplace transform 
(>f Eq. (7.2-2), subject to the initial conditions, we have 


ms 2 Y(s) + kY(s) = F 0 - 


COn 


Y(s) = 


1 


ms 2 + k 


Fqs 


■ oj. 


'oJ 


F 0 s 


m(i 




, ldying we s ee that for ® 0 ^ Y(s) has simple poles at j = ±i(o 0 

id 5 _ ±i^fk/m. If oj 0 = yjkjm, then Y(s) has a pole of order 2 at s = ±im n In 
i^er case, we find y(t) from Eq. (7.1-30) with the result that 


I a) oj 0 ^ y —, y«=^ 


Fo 


CO 


i b ) "o 


y(t) = 


0 

Fo 


m ) 


m 


- COS(cOQt) + cos 


m 


2 M ;' sin(OJo ')' 


|iS n 2 mw C r Si m S ° f tW ° C ° Sine fUnCti ° nS While (b) is a sine function whose 

lunSd W mCreaSmg The first result is bounded. The second is 


It^to TTT foUnd " CaS6S (a) and (b) ° f Exam P le 1 h -e 

I Physical dS ° f P ° leS P ossessed by Y(s). The response y(t) of 

ami cal systems, including the one just studied, has a Laplace transform of 


Y(t) = 


P(s) 


Q(s)' 


(7.2-; 


I that <5 rr lyr T ialS in J having real coeffici ents, and the degree of 
fchtical t" assume l ^ at Y ( s ) ts an irreducible expression, that i 

lout f ° rS ° f the f0mi “ 5o) belonging to both P and Q have bee 
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From Eq. (7.1-30), we have 




f(t) = ^ Res 


m e s t 

20 ) 


at all poles. 


(7.2-4) 


The poles of P/Q occur at the values of s for which <2 O') — 0. Those roots, designated 
,V|, ,v 2 , ..., are also called the zeros of Q(s). We can write Q(.\) in the factored form 

20) = k(s - Si) Nl (s - s 2 ) N2 • • • 0 - s n ) N \ (7.2-5) 


where k is a constant. The number Nj tells the multiplicity of the root vy; it indicates 
the number of times this root is repeated. From section 5.7, we see that Nj is also 
the order of the zero of Q(x) at vy. 

If Q(x) z= 0 has a root at .v = a + ib and if this root occurs with multiplicity N, 
then e st P/Q has a pole of order N at .v = a + ib. The residue of e st P/Q at a + ib 
contributes functions of time to /(f) in Eq. (7.2-4) that can vary as 


t N ~ l e at cos(bt), t N l e at sm(bt), t N 2 e at cos(fef), 
t N ~ 2 e at sin(bt), ..., e at cos(fef), e at sin(bf). (7.2-6) 


The reader can verify this fact by direct calculation or consultation with a table. Let 
us now consider three possibilities: 


1. The root is in the right half of the .v-plane. Thus a > 0. Each of the terms in 
Eq. (7.2-6) represents an unbounded function of time of either an oscillatory 
(b / 0) or nonoscillatory (b = 0) nature. 

2. The root is in the left half of the .v-plane, which means a < 0. With a < 0 
the decay of e at with increasing t causes each term in Eq. (7.2-6) to become 
zero as t —> oo. Each term is bounded. 


3. The root of Q(x) = 0 is on the imaginary axis. This means a = 0. The terms 
contained in Eq. (7.2-6) are now of the form 


JV-l 


JV- 


1 sin(bf), 


JV-2 


cos(bf), 


(7.2-7) 


cos(7>f), 

t N ~ 2 sin(bf), ..., cos(7>f), sin(bf). 

If the root is repeated, that is, if N > 1, then the amplitude of all these os 
dilatory terms except the last two, cos(fef) and sin(fef), grow without linu 
and are therefore unbounded. If N = 1, only the bounded terms cos(fcf) an 
sin (f) are present. 

A root at the origin is a special case of a root on the imaginary axis. 
b = 0 in Eq. (7.2-7) and again find that for a repeated root there is an 
contribution to /(f) while for a nonrepeated root the contribution is bound 
simply a constant. rigW^J 

The presence of one or more unbounded contributions to /(f) on the ^ 

Eq. (7.2-4) causes /(f) to be unbounded. Our findings for possibilities 
summarized in the following theorem. 

r^F( s \ 

THEOREM 4 (Condition for Bounded /(f)) Let /( f ) o0 ts,f 
P(s)/Q(s), where P and Q are polynomials in s having no common r M 
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the egree of Q exceeds that of P. Then, /(f) is bounded if and only if Q(s) = 0 has 
no roots to the right of the imaginary axis and any roots on the imaginary axis are 
nonrepeated; in other words, if and only if poles of F(s) do not occur in the right 
hair of the '-plane and any poles on the imaginary axis are simple. # 

In case (b) of the oscillating mass problem just considered (see Example 1) 
the unbounded result was caused by the second-order poles of Y(\) lying on the 
Imaginary axis at m 0 and also at —co 0 . In case (a) the result was bounded. The poles 
jbf T(j) were simple and lay on the imaginary axis at ±ico 0 and 

I 

EXAMPLE 2 Consider 

t, 

/(f) = C 1 ^— --- 5 where /? is real. 


s 2 + ps + r 


Discuss the boundedness of /(f) for the cases ft = -\ p _ q 

Solution. We take 

P(s) 


F(s) = 


Q(s) s 2 + p s + 1 ' 


roots Sl and ,v 2 of Q(s) = 0 are found from the quadratic formula. Thus for 
srr ps 1 = u, we have 


S12 = 


jfWith /? = 1, 


J 1.2 


— 1 ± i-y/3 


te ^ ^ p0les onlyin the left plane. Thus /(f) is bounded. 


If 


s \,2 = 


1 ± i-y/3 


§th /= o aS P ° leS in the right half - plane - Thus m is unbounded. 

■ Jl,2 = ±f. 

iTieTl ^Z S,” NOW 2(I) = (I + 'X* ^ 0 . The poles of 

m y On the imaginary axis and are simple. Thus /(f) is bounded. * 

fecWcal^^ 011 ? 8 ’ and ° ften in bi ° l0gy and m^icine one deals with 
Is some kind oftSo” } !^ bjeCted t0 an input or excitation that 
§1: If the input x(t) defineH^^^n^^^ 8161118 analyst must answer this 
| ^ bounded?* f ' f > °’ 18 bounded for * > 0, will the output 

b^yS^andTM 11 ^ 6 ^ 111 6mpl ° ytransforms - The La place transforms Y(s) 

| y(f) and x(t), for the systems we will be studying are related through 
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an expression of the form 

Y(s) = G(s)X(s). (7.2-8) 

Here G(s) is known as the transfer function of the system. 1 We make the following 
definition. 


DEFINITION (Transfer Function) The transfer function of a system is that 
function that must be multiplied by the Laplace transform of the input to yield the 
Laplace transform of the output. The alternative term system function is often used. 


To see how a relationship like Eq. (7.2- 8) can arise, let us consider a system in 
which the variables x(t) and y(t) satisfy a linear differential equation with constant 
coefficients, that is, 


d n y d n l y dy 

Un W + * n ~df^ + --- + a l - + a 0 y- x(t) 


(7.2-9) 


An elementary example of such a systemis the spring and oscillating mass considered 
earlier in this section. The input is the force Fq cos coot while the output is the dis¬ 
placement of the mass y(f). 

Besides Eq. (7.2-9) we are typically given initial conditions at f = 0 for the 
function y(t) and its time derivatives. We assume here, as we do in the remainder of 
this section, that all such values are zero. This is equivalent to requiring that there 
be no energy stored in the system at t = 0. 

Taking the Laplace transform of Eq. (7.2-9) in the usual way we obtain the 
algebraic equation 


a n s n Y(s ) + a n ~\s n ^(y) + ■ ■ ■ + «oE(y) — -X(y), 


Y(s) = 


which yields 

XQO __ (7.2-10) 

a n s n + + ■ • • + ao 

Comparing Eq. (7.2-10) with Eq. (7.2-8) we see that, for the sytems described by 
the differential equation (7.2-9), the transfer function is given by 

_i_ (7.2 -h) ; 


G(y) = 


a n s n + a n -\s 


ao 


Any system in which the input and output are related by a linear differential eq j 
with constant coefficients has a corresponding transfer function. s but l 1 

Some common systems are characterized not by differential equa ^ 
integral equations or integrodifferential equations (see, for example, Exe ^ | 
this section). Here the transfer function relating output to input is not 
reciprocal of a polynomial expression in s, as in Eq. (7.2-11), but is the r ^ 
polynomials in .v. This complication also occurs in the feedback systems 


tLike X(s) and 7(s), G(s) is the Laplace transform of a function of r, as shown in section 
discussion, we do not need to know this function. 


7 A- ■ 
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jn section 7.3. To allow for such systems we will assume a transfer function of 
the form 

GW = (7.2-12) 

whore A and B are polynomials in .v. The coefficients in these polynomials are 
Invariably real numbers. Note that Eq. (7.2-11) is a special case of Eq. (7.2-12). 

| Now we return to our original question. If it is given that the input xit ) is a 
ounded function, what conditions must be imposed on the transfer function G(s) 
that the output y(t ) is a bounded function? This leads naturally to the following 
[efinition. 


§r 


IP 


(DEFINITION (Stable System) A stable system is one that produces a bounded 
lutput for every bounded input. • 

A system that is not stable will, of course, be called unstable. 

Let us study Eq. (7.2-8) for a moment: Y(s) ~ G(x)X(x). If x(t) is bounded, 
[en X(x) has no poles to the right of the imaginary axis, and any poles on the axis are 
.pie. Now, if G(s ) has all its poles lying to the left of the imaginary axis, then the 
|bduct G(s)X(s) = T(y) has no poles to the right of the imaginary axis. Whatever 
es the product GX possesses on the imaginary axis are the poles of X(s ) and 
|simple. Thus the poles of T(y) are such that y(t ) is bounded. This leads to the 
lowing theorem. 

EOREM 5 (Poles of Stable and Unstable Systems) The transfer function 
|) of a stable system has all its poles lying to the left of the imaginary x-axis. A 
l whose G (x) has one or more poles on, or to the right of, the imaginary axis 
Istable. • 

(pole of G(s) lying to the right of the imaginary .v-axis results, in general, in Y(s) 
|g such a pole. Thus y(t) will be unbounded. Now, comparing Theorems 4 and 
ksee that the conditions required for a bounded function are not quite the same 
jse required for a stable system. The transform of a bounded function can have 
m poles on the imaginary axis, while the transfer function of a stable system 
■r To see why this is so, consider Eq. (7.2- 8). If G(x) has a simple pole on the 
f y ax is and if X(x) also has a simple pole at the same location, then the product 
jjp) would have a second-order pole at this point. With T(x) now having a 
gprder pole on the imaginary axis the output y(t ) would be unbounded. For the 
|st described, a bounded output is obtained for all bounded inputs except those 
ansforms X(.v) have a simple pole coinciding with the simple pole of G'(.v) 
aaginary axis. To describe this situation, the following definition is useful. 

ION (Marginal Instability) An unstable system with a transfer func- 
|| e poles on the imaginary axis are simple and with no poles to the right of 
| S ca lled marginally unstable. • 

dally unstable systems are thus special kinds of unstable systems. The term 
jy Unstable” is not a universal one. Some authors use the form “marginally 
|I e an the same thing. 
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EXAMPLE 3 The mass-spring system considered in Example 1 is marginally 
unstable. We had 


TW = (— 2 

\ms z 


Fqs 




co, 


0' 


The first term on the right is G (s ), the second, the transformed input X(y) . Now G(y) 
has poles on the imaginary axis at s = ±iyfkjm. The poles of X(y) are at j = ±ico 0 . 

When mo = V*/™’ the P oles ofX(G are identical t0 those ofG( ' v i’ and an unb °unded 
output varying as t sin(m 0 f) occurs. For m 0 £ yfk/m, the output is bounded and varies 

with both cos (coo 0 and cos(yfk/^t). • 

EXAMPLE 4 The input x(t) and the output y(t) of a certain system are related by 

+ ) = *(,). 

dt 3 dt 2 dt 

For what real values of a and b is this a stable system? 

Solution. With all initial values taken as zero, we transform this equation and obtain 
(y 3 - as 2 + b 2 s - ab 2 )Y{s) = X{s), 

which we can rewrite as 


X(j) 


(y - a)(s 2 + b 2 )Y(s ) = X(y) or T(y) - (j _ + b 2)' 


We see that 


G(y) = 


1 


0 . 


(y - a)(s 2 + b 2 ) 

and that G(s) has simple poles at ,v = a and at y = ±ib. \fn > 0, G(y) has a pol^^ 
the right of the imaginary axis. The system is unstable. If a , ( ) , 

to the right of the imaginary axis. Now, with a < 0, assume b ^ 0. G(s)l has 
poles on the imaginary axis at ±ib. Thus the system is margmally unstable.^ ^ 
If a = 0 and b £ 0, the poles of G(y) are simple and lie on the gu 1 
at s = 0 and ±ib. The system is marginally unstable. „, a vi s ati 

If b = 0 and a ± 0, G(y) has a second-order pole on the imaginary 

The system is unstable. ^ system 

If b = 0 and a = 0, there is a third-order pole at y - 0. Thus 

unstable. theP ol6i | 

A Note on the Utility of MATLAB. Nowadays, the problem of locaQ ^ a c0 mp 
a function of y (for example, G(y) or F(s) of this cha P te ^ 1 ® S T °7 B function P z 
Here MATLAB is especially useful. For example, the MAIL , thez ef 
will show you a picture locating, in the complex plane, thfJ P°ie ke yb 

a rational function whose description can be entered from the cotop yoU . 

The MATLAB function roots will tell you the roots of any po y y 0 u 
encounter-and if roots is applied to the denominator in F(s) or 
information to establish the boundedness of a function of time or j() | 

system Some practice in using these procedures is given in Fxercu 
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EXERCISES 


Which of the functions F(s) given below have inverse Laplace transforms f(t) that are bounded 
functions of f? 

1 1 3 s 

s(s 2 + l)(.y + 2 ) (s + 1)(^ 2 + 3s + 2 ) (s 2 + l)(j — 2 ) 

■y +1 _ s — 1 „ 1 



7 .--- Hint: See Eq. (5.2-8). 

/ - s 2 - 2 


18. Let 


m = 


s + 1 


S 2 + [is + 1 


, where [i is a real number. 


a) For [i > 0 show that /(f) is bounded, and for (i < 0 show that /(f) is unbounded. 

| b) For -2 < [i < 2 show that /(f) oscillates with t. For which values of [i do the oscil¬ 
lations grow with f and for which values do they decay? 

U Assume that the expressions given in Exercises 1-7 are transfer functions G(s). In each 
|,case is the system stable or unstable? If the system is unstable, is it marginally unstable? 


Study the MATLAB function pzmap in the Control System Toolbox. Note that this 
jf function makes a plot in the complex plane of the poles and zeros of a rational function 
f like that in Eq. (7.2-12). The zeros are indicated with a small o while the poles are 
* designated with a small letter x. 

|ng pzmap, answer questions (a) through (c): 

fjuppose F(s) = ^ 4 _ 10 ir 3 l ^ 1 j2+4 ^ + - 3 . Is its inverse Laplace transform a bounded function 

|a system has transfer function G(s) = - 4 +2 ^ 2+s+ - , is the system stable? 
fepeat part b) but take G(s) = 


j 4 + 10j 3 +36j 2 +70j+75' 

fie MATLAB function roots will tell you the roots, in the complex plane, of any 
pynomial. If a transfer function is G(s) = as described in Eq. (7.2-12), then 

|can appiy roots t0 the p 0 l yn 0 m i a i b{s) to see if any roots lie in the right half-plane or 
ipe imaginary axis. Thus we can investigate the stability of the system. Using roots , 
pmine whether the system whose transfer function is 


_ 5 + 1 _ 

that ua„ u ~ 5 4 +10 s 3 +55 2 +4s+3 "" 

W y° u should check your answer with pzmap , but the close proximity of the 
I o the imaginary axis makes this a little inconvenient. 


is stable. 


Jfttginally unstable systems characterized by the following transfer functions, find a 
|pnput x(t) that will produce an unbounded output y(t). 
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13. For a certain system the output y(t) lags behind the input x(t) by T time units and is n 
times the input, that is, 

y{t) = mx(t — 7), T > 0. 

Assume x(t) = 0 for t < 0. Thus x(t - T) = 0 for t < T, and 

y(t) = mx(t — T)u(t — T), —oo < t < oo, 

where u(t) is the unit step function defined in section 2 . 2 . 

a) Show using the definition of the Laplace transform that 

Y(s) = mX(s)e~ sT . 

Hint: See Exercise 15 of the previous section. 

b) Find the transfer function of this system. This is an example of a system whose transfer 
function is not a rational function. 

c) A certain system has transfer function 


G(y) 


A(y) sT 

B{s) 



where T > 0 and A(y) /B(s) is a rational function in s. Show that this system can be 
regarded as two systems in tandem (see Fig. 7.2- 2) with the output yi ( t ) of the first 
system fed as input jq (f) to the second system. The first system has as its transfer 
function the rational expression A(s)/B(s). The output y(t ) of the second system is a 
delayed version of its input x\ (t ), i.e., y(t) = x\(t — T)u(t — T). 

d) Explain why in studying the stability of the system we can ignore the factor e ir . 

14. In Example 1 (see Fig. 7.2- 1), assume that the mass is moving through a fluid that exerts 
a retarding force on the object proportional to the velocity of motion dy/dt. Thus the 
differential equation describing the motion is now given by 


d 2 y dy ^ . 

m—- + ky + a— = x(t), m,k> 0, 
dt 1 dt 


where a > 0 is a constant, and x(t) is the external force applied to the mass. Assume t 


y = 0 and dy/dt = 0 at t = 0. 

a) Show that the transfer function relating the input x(t) and the response y(t) I s 



Figure 7.2- 2 
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b) Show that for a > 0 the system is stable and that for a = 0 the system is marginally 
unstable. 1 

(5. For the R, L circuit in Fig. 7.2-3, the input is the voltage v L (t) and the output is the 
voltage vq( t). The current is i(t). From Kirchhoff’s voltage law, we have 


Vi(t) = vo(t) + i(t)R. 
If i(0) = 0, then by Faraday’s law, 

1 

Jo 


l (0 ~ £ J" v o(t')dt'. 


Thus Vi and v 0 are related by the integral equation 

r r { 

Vi(t) = vo(t) + —• I vo(t')dt'. 
R Jo 


Show that the transfer function is 

VoW 


Ls 


F/(^) T.v -f- R 


= G(s). 


Is the system stable? Assume R and L are positive. 

|,Some electrical devices, for example, tunnel diodes, exhibit a negative electrical resis- 
itance. A certain negative resistance diode is characterized by the equivalent circuit shown 
•m the broken box (see Fig. 7.2-4). The indicated resistance R has a negative numerical 
value R d , where R d > 0. The applied voltage v(t) is a bounded excitation, while the 
Implied current n(t) is the response. Writing Kirchhoff’s voltage law around the two 



Figure 7.2-3 


-6 


1 

t i(9 


j 

< 


>R = -R d < 0 I Equivalent 
, circuit of 
^■*— a negative 
j resistance 
. diode 


Figure 7.2- 4 
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electrical meshes shown, we obtain the coupled equations 

HO = + ~ f [n(t) - 

at c Jo 

i r‘ 

0=— [i 2 (t) - n{t)]dt - iiR d . 

c Jo 

We assume that L and C are both positive. 

a) Assume all initial conditions are zero, and take the Laplace transform of this pair of 
equations. Obtain a pair of algebraic equations involving 1\ (s) and / 2 (.v). Show that 
GO) = (1 - sCR d )/[Ls{ 1 - sCR d ) - R d ] = h(s)/V(s). 

b) Examine the poles of the transfer function G(s), and show that the system is unstable 

c) Show that if R d > (^L/C)/ 2, the current i\ exhibits oscillations that grow expo¬ 
nentially in time, and that if R d < (^L/C)/ 2, the current exhibits a nonoscillatory 
exponential growth. 


7.3 The Nyquist Stability Criterion 

The Nyquist stability criterion is a special application of the principle of the argument 
that can often be used to ascertain whether a system characterized by a transfer 
function is stable. The principle of the argument was the subject of Section 6.12. 
Readers who might have skipped that topic must read it now in order to understand the 
material to be discussed here. The Nyquist method owes its name to Harry Nyquist 
(1889-1976), a Swedish-born American who in 1932 published the technique in 
connection with the investigation of the stability of amplifiers possessing feedback. 
In these devices, a fraction of the output is fed back into the input.* Modem high 
fidelity audio amplifiers possess some degree of negative feedback (a portion of the 
output opposes the input) to ensure stability and reduce noise and distortion. Positive 
feedback (some of the output aids the input) also has its use in engineering, but a 
system with positive feedback can become unstable. As noted in section 6.12, this 
might occur when the loudspeaker and the microphone in a public address system 
are allowed to come too close together. Nyquist was one of the most distinguish 
electrical engineers of the 20th century—his name is connected to a theorem 
tells how often a random signal must be sampled if it is to be completely de J 
He is known also for his work on thermal noise in electrical devices, now c 
Johnson-Nyquist noise. We begin by applying the Nyquist criterion to or 
systems without feedback, which as we know from the previous section 
unstable, and then demonstrate the criterion for feedback systems.* 


^Nyquist’s original paper on this subject is “Regenerative Theory” by H. Nyquist, Bell ,}ajis 

Journal , 11 (Jan. 1932), pp. 126-147. Regeneration was an older term for feedback, and in the e ^ 
radio (1912-1925), one spoke of regenerative radio receivers; these employed positive feedbac • 
to the IEEE History Center website, Nyquist published only 12 technical articles in his lifetime, 
that it is ultimately quality and not quantity that counts. 

l-A recent well-written book deals with the history of feedback, especially in control systems. 
Between Human and Machine: Feedback, Control and Computing before Cybernetics (Baltim 016 
kins University Press, 2002). 
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We know that if the transfer function of a system is an irreducible rational 
function of the form G(s) = A(s)/B(s), then the system is unstable if B(s) has any 
zeros in the right half-plane (abbreviated r.h.p.) Re y > 0 or on the imaginary axis 
of this plane. The Nyquist procedure involves two planes; here they are the y-plane, 
w ith real and imaginary axes a and co, and the w-plane, having axes u and v, in 
which values of B(s) are plotted. 

We use the principal of the argument to determine whether B(s) has any zeros 
in the r.h.p. We consider Ac arg B (y), where C, depicted in Fig. 7.3-1, is the closed 

[ emicircular contour of “large” radius R. The diameter of C lies on the co-axis. R is 
aken large enough so that C encloses all possible zeros of B(s) lying in the r.h.p. 
?or the moment, we postpone consideration of what happens if B(s) = 0 on the 


|naginary axis. 

; Now, beginning high on the co-axis in Fig. 7.3-1 at co = R (see “Start”), we allow 
| to become less positive, shrink to zero, become increasingly negative, and stop at 
)=-/?. While negotiating this straight line in the y-plane, we compute values of 
l?(y) = u(s) + iv(s) and plot these quantities in the yj-plane (that is, the nu-plane) 
® trace the locus of B(s). Since typically B(s) is a polynomial with real coefficients, 
is locus is symmetric about the n-axis. 

The next step involves our moving, in the direction of the arrow, along the dotted 
Itnicircular arc shown in Fig. 7.3-1. As y proceeds along here and returns to the 
|nt marked “Start,” we continue to trace the locus of B(s) in the yj-plane, Our task 
||e is easy. If B(s) is a polynomial of degree n, 

B(s) = a n s n + a n —\s n + • • • + ao- 
|the arc, s = Re !0 so that 

B(s) = a n R n e ine + an^R^e 1 ^ 9 + • • • + a 0 , 



a n R n e 


nJnO 


On —1 £ 


-10 


On—2^ 
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For arbitrarily large R the expression in the brackets can be made arbitrarily close 
to 1, and so 


B(s) 


Dfi „inO 


which means 

\B(s)\ ^ a n R n and argB(y) ^ nd. 

Thus as y moves along the arc of radius R,B(s ) is closely confined in the w-plane to 
an arc of radius a n R n . As the argument of y changes from -%/2 to %/2 along the arc 

in Fig. 7.3-1, arg.B(y) increases by ~ [nn/2 -«7t/2] = nn. Since we are letting 

p oo, we will replace % here by -=. 

The quantity Ac arg-B(y), which is the total increase in the argument of B(s) 
as the closed semicircle C is traversed, is the sum of two parts: The increase in die 
argument of B(s) as the diameter of C is negotiated, plus nn, which arises from the 
contribution along the curved path. 

The function B(s ) has no singularities. Therefore Eq. (6.12-10) becomes for our 
contour C 

Ac arg-B(y) 

— * - = N, (7.3-1) 

2n 

where N is the total number of zeros of B(s) in the r.h.p. Thus if Ac arg B(s) is 
found to be nonzero, then G{s) = A(s)/B(s) describes an unstable system. This 
determination is called the Nyquist criterion applied to polynomials, and the locus 
of B(s) employed is called a Nyquist diagram. We will soon see another kind of 
Nyquist diagram and Nyquist criterion when we look at feedback systems. 

Regarding A c arg B(s)/2n in terms of encirclements, we can state the Nyquist 
criterion for polynomials'. 

Suppose as s traverses the closed semicircle of Fig. 7.3-1, the locus ofw = B(s) 

makes, in total, a nonzero number of encirclements of w = 0 (for R —»• oo). Then 

B(s) = 0 has at least one root in the right half of the .v-plane. 

If, as s moves along the diameter of C in Fig. 7.3-1, B(s) passes through the origin in 
the in-plane, then arg B(s) becomes undefined. We cannot then compute Ac arg 
However, such an occurrence indicates that B(s) has a zero on the imaginary axis 
the v-plane. Since G(s) — A(s)/B{s) has a pole on the imaginary axis, the syst e ® 
in question is unstable. As we have seen in the previous section, the instability 
marginal if the pole is simple. 


EXAMPLE 1 Discuss the stability of the system whose transfer function is 

s + 1 


G(s) = 


y 3 + s 2 + 9 s + 4 


Solution. We must see whether B(s) = 


9y + 4 has any zeros in 


the r.b- 


- -****%,,*. j y UIUj U o vU WllL/UIWi } - A I A T S* I ^ -fartOJ 

We might, of course, look up in a handbook the slightly tedious formula f° r ^ 
a cubic equation, but the method presented here has an advantage in not being 
to cubics. If y lies on the co-axis, we have y = ho. Thus 

B(s) = u + iv = —ico 3 — co 2 + 9/co 


■4, 




which implies 
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u = —CD 2 

,.3 


V — 


-4, u = 0, when co = ±2; 

-co-'+9co, u = 0, when co = ±3 and 0. 

At the point “Start” in Fig. 7.3- 1, <o is very large and positive. Thns u and v are 
toge negative numbers with „ (having a higher power of to) dominating „ aZ 
.becomes less posttive both u and v diminish in magnitnde. Ultimately, when o = “ 
we have 0 and « is still negative. When to diminishes to 2, „ = 0 while v hem k 

(positive. Finally, when m = 0, we have „ - 0 while u is positive. The locus ofTfrl 
[just descnbed is shown in Fig. 7.3- 2. ^ 01 

I Because B ( s ) h as real coefficients, the locus generated by B(s) as v moves alone 
die negative imagmary axis is the mirror image of that just ob,aided for the p0 °ke 
axis. The result is also shown in Fig 7 3-2 positive 

I rr c pa,h ° iB(S) 1 = !m - -“ < < TO. is shown by the solid line 

in Fig. 7.3 2 For or —v oo, the argument of B(/oi) is 3it/2. As oi fallsto 3 argFtml 

*\ M “ = D.fsBfio) = ». etc. When <u J-oo. arg 

m r ! nCr . ease ° f “S B (s) as r moves over the imaginary axis in Fig. 7 3-1 
| the final value less the initial value; g 

3n 


—= —37t. 


3n 

~T 2 

Now, along the large semicircular arc in Fig. 7.3-1 we have R (Ci ~ c 3 . • , 
l“rc is P 3TThe that the inCreaSe in argUment of B(s ) as * moves^long 

|ince the sohd curve” Fig, 7.3-2 ices IHngm^has 

|er„s on the imagmary axis. The system described by G(!) is stable ’ 



Figure 7.3- 2 



494 Chapter 7 Laplace Transforms and Stability of Systems 


The arc indicated by the broken line in Fig. 7.3- 2 is the locus taken by B(s ) % y 3 
as ^ moves along the semicircular arc of Fig. 7.3-1. The net change in arg B(s) over 
the entire path (broken and solid) in Fig. 7.3- 2 is zero—a fact we have already noted. 
Equivalently, observe that this path makes zero net encirclements of the origin. • 

A Note on Modern Methods. The procedure just described was employed by engi¬ 
neers for over half a century. Nowadays, we would look for the zeros of B(s) i n 
Example 1 by using a mathematical software package such as MATLAB. Thus, 
using a desktop computer, we can quickly find the location of the poles of the 
transfer function. Alternatively, we might write some computer code to generate 
our Nyquist diagram and get plots like that in Fig.7.3-2. The MATLAB Control 
Systems Toolbox has a function that will generate Nyquist plots—the software is 
designed specifically to create graphs for systems having feedback, a topic we 
presently investigate. Keep in mind that we should know the old fashioned method 
described in Example 1 (which is also adaptable to feedback systems) as it helps 
provide a check on whatever information we obtain from a computer, just as one 
should still know how to perform the integrations of elementary calculus even though 
computers will do symbolic integration. 

Feedback 

The kinds of systems discussed in this and the previous section can be represented 
schematically as shown in Fig. 7.3-3. Here, G(s) is the transfer function of the 
system, x(t) and y(t) the input and output, X(s) and Y(s) their Laplace transforms. 
Note that G(s) = T(y)/Z(y). 

A more complicated system employs the principle of feedback. Such systems 
are often used to control a physical process requiring continuous monitoring and 
adjustment, for example, the regulation of a furnace so as to maintain a house within 
a comfortable range of temperature. A block diagram of a feedback system is s own 
in Fig. 7.3-4. We see that an additional path, called a feedback path or loop, ® 
been added to the original system of Fig. 7.3-3. The original system function (* 
is now here called the forward transfer function. The input to the total sjstem 4^ 
and the output is y(t). The output y(t) is monitored and sent down the ee fy , em 
into the system whose transfer function is H(s). The output y f (t) of this su ^ 
is called the feedback signal. This feedback signal is fed into the device ® teBJ | 
c, a comparator. The comparator provides an input signal x(t) for the s 7 | 

described by G(s). Here M 

is the difference between the overall input signal and the feedback signal. A L P^Wk 
transform of the preceding yields X(s) = X;(s) — Yf(s), or (7,3 i9 

Xfs) = X(s) + Y f (s). 'M 

The system 


X(s) 


Input x(t) 


G(s) 


Figure 7.3- 3 
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I Now the transfer function of the whole system is by definition 

T(s) = Y( S )/Xi( S ), 

lie the transfer function of the feedback path is H(s) = Yf(s)/Y(s). As before, 

I ! = 7(y) /X(s). Note that G(s)H(s) = f/(y)/Z(y).UsingEq. (7.3-2), werewrite 

and obtain T(s) = = T +y% J /'x( s ) ' Ex P ressin g the right side of the 

eding in terms of the transfer functions G(s ) and H(s), we have, finally, 

G(s) 


T( S ) = 


(7.3-3) 


1 + G(s)H(s) 

fundamental equation yielding the transfer function of linear feedback 


is a 

Its. If the feedback loop were removed, the gain of the system T(s) would 
1 to G(s). Hence G(s) is called the open-loop gain, and it is not surprising that 
3) is said to yield the closed-loop gain, the gain obtained when you have 
|ck. 

gdinarily, the functions G(s ) and H(s) pertain to stable systems—both func- 
' their poles in the left half-plane. Thus T(s) describes an unstable system 
s)H(s ) has at least one zero in the right half of the y-plane or on the 
' axis—this would indicate that T(s) has poles in the region Re(.v) > 0. 
|tigate this possibility, we can plot the locus of W = 1 + G(s)H(s ) as 3 1 
the semicircular path in Fig. 7.3-1. The locus encloses no poles of 
but it may enclose zeros. Thus we look in the IT plane for one or 
Pirclements of the origin in the clockwise direction as we have around 
l^rcle. For each encirclement, the argument of 1 + G(s)H(s) increases 
number of encirclements is then the number of poles of T(s) in the 
;) f the y-plane. 

(than plot the locus of W = 1 + G(s)H(s), we can instead plot the locus of 
f(y), which would be just like the plot in the IT-plane but now displaced 
the left. Instead of looking for encirclements of the origin, we now 
Sj'h'clements of the point (—1 + iO) in the complex plane in. This is the 
gprally employed when we make Nyquist plots for systems with feedback. 
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MATLAB uses this convention. A locus passing through (— 1 + iO) indicates an 
unstable system that may be marginally unstable. The determination is made as in the 
case of systems without feedback—we lookfor the order of the zero of 1 + G(s)H(s) 
at the corresponding value of y, and a zero of order one implies marginal instability. 
To summarize, we have the following: 

Ny quist Criterion for Feedback Systems 

Let a feedback system be described by T(s) = i +G ( s ) H {s) ’ where G ( s ) and H ( s ) are 
transfer functions of stable systems. Let y negotiate the closed semicircular contour 
f Fig 7.3-1 If the locus of w = G(s)H(s ) has at least one encirclement of the point 
° _ _ i the system is unstable. If the locus passes through this point, the system is 
nstahle but may be marginally unstable. For all other cases, the system is stable. 

U In many cases that are encountered, lim^oo G(s)H(s) = 0. This arises from 
the physical limitations of electronic or mechanical components at high frequency. 
It follows that as y moves along the arc in Fig. 7.3-1, the corresponding part of the 
locus in the w-plane would degenerate to a point as R becomes unbounded. 


EXAMPLE 2 U sing a Ny quist plot, investigate the stability of the feedback system 
where 

-16 

w = G(s)H(s) = (^ 1)(j + 4)(j + 3) - 

Solution. Notice that all the poles of this product are in the left half of the complex 
y-plane. We could follow the somewhat tedious method of Example 1 and look tor a 
locus that encircles w = — 1 + 10 while the closed contour of Fig. 7.3 lisnegotiat 
As we mentioned above, the locus followed by w when y moves on S * e 31 , 

Fig. 7.3-1 (in the limit o o) is simply the origin. Rather than follow * e 

of Example 1, we will employ the function ny quist in the MATLA ontro . 

Toolbox. The result is shown in Fig. 7.3-5. The point — 1 + i0 rs eacIK | r (., ) u(s) 
once in the counterclockwise sense, showing that the argument o j on 

increases by 2n when s moves along the contour in Fig. 7.3-1. ( e s® Qr s \jj(s) 
the right is of no interest as it does not enclose —1). The function closed' 

therefore has exactly one zero in the right half of complex y-p ane, an ^ 


therefore has exactly one zero m the right nan or comply '-p— ’ — halfo f 

loop transfer function T(s) = LTdAWL] exhibits a simple pole in the ng 

the y-plane. The feedback system is unstable.^ exacdy 

If you attempt to generate Fig. 7.3-5 with MATLAB you wi because #| 
obtain what is presented here. The image has been doctored shg f m ployf| 
have reversed the direction of the arrows. MATLAB follows a conven^^ w$| 
by some engineers that is opposite to ours: the Ny quist plot is progt eS W 

s allowed to move opposite to the direction shown in Fig. 7. ’ s0 jm 

tThe careful reader may be wondering if the preceding is contradicted if the numerator, 

zero of 1 + G(s)H(s). This would imply that H(s) has a pole at the same location (n° c0D tran* 

The upshot is that H{s) would have a pole in the right half of the complex plane and P 

assumption, an unstable system in the feedback path. 
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Figure 7.3-5 Nyquist plot of a feedback 


system 


|pm negative to positive values along the imaginary axis. However, the principle of 
lidying encirclements of -1 + /0 remains the same. 


ZEROISES 

|A certain system without feedback has transfer function G(s) = s + 2 

la) Using the method of Example 1, which involves a Nyquist plot ofethe + denominator 
verity that this is an unstable system. How many poles are there in the right half-plane? 

f } Ch eck your answer to part (a) by using the MATLAB function pzmap for the function 

Kr W- Using the resulting map, estimate the location of the poles and zeros of the 
■t; transfer function. 

I “„,r 00 by ‘" d,n8 the “ ot “ ,he 


B through (c) of the previous problem, taking G(s) = _ s 2 +i Yon 

at the system is stable. j 4 +j 3 +3* 2 +2j:+i ’ 

:m likc *at in Figure 7.3 -4 is characterized by the expression G (,) H(s) = 
. Using the MATLAB function nyquist, generate Nyquist plots to show 
is stable if /? = -1 and is unstable if 0 = -3. 

Jack system like that in Fig. 7.3-4, Let 


G(s) = 


s 2 +S+1 


and H(s) = 


S 2 + S + 


I Eres,l b0 ^ G il } t nd H(S) deSCribe StaWe SyStemS (loCate th eir P° les ) hut prove 
Ihalf of m back s y s u temis unstable because 1 + G(s)H(s) has two zeros in the 
| ait ot the A'-plane. Do this in three ways: 
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a) Apply the MATLAB function nyquist to the product G(s)H(s). Look for encirclements 
of — 1. 

b) Obtain a pole-zero map of 1 + G(s)H(s ) and show that there are zeros of this function 
in the right half of the y-plane. 

c) Follow a paper-and-pencil procedure like that used in Example 1 for the product 
G(s)H(s ) and look for encirclements of w = — 1. Your result should look like the 
computer generated plot in part (a). 

5. This problem deals with a feedback loop that causes a time delay. Review Exercise 13 of 

the previous section that treats systems creating a time delay. 

a) For the feedback system shown in Fig. 7.3-4, the function G(s) = ~ 2 + / +1/2 , while 
H(s) = e~ s . Thus the feedback signal is the output of G(s ) delayed by one time 
unit. By studying G(s)H(s) show that this is a stable system. Use the MATLAB 
function nyquist, but check your result with a paper-and-pencil calculation like that in 
Example 1. 

b) Change the preceding problem so that H(s) = ~e~ s . Therefore, the feedback signal 
is the negative of that used in part (a). Verify that the system is now unstable. Thus 
the sign of the delayed signal is important in determining stability. 


7.4 Generalized Functions, Laplace Transforms, 
and Stability 

Generalized Functions 

The word function has a precise meaning in mathematics. However, in the solution 
of problems in physical and engineering sciences this word is frequently applied to 
symbols that are manipulated like functions but which are not functions according to 
the mathematician’s definition. For example, the Dirac delta function t (also called 
the impulse function), written d(x), is such a symbol, one that the reader has probably 
already encountered. If a value is assigned to x, the value assumed by <5(x) is not 
known if x happens to be zero. And yet the behavior of d(x) in an interval containing 
x = 0 is important, and we treat the symbol S(x) as if we are dealing with a function 
that can be differentiated at x = 0 as well as integrated between limits containing 
x = 0. 

The terms delta function and impulse function are in fact misnomers. Althoug 
the delta function and related symbols have been used for most of the 20th cent ^ 
it was not until around 1950 that the concept of generalized function was devise ^ 
deal with these symbols and to place them under the rubric of the word functio 


in q u: 


ant UI ° 


2N anted for the English physicist Paul A. M. Dirac (1902-1984), who popularized its use 
mechanics. 

^Credit for this work belongs to the significant French mathematician Laurent Schwartz (1915-2002 ),^j 
person from his country to win the famed Fields Medal in mathematics. For more information ° a ^ p oU ri ” 
treatment of delta and related functions, see H. Bremermann, Distributions, Complex Variables, a 
Transforms (Reading, MA: Addision-Wesley, 1965). An easier text is R. F. Hoskins, Generalize 
(New York: Halsted Press, division of John Wiley, 1979). 
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We shall therefore apply this word in the present section to symbols that are not 
functions except in the generalized sense. 

The delta function arises in physical problems where some quantity that exists 
with great intensity over a brief interval is to be approximated mathematically. 
Although the precise values assumed by this quantity are not of concern, the 
integral of this quantity must be known and finite for it to be represented by a 
delta function. For example, refer to Fig. 7.4-1 (a), which depicts a bead of length 
L, diameter d, and mass m lying along a massless string, which we take to be the 
x-axis. The center of the bead is at x = 0. Let p(x) be the density of mass per unit 
length everywhere along the axis. Notice that p(x) = 0 for |x| > L/2 (there is no 
bead here). The detailed behavior of p(x) for -L/2 < x < L/2 is not of importance 
to us. A sketch of a possible distribution of p(x) is shown in Fig. 7.4-l(b). We do 

know that J ^ p(x)dx = p(x)dx = m. Moreover, the average value of p(x) 

in the bead is m/L. 

\ Now keeping the mass m and diameter d of the bead constant, we compress the 
bead so that L —>■ 0+. The mass density of the bead now becomes infinite. However, 



(b) Mass density p(x) along the x-axis 

Figure 7.4-1 
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the bead only exists at x = 0, and it is here that p(x ) — oo. Otherwise, p(x ) _ 0. 
Since the mass of the bead is still m we continue to assert that 

■* +OO 

p(x)dx = m. (7.4-1) 


~ - 

J-C 


And because the bead is now of zero physical length, 

p(x) dx = m. 


Ja 


(7.4-2) 


where a and b are any two reals satisfying a < 0 < b. The integrals in Eqs. (7.4-1) 
and (7.4-2) cannot be expressed as Riemann sums because of the behavior of p( X ) 
at and near x = 0. The Theory of distributions has been devised to describe precisely 
what such integrals mean. We will content ourselves with using the value of the 
integral and try to ignore our vagueness as to its definition. 

A situation such as this one is usually described with the delta function 8(x). It 
possesses these properties: 

'+0O 

8(x)dx = 1; (7.4-3) 


J—c 


8{x) = 0, i^0; 

r b 

I d(x)dx =1 if a < 0 < b. 
Ja 


(7.4-4) 

(7.4-5) 


One way to visualize the delta function is as a limit of functions in the original 
nongeneralized sense. Each of these conventional functions is hill-shaped and 
encloses an area of 1 between its curve and the x-axis. The successive elements of the 
sequence form higher and narrower hills. An example of some elements of a possible 
sequence^ is shown in Fig. 7.4-2, where we display f(x) = P/\ti{x + P )] or 
shrinking values of the positive number P. Note that /(0) = l/(nP) and the rea er 
should by now easily be able to show with residues that 


X +oo 

-oo 


-dx = 1, 


n(x 2 + P 2 ) 

i.e., the area under each curve is unity. 

Integrating each function in the sequence between finite limits, 


Ja 


-dx, where a < 0 < b. 


0+ 


n(P 2 + x 2 ) 

we obtain a result that is less than 1. However, the integral will tend to 1 as P 
because of the narrowing of the peak in the integrand at x = 0. Itiplyi^ 

Multiplying the function d(x) by a constant m has the same effect as m', 

the functions in an approximating sequence, such as Fig. 7.4-2, by the co , 


, for s® 0 


tThe reader should not think that the sequence of functions used here is the only permrssible oi^ 
discussion. Rectangular pulses, exponentials, and almost an unlimited supply of other functio 
and used. 
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i.e., the area enclosed is no longer 1 but m. Thus 

/ +oo r+oc 

md(x)dx = m I S(x)dx = 

OO 'J — OC 


(7.4-6) 


and it is apparent that p = md(x) describes the mass density along the r-axis in 
Fig. 7.4-1 (a) when L 0+. 


■ Thus when we multiply generalized functions by constants the effect is the 
same as when we multiply ordinary functions by constants. Similarly generalized 
functions can be added and subtracted (but not multiplied and divided) just as we do 
With ordinary functions. 
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Figure 7.4-2 cont. 

A sequence to approximate the delta function. 


Suppose the delta function is integrated between 
as a variable. We have 

f 8{x')dx =0 if x < 0, 

J — OO 


limits, one of which we regard 
(7.4-7a) 


while 


x; 


8(x')dx = 1 if x > 0. 


(7 


4—7b) 


end isJ u! 


The first result comes about because 8(x') — 0, x' < 0, while the fun ct *° 
Eq. (7.4-5) with different variables. Recalling the definition of the unit 
(section 2.2), we have, from the preceding two equations, 

r x (lM 

I 8(x')dx'= u(x), x^o. 

J —OO 
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Applying formally the fundamental theorem of integral calculus to this result, 
we obtain 

s , \ du 

5{X} = Tl . ( 7 . 4 - 9 ) 

i.e., the delta function is the derivative of the unit step function. 

The graph of the ordinary function /(x - x 0 ) is a translation of the graph of the 
function f(x) by x 0 units to the right along the x-axis. Similarly, S(x - x Q ) represents 
a translation of 8(x). The function d(x - x 0 ) becomes infinite when x = x 0 . In 
addition, 

8(x — xo) = 0, x xo; 

■'+oo 

<5(x - xq )dx = 1; 


L 


I S(x — xo )dx =1, a < xo < b\ 
Ja 

du(x — xq) 


<5(x — x 0 ) 


dx 


If /(*) 1S an ordinary function (i.e., a function in the strict sense) and is contin- 
Ipus at x = 0, we assert that 


/(x)d(x) = /(0)<5(x). 


(7.4-10) 


ie justification is this: If any member of the sequence of hill-shaped functions 
fcdiu approximating 8(x) (see, e.g., Fig. 7.4-2) is multiplied by /(x), the resulting 
jjpe is scaled upward by a factor of approximately /(0) and the area under this 

f Curve 18 now no lon § er unit y but is approximately /(0). The approximation 
gpioves as we use narrower and higher members of the sequence. In the limit as we 
^successively better approximations to 8{x), the area obtained under the curve 
ptactly /(0). Moreover, the resulting function is zero for x ^ 0. Thus we can 

®wUlcit 


gsince 


f f(x)8(x)dx = /(0), a < 0 
J a 


f 


(7.4-11) 


f(0)8(x)dx = /(0), a < 0 < b, 

|* C ' Ut ^ e = /(0)<5(x). By a similar argument, we find that 

/(x)<5(x — xq) = f(xo)8(x — xq) (7.4-12) 


f f(x)8(x-x 0 )dx=f(xo), a < x 0 < b. (7.4-13) 

^king first, second, and higher derivatives of the delta function, we obtain 
^eralized functions. What is the meaning of S'(x)? Intuitively we should 
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feel that it is the limit of a sequence of functions obtained by taking the derivatives 
of a sequence of functions like that shown in Fig. 7.4-2. One such member of the 
sequence is shown in Fig. 7.4-3. In the limit of such sequences, we obtain a hill 
of infinite height for lirn^o-, followed by a corresponding valley of infinite depth 
for lim x _ > o+ ■ Now let fix) be a function of x whose first derivative is continuous at 
x — 0. Thus 

~[f(x)8(x)] = f(x)8(x) + f{x)8\x). 


so that 


f — [f{x)8{x)]dx = f (f'(x)S(x) + f(x)8'(x))dx, a<0<b. 

J a dx J a 

The left side of the preceding equation can be evaluated. Thus 

r b d b 

~r[f(x)8(x)]dx = f(x)8(x) = f(b)8(b) - f(a)8(a) = 0. 

Ja dx 

(Recall that S(x) = 0, x ^ 0.) Now we expand the derivative on the above left and 
use the preceding result to obtain 

nb nb 

I f'(x)8{x) dx + I f(x)8'(x)dx = 0. 

Ja Jo 


f f'{x)8{x)dx= f f(x)8'(x)dx. 
Ja Jo 



Figure 7.4-3 Derivative of curve in Fig. 7.4—2(b) 
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The left side of the above can be found (replace f{x) with f'(x) in Eq. (7.4-11). 
We get 

r b 

-/'( 0) = I f{x)8'{x)dx, a <0 <b. (7.4-14) 

J a 

This result can be generalized through repetition of the procedure used. Thus 


( — !)”/(”) (0) = f b f(x)S^(x)dx, a< Q <b , 
Ja 


(7.4-15) 


m-ovided f^ n \x) is continuous at x — 0. Here the superscript (n) refers to the nth 
Terivative. 

A result equivalent to Eq. (7.4-14) is 

f(x)8 , (x) = -/'(0)d(x), 

|hich can be verified by integrating both sides of the preceding along the interval 
H< x < b. Similarly, 

f(x)8 (n \x) = (-1 ) n f {n \Q)8(x). 

I The function S'(x ~ x Q ) is 8'(x) translated to x = x 0 . We have 


/ c b 

-f\xo) = I f{x)8’{x - x 0 )dx, a <x 0 <b, 
Ja 


(7.4-16) 


( l)"/^(x 0 ) — f f{x)8^ n \x- xo)dx, a < xq < b. (7.4-17) 

*J a 

|To summarize, we will obtain the value of f{ x ) at x = x 0 if we integrate 

1 xomx) through any interval containing x 0 , while 8\x - x 0 )f(x) integrated 

1 6 same interval yields -f'(x o), etc. Integration through other intervals 
zero. 


pVIPLE 1 Evaluate these integrals: 
X-tT cos x8(x)dx; 
f 0 °° cos x8(x - 1 )dx; 

I, f 0 °° cos x8(x + 1 )dx; 

B r+oo 

H J-oo cosx8(x + l)dx- 

roo 

, Jo cos(x + 1)8'{x — 2)dx. 


• r+oo | 

M-oo cos x 8{x)dx = cos x\ 


\x=Q 


= 1 from Eq. (7.4-11). 


I'O COS x8(x - l)dx = COST = cos 1 from Eq. (7.4-13). 
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c) J^°° cos x S(x + 1 )dx = 0 since 3(x + 1) = 0 for all x between the limits of 
integration. 

d) cosxS(x + l)dx = cosxj ^ = cos(-l) from Eq. (7.4-13). 

e) f Q °° cos(x + 1 )S'(x - 2 )dx = ~(d/dx)[ cos(x + 1)]| = sin(x + 1) 

= sin 3 from Eq. (7.4-16). x ~ 2 


Laplace Transforms of Generalized Functions 

Many problems in engineering and the physical sciences are solved through the 
approximation of some physically realizable quantity by an idealization—a delta 
function or one of its derivatives. For example, a brief strong current pulse, vary ing 
with time f and centered about f = 0, is often described by qd(t), where q is the area 
(integral) of the original pulse. The charge delivered by the pulse is q. Laplace 
transforms are often used in the solution of problems involving these idealized 
physical quantities. 

Because the value of (5(0) is unspecified (although the integral of S(t) is 
established), we must change our original definition of the Laplace transform to 
the following: 

poo poo 

F(s) = f(t)e~ st dt = lim f(t)e~ st dt. (7.4-18) 

Jo- £ -*°- Je 

The lower limit of integration shrinks to zero through negative values. Thus if 
/(f) = <5(f), the interval where (5(f) ^ 0 is included within the limits of integration. 
Hence by Eq. (7.4-11), 


poo 

£8(t) = 

J o- 


8(t)e st dt = e 


—st 


- 1 , 


(7.4-19) 


r=0 


and so 


C~h = d(t). (7.4-20) 

Our changing the lower limit from 0+ (section 7.1) to 0— will have no effect^ 
on our computation of Laplace transformations of functions that are continuous ^ 
f — 0 or have jump discontinuities at t = 0. The same function F(s) is obtaine 
both cases. However, 

J r^OO pOO 

8(t)e~ st dt = 1 I b{t)e~ st dt = 0; 

o- Jo+ 

i.e., the choice of limit can make a difference when we deal with genera 
functions. . nWJ 

In this section, the lower limit of integration in the Laplace transforma ^ 
be understood to be 0—, and we will drop the minus sign from next to the zero 
that 


£(5(f - f 0 ) 


Jo 


(5(f-fo)e st dt = e st °, to > 0, 


and 


With the aid of Eq. (7.4-16). we have 


to that 

f 


i general (see Eq. (7.4-17)), 

£< 5 w ( f - 

lote the following special cases: 


i 


K 


Cd {2 \t) 

£"V 

C8 (n \t) 
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'"i- 

1 

'"i- 

O 

O 

IV 

0 

(7.4-22) 

d 


- e st \ = se~ st ° 

dt Iro se ’ 

(7.4-23) 

^0 

1 

II 

0 

(7.4-24) 

= s"e st °, to > 0 . 

(7.4-25) 

) = 

(7.4-26) 

; = S'(t); 

(7.4-27) 

1 = s 2 ; 

(7.4-28) 

= d(2) (t); 

(7.4-29) 

= A 

(7.4-30) 

= S (n \t). 

(7.4-31) 


useful in the p ahit T- infflsroim at I on of generalized functions can 

H 2 , ^ the follo^n^^^^r 8 ^ ^ ** treated by 


IMPLE 2 Find 


m = £ 


-1 s + s 1 


ft s 2 + 1 

io , (s2+ 1 +i)/(s2+[) ^ <» 
| n - ^ > °) throughout some half-plane. Note that 

F (s) = 1 + 

Ifronf-rheoSmlfha + + 1 )).FkwE<K7.4^2(I).£-1i = S {,). 


£ “'?Tr=2> s [^T 


+ 1 i 


■ COS t. 


IWP"' As check - £° s «)‘-‘‘<+r™<‘-d,=i + 

Ip’ Ke s > 0, as required. M + 

and'!oM )mpllCated , rational expressions of the form E(y) - p( s)/0( \ 
trfomSJp 2116 any P ‘ J ynomials ln x, can also be inverted. For the transfer’ 
I ^ m S6Ctl0n 1 l ' ‘ We re ^ ired ^at the degree of Q exceed tSfS?! 
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This is no longer necessary. If the degree of Q is less than or equal to the degree of 
P, we first perform a long division and obtain a result of this form: 


P(s) ? „ p(s ) 

—— = ao + a\s + a 2 s 2 q-h a n s + ——, 

Q(s) q(s) 


where ao, a\, ■ ■ ■, etc., are constants, and p(s) and q(s) are polynomials in ,v such 
that the degree of q exceeds that of p. The number n > 0 is the degree of p minus the 
degree of q. We see that we can use Eq. (7.4-31) to obtain the inverse transformation 

of ao + a i .v H -+ a„s n (we take the inverse transform of each term in the sum) 

and that the result will contain the delta function (5(f) and/or some of its derivatives, 
all of which vanish for positive f. The polynomial ^ can be inverted with the aid 


of Theorem 3. Thus all the contributions to the inverse Laplace transform of 20 

Q(s) 

that are nonzero for positive t come from the inversion of the rational expression 

20 where the degree of the denominator exceeds that of the numerator. 

?(0 ’ 


Use of our present definition of the Laplace transform involves our knowing the 
limits of functions to be transformed as they pass to zero through negative values 
of their argument. For a function /(f), this requires our having some knowledge of 
its behavior for f < 0. It is convenient to assume in situations involving generalized 
functions and Laplace transforms that all functions used and sought are zero for 
t < 0. 

There is a reason that we can do this. Functions that vanish for f < 0 are said to 
be causal. Most of the useful systems in engineering are said to be nonanticipatory or 
causal systems. They produce no response until there is an excitation. If we restrict 
ourselves to causal excitations for such systems (no excitation until or after t = 0), 
the output (response) will vanish for t < 0 and thus will also be causal. 

With our assumption that functions vanish for t < 0, we can rewrite 
Eqs. (7.1-8) and (7.1-9). Taking the lower limit of integration as t = 0— (instead 
of t = 0+) in the derivations of these equations, we have 


r d f m , 

£— = sF(s), 
dt 


(7.4-32) 


and, in general, 


= s n F(s). (7.4-33) 

dt n y 

Comparing our results with Eq. (7.4-30), we see that the preceding equation® 
are valid for both ordinary and generalized functions. Note that Eq. (7-1' J 
£ J 0 f(x)dx = (1 /s)Cf(t) still holds for ordinary and generalized functions, 
now interpret the lower limit of integration as 0—. 

EXAMPLE 3 Use Eq. (7.4-32) to obtain the Laplace transform of the delta 6^ 
tion <5(f) from the Laplace transform of the unit step function u(t). 

Solution. Let F(s) — £u(t ) = J^°° e~ sl dt = 1 /s. Now recall that du/dt 
Thus, from Eq. (7.4-32), £<5(f) — s/s= 1. This agrees with Eq. (7.4-19)- 
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EXAMPLE 4 Let/(f) = e -(f — *)«(£ — 1). 

a) Find £ df/dt from Eq. (7.4-32). 

b) Check your result by first finding df/dt and then taking its Laplace 
transform. 


Solution. Part (a): A sketch of /(f) is shown in Fig. 7.4-4(a). Because of the jump 
discontinuity at t = 1 we expect that df/dt will contain a delta function d(t - 1). 
Now 

£/(f)= e -F-! )u(t-l)e-* t dt= f dt = — = F(S) 

do J i y + 1 v ' 

Applying Eq. (7.4-32), we have 


^df_ _ se s _ (y + l)e~ 
dt s + 1 


= e — 


s+ 1 5+1 5+ r 

part (b): Check on solution: We have, differentiating a product in the usual way, 

= - 1) + e - ti -1 )(5(f - 1). 

I^iththe aid of Eq. (7.4-12), we can simplify the term e"( r-1 )<5(f - 1). Thus 



Figure 7.4-4(a) 
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Figure 7.4-4(b) 


This function is sketched in Fig. 7.4-4(b). As expected, there is an impulse at t = 1. 
The Laplace transform of df/dt is easily obtained: 

C-f- = -Ce-^uit - 1) + £<5(f - 1). 

at 

The first transformation on the right was actually performed in part (a), and from 
Eq. (7.4-21) we obtain £<5(f — 1) = e -s . Thus 


df —e~ s 

£— =- 

dt 5+1 


which agrees with the result of part (a). 

The following problem illustrates the utility of both the delta function and th 
Laplace transformation in the solution of a physical problem. 


EXAMPLE 5 A voltage pulse v(t) is applied to the series resistor-capacitor 0 ^ 
shown in Fig. 7.4-5. The pulse is high and narrow and is thus approximate 5^ g 
The response of the circuit is i(t). We assume that i(t) = 0 for f<0. PP 
Kirchhoff’s voltage law to the circuit, we obtain 


f i(t')dt' 
Jo 


+ i(t)R = <5(f) for t > 0. 


Find i(t) for t > 0. 
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1(0 


C (in farads) 



R (in ohms) 


Usi t "i Eqi (1 }r 10) and (74 -> 9 )’ “1“ *be Laplace tansfonnation 

| both sides of the preceding equation and obtain 

I(s) 

^+W = i, 

here I(s) = Ci{t). Thus 

1 sC 


!{s) = 


1 

sC 


R 


1 + RsC' 


j, note that I(s) is a rational expression and the degree of the numerator and 
giommator are equal. We rewrite I(s) as follows: numerator and 

sC _ 1 l/R 
1 + RsC R 1 +RsC' 


I(s) = 


I R R 1 + RsC 

L° w that C '\ [ = <5 ( f )> and we can find + RsC)) from Theorem T 

I de!o are taking the inV6rSe transform of a rational function in which the degree 
f den °nunator exceeds that of the numerator. Thus g 


C 


1 


1 +RsC 


|y> We have 


i{t) = 


■■ Res 


d(t) 


1 +RsC' 
p-t/RC 


1 

~RC 


e ~t/RC 

~ RC ' 


R R 2 C 
P e res Ponse is zero for t < 0, we have 


for t > 0. 


i{t) = 


m 

R 


m < t < oo. 


e ~t/RC 

~R 2 C 


-u(t), 
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Transfer Functions with Generalized Functions 

In section 7.2, we defined G(s), the transfer function of a system, as being that 
function which when multiplied by X(s), the Laplace transform of the input, wijj 
yield F(s), the Laplace transform of the output. Thus Y(s) = G(s)X(s). 

Now if the input x(t) is a delta function <5(f), we have X(s) = 1 and so Y(s) == 
G (s) . Thus the transfer function of a system is the Laplace transform of the output 
when the input is S(t). In other words 

the transfer function is the Laplace transform of the impulse response. 

As an illustration, in Example 5, the transfer function of the system is sC/{\ + R s Cj 
In our discussion of stability in section 7.2 we observed that if the transfer 
function of a system is a rational expression in s, then the system will be stable if 
and only if all the poles of the function are to the left of the imaginary axis. 1. We now 
see that the same must be true of the poles of the Laplace transform of the impulse 
response. Referring to the treatment of bounded functions of time in section 7.2, we 
realize that the locations of these poles dictate that the impulse response is a function 
of t that decays to zero as t -»• oo. We summarize as follows: 

Impulse Response of Stable Systems 

For any system having transfei function G(s), the impulse response is C ~ 1 G(s) = 
g(t), and for a stable system g(t) = 0. 

Example 5 illustrates a stable electrical system since the impulse response 
decays exponentially with time. A mechanical example of such behavior might 
be an ordinary bell, which when given a brief strong blow with a hammer (the 
impulse input) exhibits a ringing whose amplitude diminishes with time. 

In the case of marginally unstable systems, G(s), the Laplace transform of the 
impulse response, will have simple poles on the imaginary axis and no poles to the 
right of this axis. Then g(t) will contain terms of the form cos bt and sin bt (where b 
is real and nonzero) corresponding to poles of G(s) that lie on the imaginary axis 
at s = ±ib. If G(s) has a pole at s = 0, then g(t) contains a constant term, inde¬ 
pendent of t. In any case, for marginally unstable systems, linif_>oo g(t) £ 0 and 
Hindoo \g(t) | ^ oo; i.e., the impulse response is bounded but does not decay to zero 
as t tends to infinity. A mechanical illustration of such behavior is a hypothetical id® 
bell, which when struck, rings forever. An electrical example is given in Exercise 


EXERCISES 

Evaluate the following integrals. 


X +oo p+oo 

d(x) cos(x — l)dx 2. I 5(x)sinxdx 
•OO J — OO 


^Although that discussion assumed that the degree of the denominator exceeds that of the nuflier 3 ^ 
conclusion about the location of the poles can be extended to any rational expression with the 21 i 
functions. 
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Find the Laplace transforms of the following functions /(f). 

^ 9. <5(f) + <5'(* - 1) 10. <5(f ~ 1) cos 3f 11. <5(f - 1) + u(t - 2) 

i; 

|12. 5(t — 1 )u(t — 2) 13. 3(t — 2)u(t — 1) 14. ^ 3(t — nr), t > 0 

|15. o ^ “ nT )’ t > 0. Give your answer in closed form; i.e., sum an infinite series of 
B terms in 6 1 . Assume Re s > 0. 


SVith the aid of generalized functions and Theorem 3 in section 7.1, find the inverse transforms 
If the following functions. 


s 2 + 2s + 1 


p s+1 


s l + s+ 2 


S 2 + J + 1 


20. —-(See Exercise 15, Section 7.1.) 

■f 2 + ^ + 1 


[he differential equation satisfied by the current i(t) in Fig. 7.4-6 is 

di 

1 L— + iR = v (t). 

dt 

c 

t fere the input is the voltage v{t), while the output is i(t). If v(t) = 3(t), find i{t) (the 
jppulse response) by using Laplace transforms. State the transfer function of the circuit, 
eintegral equation satisfiedby the voltage v(t) in the circuit of Fig. 7.4-7 is 


TT + I X” <,V '' = 



Figure 7.4-6 
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v(t) 



Here the input is the current i (f), while the output is v(t). If i (t) = 5 if) , find v(t) (the impulse 
response) by using Laplace transforms. State the transfer function of the circuit. 

23. The integrodifferential equation satisfied by the current i(t) in the circuit of Fig. 7.4- 8 is 

+ — ^ i(t')dt' = v(t), where L and C > 0. 
dt C Jo 

If v (t) = <5(r), find i{t) by using Laplace transforms. Use your result to explain why the 
system is marginally unstable. 

24. In Exercise 31 of section 7.1, we showed how the inverse Laplace transform of the product 
of two functions F(s) and G(s) is givenby 

/rVCTlGCy)] = f f(t-z)g(z)dz. 

Jo 

The right side of the preceding equation is the convolution of fit) with g(t). Here /(f) = 
£~ 1 F(s), andg(f) = £~ 1 G(s). 

a) Prove that if a system has impulse response git), then when the input is xit) the output 
y(t) is given by 

J r-t fOO 

x(t - i)g{t)dx = xit-T)u{t-x)gi£)d-z. 

o Jo 

b) Using the preceding result and the impulse response derived in Example 5, find the 
output of the system in that example when the input is e~ at u(t). Here a is real, an 
a ^ l/RC. 


dt) 




Figure 7.4-8 
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^ fol^ofl^ 

such as S(t) andTts StivS COneSP ^ 1008 ° f ' C ° ntain generalized functi °^ 

Using ilaplace, find the inverse transformation of these functions: 

a) F(s) = s; 

b) F(s) = 1 (write this as s to the zero power in MATLAB); 

c) + l) 3 /^; 

3- + S + 1 







Conformal Mapping and 
Some of Its Applications 


Introduction 

|en we first began our discussion of functions of a complex variable m section 2.1, 
learned that a functional relationship w = f(z ) cannot be studied by the conven- 
lal graphing procedure of elementary algebra. Instead, two planes were used, the 
|ane (with axes x and y) and the yj-plane (with axes u and v). We found that 
i/(z) sets up a correspondence between points in the "-plane and points in the 
ifene. Corresponding points in the two planes are called images of each other. 

Ve can also take the view that w = f(z) maps or transforms points from the 
P e into points in the yj-plane. Sometimes we will superimpose the yj-plane on 
: the "-plane so that their axes and origins coincide. We can imagine that the 
IH representing a point, say A, in the "-plane has been rotated, stretched (or some 
lation of the two) by w = f(z ) in order to create the vector for A' (the image 
jA typical case is shown in Fig. 8.1-1, where we see that counterclockwise 
HP and stretching are required to obtain the vector representing A' from that 


Ip Use w = f(z ) to map all the points lying in a domain D\ of the "-plane, they 
a domain D 2 in the uj- plane. If this is the case, we say that D\ is mapped 
I by the transformation w — f(z ) (see Fig. 8.1-2). (Similarly, we can also 
|°ne region being mapped onto another.) If a curve Ci is constructed in D\ 
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Figure 8.1-2 


and all the points on this curve are mapped into the w-plane, we typically fin a 
the image points form a curve C 2 - Thus one curve is transformed into another. 

In this chapter we will study, in some detail, how points, domains, and especially 
curves are mapped from the --plane into the w-plane when the transformation w 
f(z ) is an analytic function of z- Later, we will take a real function (p(x, y) a n 
change of variables convert <p(x, y ) to <p(u, v) defined in the yj-plane. <P( X ’ 
a harmonic function in the "-plane, which implies 

^ = 0 (8-LT) 

dx 2 dy 2 


and if 

w = u(x, y) + iv{x, y) = f(z), 

which defines the change of variables is analytic, we can show that 

tioll 0 x U»- 

where 4>{u, v ) is harmonic in the w-plane. We will find that the P res ® r ^ e ^ er w jtliJ 
harmonic property when cj) is “transferred” from one plane to another, tog ^ ^ ^ 
knowledge of how contours are transformed from one plane to anot er ^ cS; 
will enable us to solve a greater variety of physical problems in electro 
flow, etc. than those treated in section 4.7. 
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8.2 The Conformal Property 

To see how curves can be transformed by an analytic function, let us consider the 
specific case 

w = Logz (8.2-1) 


applied to the arc |z| = 1, n/6 < argz < n/4 and also to the line segment argz = 
71 / 6 , 1 < |z| < 2. Both the arc and the line are shown in Fig. 8.2-l(a). Each point 
on the arc is described by e ll> , where 71/6 < 0 < 7 i /4 and the corresponding image 
point is Log e i0 = id. As 9 advances from n/6 to n/4 along the circle, m traces out 
the vertical line segment A'B' shown in Fig. 8.2-l(b). 

1 Under the transformation in Eq. (8.2-1), each point on the line argz = n/6, 1 < 

| z | < 2 has an image 


i w = Log |z| + i arg z = Log |z| + 

i 6 

ks |z| advances from 1 to 2, the locus of w is the horizontal Hne A'O' shown in 
fig. 8.2—1(b). The two original curves in Fig. 8.2-l(a) intersect at point A with a 
10° angle (that is, their tangents, at A, have this angle of intersection). In Fig. 8.2- 
1(b) the image curves intersect at A! with a 90° angle. Moreover, the sense of the 
Ingle of intersection is preserved, that is, the tangents to the two curves at their 
gtersection in Fig. 8.2-l(a) have an angular displacement from each other that is in 
Be same direction as the corresponding tangents in Fig. 8.2—1(b). The preservation 
E both the magnitude and sense of the angle of intersection of these curves under 
■Is transformation is not an accident and will occur extensively throughout this 
fepter. The following definition will be useful in our discussion. 

IpFINnTON (Conformal Mapping) A mapping w = f(z) that preserves the 
ligand sense of the angle of intersection between any two curves intersecting at zo 

K id to be conformal at zo- A mapping that is conformal at every point in a domain 
called conformal in D. • 

Occasionally one speaks of isogonal mappings. In this case the magnitudes of 
es of intersection are preserved but not necessarily their sense. 



w -plane 



6 \A D 


Figure 8.2—1 
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In a moment we will be able to show why w = Log z is conformal at the point 
A and also decide when functions f(z) are conformal in general. The following 
theorem will be proved and used. 

THEOREM 1 (Condition for Conformal Mapping) Let /(z) be analytic in a 
domain D. Then f{z) is conformal at every point in D where /'(>) ^ 0. , 

The proof requires our considering a curve C that is a smooth arc in the "-plane 
The curve is generated by a parameter t, which we might think of as time. Thus 

z(t) = x(t) + iy(t) 

traces out the curve C as t increases (see Fig. 8.2-2(a)). We assume x(i) and y(t) t 0 
be differentiable functions of t. The curve C can be transformed into an image curve 
C' (see Fig. 8.2-2(b)) by means of the analytic function 

w = f(z) = u{x, y) + iv(x, y). 

The arrows on C and C' indicate the sense in which these contours are generated 
as t increases. At any point on C or C', we can define a directed tangent. This is a 
vector that is tangent to the curve and points in the direction in which the curve is 
being generated. 

At time to, we are at zOo) = ~o on C, and at the later time to + At, we are at 
z(to + At) = zo + Az. The vector Az connecting z(to) with z(?o + At) is shown in 
Fig. 8.2-2(a). 

Now refer to Fig. 8.2-2(b). The point zo is mapped into the image u>o = /(zo) 
on C' and zo + Az has the image point /(zo + Az) = wo + Aw on C'. If At -a 0, 
then Az, and consequently Aw, both shrink to zero. In Fig. 8.2-2(a) we see that, 
as the vector Az shortens, its direction approaches that of the directed tangent to 
the curve C at zo- Similarly, as the vector Aw shortens, its direction approaches 
the tangent to the image curve C' at wo. Since At is real, both the vectors Az/At 
and Aw/At have the same direction as the vectors Az and Aw, respectively. Thus 



Figure 8.2-2 
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llm ,n^° = dz / dt and lim A ^o Aw/A t = dw/dt are tangent to C and C' at 

zo and w 0 , respectively. Note that n c ana c at 

<h _ dx | ,dy 

dt zo dt\ l0 dt Zo 

mid that the dope of this vector is (dy/dx)\ Zo , the slope of thecurve C aU 0 . Similarly 
dv/du Wo is the slope of the curve C at w 0 . similarly, 

From the chain rule for differentiation, 

dw _ _ dz 

dt dz dt ~ * ^ Z '~dt’ 

setting t = t 0 so that - = z (l and w =: w 0 in the preceding, we have 

dyu\ d" 7 \ 

77 =/'<»)■4 ■ 


gating the arguments of each side of the above, we obtain 

; dw \ , d->\ 

I ^^7 =arg/'(*o) + aigfy . 

| at '«* dt\ ZQ 


( 8 . 2 - 2 ) 


ol ~ arg/'/^o), 6 = arg 


r us Eq. (8.2-2) becomes 


p? ; h " tt 

I g / ( z o)- The rotation of the tangent is shown in Fig. 8.2-3(b). 




4> = a + 6 


Figure 8.2-3 
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Another smooth arc, say, C\, intersecting C at the point "o with angle if/ (th e 
angle between the tangents to the curves) can be mapped by w = f(z) into the image 
curve C[. The tangent to C\ at "o is also rotated through the angle f(zo) = a by 
the mapping. 

The mapping w — f(z) rotates the tangents to C and C\ by identical amounts in 
the same direction. Thus the image curves C' and C\ have the same angle of inter¬ 
section if/ as do C and C \. The sense (direction) of the intersection is also preserved 
as shown in Fig. 8.2-4. 

If f'(zo) = 0, the preceding discussion will break down since the angle a = 
arg(/'("o))> through which tangents are rotated, is undefined. There is no guarantee 
of a conformal mapping where f'(zo) — 0. One can show that if/'(z 0 ) = 0 the map¬ 
ping cannot be conformal at " 0 - A value of r for which f'(z) = 0 is known asa critical 
point of the transformation. 


EXAMPLE 1 Consider the contour C defined by x — y, x > 0 and the contour Q 
defined by x — 1, y > 1 • Map these two curves using w = 1 /z and verify that then- 
angle of intersection is preserved in size and direction. 


Solution. Our transformation is 

1 1 
w= — = U + IV = 

z 


ly 


x + iy x 2 + y 2 x 2 + y 2 ’ 


so that 


x 2 + y 2 ’ 


v = 


-T 


x 2 +y 2 ' 


On C,y = x, which, when substituted in Eqs. (8.2-4) and (8.2-5), yields 


u = — = —v. 
2x 


(8.24) 

(8.2-5) 


( 8 . 2 - 6 ) 



(a) 



(b) 



Figure 8.24 
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Since x > 0, we have u > 0 and v < 0. The line defined by Eq. (8.2-6) is shown as 
C' in Fig. 8.2-5(b). As we move outward from the origin along C, the corresponding 
image point moves toward the origin on C' since, according to Eq. (8.2-6), both u 
and v tend to zero with increasing x. 

On Ci, a = 1 which, when used in Eqs. (8.2-4) and (8.2-5), yields 

1 

u = 


1 


V = 


2 ’ 


1 + y 


2 ' 


This implies that 


v = — uy. 


(8.2-7) 

( 8 . 2 - 8 ) 

(8.2-9) 


FromEq. (8.2-7) we easily obtain y = -y/T /u — 1 which, combined with Eq. (8.2-9), 

yields v = —yju — u 2 . We can square both sides of this equation and make some 
algebraic rearrangements to show that (u — 1/2) 2 + v 2 = (1/2) 2 . 

Thus points on C\ have their images on a circle of radius 1/2, centered at (1 /2, 0) 
fm the yi-plane. As y increases from 1 to oo along C \, then, according to Eq. (8.2-7), 
|the w-coordinate of the image point varies from 1 /2 to 0 along the circle. Since v rema¬ 
ins negative (see Eq. (8.2-8)), the image of Ci is the arc Cj shown in Fig. 8.2—5(b). 

From plane geometry we recall that the angle between a tangent and a chord 
jf a circle is 1/2 the angle of the intercepted arc. Thus the angle of intersection 
letween CJ and C' in Fig. 8.2-5(b) is 45°, the same angle existing between Ci and 
7 . Observe in Figs. 8.2-5(a,b) that the sense of the angular displacement between 
ie tangents to C and Ci is the same as for C and CJ. • 

Suppose a small line segment, not necessarily straight, connecting the points 
and ~o + A- is mapped by means of the analytic transformation w = f(z ) (see 
|g. 8.2-6). The image line segment connects the point wq — f(~o) with the point 
f(z o + Az). 




(b) 


Figure 8.2-5 
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(a) (b) 

Figure 8.2-6 


Now consider 

l/'(zo)l 


/(z 0 + Az) -/(zo) 

ltm --- 

Az^O Az 


( 8 . 2 - 10 ) 


Equation (8.2-10) follows from the definition of the derivative, Eq. (2.3-3), and 
this easily proved fact: | lim- g(z)| = lim- \g(z)\ when lim z ^ zo g(z) exists. 
The expression |(/(z 0 + Az) - /(-„))/A- is the approximate ratio of the lengths 
of the line segments in Figs. 8.2—6(b,a). Thus a small line segment starting at zo is 
m ag ni fied in length by approximately |/'(zo)l under the transformation w = f(z). 
As the length of this segment approaches zero, the amount of magnification tends to 


the limit |/'(zo) I • 

We see that if f (zo) / 0. all small line segments passing through zo are approxi¬ 
mately magnified under the mapping by the same nonzero factor R = l/^zo)!-A 
“small” figure composed of line segments and constructed near zo will, when mapped 
into the w-plane, have each of its sides approximately magnified by the same factor 
\f (zo) I • The shape of the new figure will conform to the shape of the old one althoug 
its size and orientation will typically have been altered. Because of the magnification 
in lengths, the image figure in the w-plane will have an area approximately 1/ (^o)l 
times as large as that of the original figure. The conformal mapping of a small figure 
is shown in Fig. 8.2-7. The similarity in shapes and the magnification of areas nee 
not hold if we map a “large” figure since/'(z) may deviate significantly from/ 
over the figure. 


EXAMPLE 2 Discuss the way in which w = z 2 maps the grid x = xi, x — X2 ^ £S 0 f 
y = yi, y = y2, ... (see Fig. 8.2-8(a)) into the w-plane. Verify that the an ^ e( j jn 
intersection are preserved and that a small rectangle is approximately prese 


shape under the transformation. 

Solution. With w = u + iv, z = x + iy, the transformation is u + iv = 
x 2 — y 2 + i2xy, so that 

2 2 
u = x ~ y , 

v = 2xy. 
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F /o 2-15) is generated. This curve, which passes through u = x 1 , v = 0, is shown 
b the solid line in Fig. 8.2-8. This parabola is the image of x = x\. Also illustrated 
■ imaue of x = X2> where X 2 > x\. 

Mapping a horizontal line y = yi, -cx> < a 5 oo, we have from Eqs. (8.2-11) 
and (8.2-12) that 

u = x 2 — yf, (8.2-16) 

u = 2xyi- (8-2-17) 

Using Eq. (8.2-17) to eliminate x from Eq. (8.2-16), we have 


4y? 




(8.2-18) 


This is also the equation of a parabola—one opening to the right. One can easily 
show that as the x-coordinate of a point moving along y = yi increases from -oo 
to oo its image traces out a parabola shown by the broken line in Fig. 8.2-8(b). The 
direction of progress is indicated by the arrow. Also shown in Fig. 8.2-8(b) is the 
image of the line y = »• The point P at (x \, yi) is mapped by w = z into the image 
m = x 2- y 2 VI = 2xm shown as P' in Fig. 8.2-8(b). P lies at the intersection 
of the images of x = xi and y = yi. Although these curves have two intersections, 
only the upper one corresponds to P' since Eq. (8.2-12) indicates that v > 0 when 

* > ThTslope of the image of x = xi is found from Eq.' (8.2-15). Differentiating 
implicitly, we have 

2v dv 
du — ^ , 

4x? 


or 

du _ ~v_ (8.2-19) 

dv 2x 2 

Similarly, from Eq. (8.2-18), the slope of the image of y = yi is 

du _ v ( 8 . 2 - 20 ) 

dv 2y 2 

1 . ("8 2 - 19 ) 

Substituting ui = 2xiyi, which is valid at the point of intersection into Eqs^^ es 

and (8.2-20), we find that the respective slopes are -y i /xi and xi /yi • As ^ 

are negative reciprocals of each other, we have established the ort ogon ^ ^ x jght 
intersection of the two parabolas at P'. Since x = xi intersects y t q a t 

angle, the transformation has preserved the angle of intersection. 2-8(a) 

rectangular region with comers at P, Q, R, and S shown shaded in sho tfn 

mapped onto the nearly rectangular region having corners at P , Q , 
shaded in Fig. 8.2—8(b). 

With f{z) = r 2 , we have f '(z) = 0 at z = 0. Our theorem on c< 
ping no longer guarantees a conformal transformation at z — 0- 111 

here require special attention. The vertical line x = 0,— oo < y < 00 

(see Eqs. (8.2-11 and 8.2-12)) into u = -y 2 , v = 0, the negative 
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( Figure 8.2-9 

rizontal line y = 0, ~oc < x < oc is, by the same equations, mapped into u = 
d = 0, the positive w-axis. The hnes x = 0 and y = 0, which intersect at the 
gin at 90°, have images in the wu-plane intersecting at 180° (see Fig. 8.2-9(b)). 
tice that the small rectangle 0 < x < xi, 0 < y < vi in Fig. 8.2—9(a) is mapped 
o the nonrectangular shape in Fig. 8.2-9(b). The breakdown of the conformal 
iperty is again evident. 


pERCISES 

phow that the mapping w = (l) 2 preserves the magnitude of the angle of intersection 
etween two line segments intersecting at any z 0. Explain why the mapping is not 
jeonformal. F 

First consider w — z 2 . 

two semiinfinite lines (see Fig. 8.2-10), y = ax, x > 0 and y = bx, x > 0, are mapped 
6 trans f° rma tion w — u + iv = z 2 . Find the equation of each image curve in the 
■form v = g(u). If the two given lines intersect at angle a as shown, what is the angle of 
ffiitersection of their images? Take b > a > 0. 

P Consider the semiinfinite lines y = 1 - x, x > 0, and y = 1 + x, x > 0. Where in the 
K x ’ WP la ne do these lines intersect, and what is their angle of intersection? 



Figure 8.2-10 
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b) Each semiinfinite line is mapped into the w- (or u, v-) plane by the transformation 
w = z 2 . Find the equation and sketch the image in the in-plane of each line under this 
transformation. Give the equations in the form v = f(u). 

c) Using the equation of each image in the w-plane, find their point of intersection and 
prove, using these equations, that the angle of intersection of these image curves is 
the same as that found for the lines in part (a). 


What are the critical points of the following transformations? 
4 . w — z — z _1 5. w = cos z 6 . w = ze z 7. w 

8. w = iz + Log z 


z + i 


9 . a) What is the image of the semicircular arc, |z|=l,0<argz<rc, under the trans¬ 
formation w = z + 1/z? 

Hint: Put z = e l °. 


b) What is the image of the line y = 0, x > 1 under this same transformation? 

c) Do the image curves found in parts (a) and (b) have the same angle of intersection in 
the w-plane as do the original curves in the xy-plane? Explain. 

10. Show that under the mapping w = 1/z the image in the w-plane of the infinite line 

Im z = 1 is a circle. What is its center and radius? 

11. Find the equation in the ir-plane of the image of x + y = 1 under the mapping w = 1/z. 

What kind of curve is obtained? 

12. Consider the straight line segment directed from (2,2) to (2.1,2.1) in the z-plane. The 

segment is mapped into the w-plane by w = Log z. 

a) Obtain the approximate length of the image of this segment in the w-plane by using 
the derivative of the transformation at (2, 2). 

b) Obtain the exact value of the length of the image. Use a calculator to convert this to a 
decimal, and compare your result with part (a). 

c) Use the derivative of the transformation to find the angle through which the given 
segment is rotated when mapped into the w-plane. 

13. The square boundary of the region l<jc<l.l,l<y<l.lis transformed by means 

of w = e z . 

a) Use the derivative of the transformation at (1, 1) to obtain a numerical approximation 
to the area of the image of the square in the in-plane. 

b) Obtain the exact value of the area of the image, and compare your result with part ( a )- 


8.3 One-to-one Mappings and Mappings of Regions 

It is now necessary to study with some care the correspondence that the 
transformation w = f(z) creates between points in the z-plane and points 
m-plane. Let all the points in a region R be mapped into the tr-plane so as ’ :0 ^ 
an image region R'. Let zi be any point in R. Since f(z) is single valued 
is mapped into a unique point wi = /(zi). Given the point w i, can we assert 
is the image of a unique point, that is, if uq = f(z\) and w\ - /(Z 2 )> w ^ ere ' 

Z 2 are points in R, does it follow that zi = Z 2 ? The following definition is us6 
dealing with this question. 
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DEFINITION (One-to-one Mapping) If the equation f(zi) = J'(z 2 ) implies, 
for arbitrary points zi and Z 2 in a region R of the "-plane, that zi = Z2, we say that 
the mapping of the region R provided by w = f(z) is one to one. 

When a one-to-one mapping w = f{z) is used to map the points of a region R 
and the resulting image is a region R' in the w- plane, we say that R is mapped one 
to one onto R' by w = f(z) . • 


A hypothetical mapping that fails to be one to one is shown Fig. 8.3-1. Some 
specific, obvious cases of failure are not hard to find. For example, let R be the disc 
| Z | <2, and let w = z 2 - Without considering how the entire disc is mapped into the 
ip-plane, observe that w = 1 is the image of both z = — 1 and z = +1 , that is, 1 = z 2 
implies z = ± 1. Clearly, w = z 2 cannot map the region R one to one. 

The failure of w = z 2 to establish a one-to-one mapping for R is easily demon¬ 
strated if we solve this equation for z and obtain z = w ],/2 . Given w, we see that two 
values of z are possible whose arguments are 180° apart. Since the given R contains 
numbers whose arguments differ by 180°, a one-to-one transformation is not pos¬ 
sible. However, by using an R in which this condition cannot occur, a one-to-one 
mapping can be obtained. (Example 1 will provide further discussion.) 

| A solution for the inverse mapping, z = g( w) , as in the previous paragraph, 
allows us to decide if a mapping is one to one. The analytic transformation 


(w = iz + 2, for example, can be solved to yield z= (w — 2)/i. A point wi has 

I mique inverse point z l = (u/j — z)/i- Thus w = iz + 2 can map any region of the 
ulane one to one onto a region in the yj-plane. 

The transformation w = u + iv = f(z) can be regarded as a pair of equations 
= (x, y) and u = v(x, y).Thusxo, yo ismappedinto (no, uo), where no = w(x 0 , yo) 
d t>o = u(xo, yo)- In texts in advanced calculus it is shown that if the Jacobian of 
5 mapping, given by the determinant^ 

du 8u 
dx dy 
dv dv 
dx dy 



iv •-plane 


Figure 8.3-1 


•Kaplan, Advanced Mathematics for Engineers (Reading MA: Addison-Wesley, 1981), section 9.10. 
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is not zero at (x 0 , Vo), then w = f(z ) yields a one-to-one mapping of a neighborhood 
of (x 0 , yo) onto a corresponding neighborhood of (wo, no)- 

Expanding the above determinant, we have the requirement 


du dv 
dx dy 


du dv 


dy dx 


‘xo.yo 


7^0 


(8-3-1) 


for a one-to-one mapping. Using the Cauchy-Riemann equations dv/dy 
and -du/dy = dv/dx, we can rewrite Eq. (8.3-1) as 


du 


2 


\dxj 


dv 

dx 


21 


^ 0 . 




: du/dx 
(8.3-2) 


From Eq. (2.3-6) we observe that the left side of Eq. (8.3-2) is |/ / (zo)l 2 , where 
ZQ _ Xq + i yo . Hence the requirement for one-to-oneness in a neighborhood of - 0 

is f(zo ) ^0- 

The preceding is summarized in Theorem 2. 


THEOREM 2 (One-to-one Mapping) Let f(z) be analytic at - 0 and /' (zq) £ 0. 
Then w = f(z) provides a one-to-one mapping of a neighborhood of zq. • 

It can also be shown that if f'(z) = 0 in any point of a domain, then f(z) cannot 
give a one-to-one mapping of that domain. 

A corollary to Theorem 2 asserts that if /'(z 0 ) + 0- then w = f(z ) can be solved 
for an inverse z = g(w) that is single valued in a neighborhood of w’o = f(zo). 

One must employ Theorem 2 with some amount of caution since it deals only 
with the local properties of the transformation w = /(")■ If we consider the interior 
of a sufficiently small circle centered at z 0 , the theorem can guarantee a one-to-one 
mapping of the interior of this circle.^ However, if we make the circle too large, the 
mapping can fail to be one to one even though f'(z) ^ 0 throughout the circle. 

EXAMPLE 1 Discuss the possibility of obtaining a one-to-one mapping from the 
transformation w = z 2 . 

Solution. We make a switch to polar coordinates and take z = re ' 6 , w = pe‘ 5^ 
stituting these into the given transformation, we find that p = r 2 and <p = 2 v- ^ 
observe that the wedge-shaped region in the "-plane bounded by the ray s 9 = a > ^ 
P,r> 0 (where 0 < a < (i) shown in Fig. 8.3-2(a) is mapped onto the we g 
bounded by the rays <j> = 2a, <p = 2j8, p > 0 shown in Fig. 8.3—2(b). in 

The wedge bounded by the rays 9 = a + n, 9 = ft + n, r shown ^ 
Fig. 8.3-2(a) is mapped onto the wedge bounded by the rays <f> = 2(a + 

2a and <fi = 2(fi + tc) = 2j8, p > 0 shown in Fig. 8.3—2(b). Thus both we g 
Fig. 8.3-2(a) are mapped onto the identical wedge Fig. 8.3—2(b). 


of the 

,tant 


^Properties that are not limited to interiors of “sufficiently small circles’ are called global ^ oric0 ns\ 
transformation. An important global property of analytic functions, not proven here, is that a ^ ^ ^ 
analytic function must always map a domain onto a domain. This is proved in a number °ITK- Caffb rid ^ 
Ablowitz and A.S. Fokas, Complex Variables: Introduction and Applications (Cambridge, UK- 
University Press, 1997), 341. 
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Figure 8.3-2 


| The inverse of our transformation is z = w 1/2 . Applying this to w\ shown in 

Rig. 8.3-2(b), we obtain ui J /2 whose values z\ and -z\ lie in the upper and lower 
wedges of Fig. 8.3-2(a). 

I Either of the wedges in Fig. 8.3-2(a) can be mapped one to one since w 1 ^ 2 has 
gnly one value in each wedge. Similarly, any domain in either wedge in Fig. 8.3-2(a) 
§an be mapped one to one onto a domain in the w-plane. Notice that any domain 
jSntaining z = 0 must necessarily contain points from both wedges in Fig. 8.3-2(a) 
|id cannot be used for a one-to-one mapping. However, we know that such a domain 
gist be avoided since it contains the solution of f'(z) = 2z = 0. 

The region 0 < 9 < 7t, r > 0, which is the upper half of the "-plane plus the 
|is y = 0, x > 0, can be mapped one to one since it contains no two points that are 
egatives of each other (observe the necessity for excluding the negative real axis), 
he image of this region is the entire y)-plane (see Fig. 8.3—3). 

I A 11 alternative solution to this example, not using polar coordinates, is given in 
|ercise 1 of this section. • 


Zf. 


Z-plane 


z^-plane 


Figure 8.3-3 
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EXAMPLE 2 Discuss the way in which the infinite strip 0 < Im z < a, is mapped 
by the transformation 

w = u + iv = e z — e x+iy ■ (8.3-3) 

Take 0 < a < 2%. 

Solution. We first note the desirability of taking 0 < a < 2 k. It arises from the 
periodic property e z = e z+2ni . By making the width of the strip (see Fig. 8.3-4(a)) 
less than 27 t, we avoid having two points inside with identical real parts and imaginary 
parts that differ by 2n. A pair of such points are mapped into identical locations in 
the w-plane and a one-to-one mapping of the strip becomes impossible. 

The bottom boundary of the strip, y = 0, -oo < x < oo, is mapped by our 
setting y = 0 in Eq. (8.3-3) to yield e x = u + iv. As x ranges from -oo to oo, the 
entire line v = 0, 0 < u < oo is generated. This line is shown in Fig. 8.3-4(b). The 
points A', B', and C are the images of A, B and C in Fig. 8.3-4(a). 

The upper boundary of the strip is mapped by our putting y = a in Eq. (8.3-3) 
so that 

u = e x cos a, 
v = e x sin a. 

Dividing the second equation by the first, we have v/u = tan a or 

u=wtana, (8.3-6) 

which is the equation of a straight line through the origin in the wu-plane. If sin a and 
cos a are both positive (0 < a < %j 2), we see from Eqs. (8.3-4) and (8.3-5) that, 
as x ranges from — oo to oo, only that portion of the line lying in the first quadrant 
of the w-plane is generated. Such a line is shown in Fig. 8.3-4(b). It is labeled with 
the points D', E', and F', which are the images of D, E, and F in Fig. 8.3-4(a). 
The slope of the lines is tan a , and it makes an angle a with the real axis. If a 
satisfied the condition n/2 < a < norn < a < 3 tc/2 or 3n/2 < a < 2n, lines lying 
in, respectively, the second or third or fourth quadrant would have been obtained. 
The cases tt/2 = a , 3n/2 = a, and n = a yield lines along the coordinate axes. 


(8.3-4) 

(8.3-5) 




Figure 8.3^1 
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The strip in Fig. 8.3_4( a ) is mapped onto the wedge-shaped region shown in 
Fig. 8.3-4(b). An important mapping occurs if the strip is chosen to have width 
a = 7 t. The upper boundary passing through F, E. D in Fig. 8.3-4(a) is transformed 
into the negative real axis in the m-plane. The wedge shown in Fig. 8.3-4(b) evolves 
into the half plane v > 0, which is now the image of the strip. 

The inverse transformation of Eq. (8.3-3), that is, 

z = logm (8.3-7) 


can be used to obtain the image in the "-plane of any point in the wedge of 
Fig. 8.3-4(b). Of course, log w is multivalued, but there is only one value of log w 
that lies in the strip of Fig. 8.3^1(a). The shaded rectangular area bounded by the 
[lines x = xi, x = X 2 , y = yi, y = yi shown in Fig. 8.3~4(a) is readily mapped onto 
ja region in the u;-plane. With x = x\ we have Eq. (8.3-3) that 

I u = e Xy cos y, 

I v = e n sin y, 


so that 


u 2 + v 2 = e 2xi , 


jhich is the equation of a circle of radius e xi . The line segment x — xi,0 < y < a 
g, transformed into an arc lying on this circle and illustrated in Fig. 8.3^1(b). The 
ne segment* = X 2 , 0 < y < a(x 2 > x\) is transformed into an arc of larger radius, 
rich is also shown. 

The images of the lines y — y\ and y = yi are readily found from Eqs. (8.3-4) 
id (8.3-5) if we replace a by yq or y 2 - Rays are obtained with slopes tan yi and 
1 yi, respectively. These rays (see Fig. 8.3—4h) together with the arcs of radius e xi 
Bd e X2 form the boundary of a nonrectangular shape (shaded in Fig. 8.3^1b) that 
|the image of the rectangle shown in Fig. 8.3^1(a). Notice that the comers of the 
Iprectangular shape have right angles as in the original rectangle. • 


UV1PLE 3 Discuss the way in which w = sinz maps the strip > > 0, —n/2 < 

I ;7C/2 - 

mtion. Because sin " is periodic, that is, sin " = sin(z + 2n), any two points 
|ne "-plane having identical imaginary parts and real parts differing by 2n (or 
Jpultiple) will be mapped into identical locations in the ta-plane. This situation 
Biot occur for points in the given strip (see Fig. 8.3-5(a)) because its width is n. 
Rewriting the given transformation using Eq. (3.2-9), we have 

w = (u + iv) = sin(x + iy) = sin x cosh y + i cos x sinh y, 
means 


u = sin x coshy, 
v = cos x sinhy. 


(8.3-8) 

(8.3-9) 


lottom boundary of the strip is y = 0, — %/2 < x < n/2. Here u = sinx and 
p- As we move from x = — %/2 to x = %/2 along this bottom boundary, the 
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Figure 8.3-5 


image point in the to plane advances from — 1 to +1 along the line v = 0. The image 
of the line segment B, C, D of Fig. 8.3—5(a) is the line D' in Fig. 8.3-5(b). 

Along the left boundary of the given strip, x = — 7t/2, y > 0. From Eqs, (8.3-8) 
and (8,3-9), we have 


u — sin 


coshy = — coshy, 


v = cos( — — J sinhy = 0. 


As we move from y = oo to y = 0 along the left boundary, these equations indicate 
that the w-coordinate of the image goes from — oo to — 1 along v = 0. The image of 
this boundary is thus that portion of the w-axis lying to the left of B' in Fig. 8.3—5(b). 
Similarly, the image of the right boundary of the strip, x = n/2, 0 < y 5 °°> * s 
portion of the w-axis lying to the right of D' in Fig. 8.3-5(b). 

The image of the semiinfinite vertical line x = xi,0 <y<oois found fr oin 
Eqs. (8.3-8) and (8.3-9). We have 

u = sinxi coshy, 
v = cos x\ sinhy. 


(8.3-10) 

(8.3-lD 


Recalling that cosh 2 y — sinh 2 y = 1, we find that 


sin 2 x\ 


COS 2 xi 


= 1 , 


which is the equation of a hyperbola. We will assume that 0 < xi < n fl' , j,n 
y > 0,Eqs. (8.3-10) and (8.3-11) reveal that only that portion of the hyp er 0 ^ 
in the first quadrant of the topi ane is obtained by this mapping. This curve is 
in Fig. 8.3—5(b); also indicated is the image of x = X 2 , y > 0, where X 2 ^ x 
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or X2 had been negative, the portions of the hyperbolas obtained would be in the 
second quadrant of the ur-plane. 

The horizontal line segment y = y\{y\ > 0), —n/2 <i< n/2 in Fig. 8.3-5(a) 
can be mapped into the m-plane with the aid of Eqs, (8.3-8) and (8.3-9), which yield 

u — sin x cosh y \, (8.3-12) 

v = cosx sinhyi, (8.3-13) 

Since sin 2 x + cos 2 x = 1, we have 


cosir 


+ 


= 1 , 


yi sinh 2 yi 

which describes an ellipse. Because y\ > 0 and — n/2 < x < n/2, Eq, (8.3-13) 
indicates that v > 0, that is, only the upper half of the ellipse is the image of the 
Sgiven segment. In Fig. 8,3-5(b) we have shown elliptic arcs that are the images of 
pe two horizontal line segments inside the strip in Fig, 8,3-5(a). 

The rectangular area x\ < x < X2, yi 5 y 5 yi m the z-plane is mapped onto 
fie four-sided figure bounded by two ellipses and two hyperbolas, which we see 
§haded in Fig, 8.3-5(b). The four comers of this figure have right angles. 

It should be evident that the interior of our semiinfinite strip, in the z-plane, is 
Ipapped by w = sin z onto the upper half of the toplane. The transformation of other 
^trips is considered in Exercise 2 of this section. 

The transformation in w = sin z fails to be conformal where d sin z/dz = cos z 
1,0, This occurs at z = zLn/2. The line segments AB and BC in Fig, 8,3—5(a) 
Itersect at z = — n/2 at right angles. However, their images intersect in the in-plane 
|a 180° angle. The same phenomenon occurs for segments CD and DE. • 

Suppose we needed to map a large number of vertical lines x = x \, x — X 2 , etc., 
id horizontal lines y = y \, y = y 2 , etc., using w = sin z. Using this transformation, 
I could find and laboriously plot in the in-plane the image of each line, as was just 
e in a few cases. However, there is some useful computer software available that 
jsave us much work. Using the complex variables program entitled f (z) (available 
Lascaux Software; see the Introduction), we have mapped an extensive grid 
tg in the space —n/2 < x < n/2, 0 < y < n/2 into the u, n-plane. The result 
|Uustrated in Fig. 8,3-6. The large horizontal and vertical “tic” marks are at 
±1, y = ±1, u = ±1, v = ±1 and serve to establish the scale. Other functions 
available with the software to perform different mappings. 


SRCISES 

The transformation in = u + iv = z 2 is applied to a certain region R in the first 
quadrant of the z-plane. The rectangular-shaped image region R 1 satisfying u\ < 
u S « 2 > < v < V 2 is obtained as the image of R. Here u\ and i>i are positive, 

| Describe R, giving the equations of ail boundaries. Does w = z 2 establish a one-to- 
j one mapping of R1 

I The same transformation is applied to a region R\ in the third quadrant of the z-plane. 
The region R' given in part (a) is still obtained. Describe R\. Does w = z 2 establish 
a one-to-one mapping of .Rj? 
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Figure 8.3-6 


2. a) Consider the infinite strip |Rez| < a, where a is a constant satisfying 0 < a < n/2. 
Find the image of this strip, under the transformation w = sin z, by mapping its boun¬ 
daries, 

b) Is the mapping in part (a) one to one? 

c) Suppose a = n/2. Is the mapping now one to one? 


How does the transformation w = cos z map the following regions? Is the mapping one to one 
in each case? 

3. The infinite strip a < Re z < b, where 0 < a < b < n 

4. The infinite strip 0 < Re z < 7i 

5. The semiinfinite strip 0 < Rez < n, Imz > 0 _ 


6. Consider the region consisting of an annulus with a sector removed shown in Fig. 8. • 

The region is described by s < |z| < R, —n + a < argz < n — a.Theregionismappe 
with w = Logz, 

a) Make a sketch of the image region in the u;-plane showing A', B' , C 1 ... ■ (the im a S e 
of A, B, C, .. . ), Assume 0<e<R, 0<a<7i, 

b) Is the mapping one to one? Explain, 

c) What does the image region of part (a) look like in the limit as s 0+? 

7. Consider the wedge-shaped region 0 < argz < a, |z| < 1, This region is to be 
by w = z 4 . What restriction must be placed on a to make the mapping one to one 

8 . a) Refer to Example 3 of this section. Show that at their point of intersection the 

of x = Xi and y = yi are orthogonal. Work directly with the equation o eac ^ 

b) In this same example, what inverse transformation z = g{w ) will map the ^ 

of the ui-plane onto the semiinfinite strip of Fig, 8,3-5(a)? State the branc j jnto* 
logarithms and square roots in your function, and verify that point D is 
D, that C is mapped into C, and that w = i has an image lying inside t e s ^ 

9. The semiinfinite strip 0 < Im z < n. Re z > 0 is mapped by means olw-° 
the image of this domain. 
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Figure 8.3-7 


| 0 . 


a) Consider the half-disc-shaped domain |z| < 1, Imz > 0. Find the image of this 
domain under the transformation 

2 


W = 


z + 1 


Hint: Map the semicircular arc bounding the top of the disc by putting z = e w in the 
above formula. The resulting expression reduces to a simple trigonometric function. 

b) What inverse transformation z = g(w) will map the the domain found in part (a) back 
onto the half-disc? State the appropriate branches of any square roots. 

Following Theorem 2 there is a remark asserting that if f (z ) = 0 at any point in a domain, 
n ™ H z ' cannot ma P that domain one to one. However, in Example 1 we found that 
a wedge containing z = 0 can be mapped one to one by f( z ) = z 2 even though /'(0) = 0. 
is there a contradiction here? Explain. 

® The Bilinear Transformation 

Pi*. 

| bilinear transformation defined by 

where a, b, c, d are complex constants, 


w = 


az 


cz + d 


(8.4-1) 


lon S ;f SO kn °T, n aS the lmear f ractional transformation or the Mobius transfor- 
ihich ar S H 6Cia y U , Set in the S0luti0n of a number °f physical problems, some 
“fL in l dlS ^ USSed m thls cha P ter - The utilit y °f this transformation arises from 
1 y ln wh ich it maps straight lines and circles. 

|quation (8.4-1) defines a finite value of w for all z ^ -d/c. One generally 


ad be. 


( 8 . 4 - 2 ) 
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If we take ad = be, we can readily show that Eq. (8.4-1) reduces to a constant 
value of w, that is, dw/dz = 0 for all z, and the mapping is not conformal nor 
especially interesting since all points in the z-plane are mapped into one point in the 

uj-plane. 

In general, from Eq. (8.4-1) we have 

dw a(cz + d)~ c(az + b) ad- be 

- to.4-3) 


(cz + d) 


.2 ’ 


dz {cz + d) 2 

which is nonzero if Eq. (8.4-2) is satisfied. 

The inverse transformation of Eq. (8.4-1) is obtained by our solving this equation 

for z. We have 

— dw + b 

z = -, (8.4-4) 

cw — a 

which is also a bilinear transformation and defines a finite value of z for all w ^ ale. 

For reasons that will soon be evident, we now employ the extended w-plane 
and the extended --plane (see section 1.5), that is, planes that include the “points” 
z = oo and w = oo. 

Consider Eq. (8.4-1) for the case c = 0. We have 


w = d z + i’ 


(8.4-5) 


which defines a value of w for every finite value of z. As |z | oc, wehave \w\ -> oo. 
Thus z = oo is mapped into w = oo. 

Suppose however that c ^ 0 in Eq. (8.4-1). As z —>■ —d/c, we have |w| —> °°- 
Thusz — —d/c is mapped into w = oo.If|z| —>■ oo, wehave w —>• a/c.Thusz — oo 
is mapped into w = a/c. 

Referring to the inverse transformation (see Eq. 8.4-4), if c = 0, we have 

z=-w--, (8.4- 6) 

a a 

which also indicates that z = oo and w = o o are images (for c = 0). If c ^ ’ 
Eq. (8.4-4) shows that w = oo has image z = -d/c, whereas w = a/c has una^ 
- = oo. In summary, Eq. (8.4-1) provides a one-to-one mapping of the exten 

z-plane onto the extended w-plane. as 

Suppose now we regard infinitely long straight lines in the comp ex ^ . j e » 
being circles of infinite radius (see Fig. 8.4-1). Thus we will use the wor 
to mean not only circles in the conventional sense but infinite straight ines ^ 
Circle (without the quotation marks) will mean a circle in the conventiona 
We will now prove the following theorem. 

THEOREM 3 The bilinear transformation always transforms circle 
“circles.” 

Our proof of Theorem 3 begins with a restatement of Eq. (8.4-1): 


into 


a 

w = — 
c 


be — ad 1 


cz + d’ 
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inhere we assume c 0. If we put Eq. (8.4-7) over a common denominator, its 
equivalence to Eq. (8.4-1) becomes apparent. 

The transformation described by Eq. (8.4-7) can be treated as a sequence of 
piappings. Consider a transformation involving a mapping from the "-plane into the 
iq-plane, from the uq -plane into the trq-plane, and so on, according to the following 
Scheme: 


W\ = CZ, 

W 2 = w\ + d = cz + d,, 
1 1 

W 2 cz + d’ 
be — ad 

1V4 = - wj 


a 

w = — 
c 


W4 


a 

c 


be — ad 
c(cz + d) ’ 
be — ad 


(8.4-8a) 

(8.4-8b) 

(8.4-8c) 

(8.4-8d) 

(8.4-8e) 


c(cz + d) 

Juation (8.4-8e) confirms that these five mappings are together equivalent to 
!• (8.4-7). 

There are three distinctly different kinds of operations contained in 
(8.4-8a-e). Let k be a complex constant. There are translations of the form 

w = z + k, (8.4-9) 

1 Eqs. (8.4-8b,e). There are rotation-magnifications of the form 

w = kz, (8.4-10) 

I Eqs. (8.4-8a,d). And there are inversions of the form 

1 

w = ~, (8.4-11) 

z 

gEq. (8.4-8c). 

I we can show that “circles” are mapped into “circles” under each of these 
Operations, we will have proved Theorem 3. It should be apparent that under a 
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displacement the geometric character of any shape (circles, triangles, straight lines) 
is preserved since every point on whatever shape we choose is merely displaced by 
the complex vector k (see Fig. 8.4—2). 

We can rewrite Eq. (8.4-10) as 

w=\k\e Wk z, (8.4-12) 

here Ok = arg k Under this transformation, a point from the "-plane is rotated 
through an angle 0 k and its distance from the origin is magnified by the factor \k\. 
The process of rotation will preserve the shape of any figure as shown in Fig. 8.4-3. 
We can show that under magnification “circles” are mapped into circles ’. For a 

magnification 

w = u + iv = \k\z = |&|(x + iy), 

and so 

u - \k\x, v = \k\y. (8.4-13) 

A circle in the xy-plane is of the form 

(x - xo) 2 + (y~ yo) 2 = r 2 ■ (8.4-14) 






Figure 8.4-3 
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The center is at (x 0 , to) and the radius is r. Solving Eq. (8.4-13) for x and y and 
using these values in Eq. (8.4-14), we can obtain 

(m — \k\xo) 2 + (u — l^ljo) 2 = r~\k\ 2 , 

which is the equation of a circle, in the tu-plane, having center at \k\x (h [A'[yo and 
radius r\k\. A similar argument shows that the straight line y — mx + b is mapped 
into the straight line v = mu + b\k\. 

To prove that Eq. (8.4-11) maps “circles” into “circles”, consider the algebraic 
equation 

A(x 2 -t- y 2 ) + Bx + Cy T D = 0, (8.4—15) 


where A, B, C, and D are all real numbers. If A = 0, this is obviously the equation 
of a straight line. Assuming A ^ 0, we divide Eq. (8.4-15) by A to obtain 

(* 2 +y 2 ) + I *+-y+-=0, 

which, if we complete two squares, can be rewritten 

U \ 2 / C\ 2 D ( B' 2 

\x ■ 


B 
2A 


y+ 2A ~~A 


±) 

2 A 


c r 

2 A 


(8.4-16) 


A comparison with Eq. (8.4-14) reveals this to be the equation of a circle provided 

\2 / — \2 


— I > 0 
2 A “ 


D / B 
~A + \2A) 

|the squared radius cannot be negative). The above condition can be rearranged as 

(8.4-17) 


+ C l > 4 AD. 

|n Eq. (8.4-15) we make the following well-known substitutions: 

2 


2 - Z + Z 

■y = zz, —, 


1 (z - z) 

y= 7 2 ' 


nus 


B C 

Azz + — (z + z) + — (z — z) + D = 0. 

2 2i 


(8.4-18) 


pth A, B. C, D real numbers, Eq. (8.4-18) is the equation of a circle if A ^ 0, and 
jjl.in addition, Eq. (8.4-17) is satisfied. It is the equation of a straight fine if A = 0. 

We now replace z by \/w in Eq. (8.4-18) in order to find the image of our 
gircle” under an inversion. The “circle” is transformed into a curve satisfying 


1 


ww 


C I 1 1 , 

— ( ~\+ D 

21 \ w w i 


0. 


B J_ 1 

2 \w wj 

Implying both sides by ww and rearranging terms slightly, we get 
B, C 


Dww + — (w + w) — — (w — w) -(- A = 0. 


(8.4-19) 


Bation (8.4-19) is identical in form to Eq. (8.4-18) with D in Eq. (8.4-19) now 
png the role of A, A now playing the role of D, and — C taking the part of C. 
leaning of B is unaltered. 



542 Chapter 8 Conformal Mapping and Some of Its Applications 


With these changes in Eq. (8.4-17) it is found that this inequality remains 
unaltered. Thus if D £ 0, Eq. (8.4-19) describes a circle as long as Eq. (8.4-18) 

describes one. ^ 

jf £) _ o, Eq. (8.4-19) describes a straight line, that is, a “circle.” Thus we have 

shown that w = 1/z maps “circles” into “circles.” 

Notice that if D = 0, Eq. (8.4-15) is satisfied for z = 0, that is, the “circle” 
described in the --plane passes through the origin. With D= 0, Eq. (8.4-19) yields 
a straight line. Thus a “circle” passing through the origin of the '-plane is transformed 
h y w = 1/z i nt0 a straight fine in the tu-plane. 

Under the assumption c ^ 0, we have shown that the bilinear transformation 
(see (Eq. 8.4-1) and, equivalently, (Eq. 8.4-7)) can be decomposed into a sequence 
of transformations, each of which transforms “circles” into “circles.” If c = 0 in 
E q (8.4-1), it is an easy matter to show that the resulting transformation 

a b 
w =j z + j • 


which involves a rotation-magnification and displacement also has this property. 
Thus our proof of Theorem 3 is complete. 

Because the inverse of a bilinear transformation is also a bilinear transformation 
(see Eq. 8.4-4), a “circle” in the --plane is the image of a “circle” in the in-plane (and 
vice versa). An elementary example of this, involving the simple bilinear transfor¬ 
mation w= 1/z, was studied in section 8.2 in Example 1 as well as in Exercise 10 
of that section. 

A sequence of two or more bilinear transformations can be reduced to a single 
bilinear transformation. Thus if a bilinear transformation provides a transformation 
from the --plane to the tu \ -plane and another bilinear transformation provides a 
transformation from the tu \ -plane to the tu-plane, then there is a bilinear transfor¬ 
mation that gives a mapping from the --plane to the tu-plane. This fact is proved in 
Exercise 29. 


EXAMPLE 1 

a) Find the image of the circle |z — 1 — i\ = 1 under the transformation w — 

1/z. 

b) Find the image of the same circle under the transformation tu = (z + 2)/ z 

Solution. Part (a): The given circle is shown in Fig. 8.4-4(a). Since it does not 
pass through - = () the expression tu = 1/z is never infinite for any z lying on 
circumference of the circle. Because the image of the circle does not pass ^ 
w = oo, we know that this image is not a straight line in the tu-plane. Thus e ^ ^ 
red image must be a circle. To find this circle, we need map only three points 
on |z — 1 — (| = l into the tu-plane since, as we recall from elementary g e °^ nce . 
the center and radius of a circle are determined by three points on its circu e ^ 

Using w = 1/z, we map the points A, B, and C from Fig. 8.4-4(a) int0 . ma ges 
plane. These points are at - = 1, z = i, and z = 2 + i, respectively, and have i 
A' , B' , and C' located at tn = 1, tn = —i, and w = (2 — /)/5. Points A 
as well as the circle 
apparent that this circle 


.cucuiu- 1 , 111 - ">-- -- Vioulu ' 

: passing through them, are shown in Fig. 8.4~4(b). 11 ,\^ s iff 
ircle must be tangent to the w-axis at tn = 1, i.e., at A ■ Jj 
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because the point A is the only point on \z — 1 — i\ whose value is real. Under the 
inversion w = l/- : this is the only point with a real image. 

To summarize, we see from Fig. 8.4-4(b) that the required image is 
lw — 1 + i'l = 1 . 

Part (b): The transformation w = (z + 2)/z is identical to w = 2/- + 1. We 
can regard this as a sequence of three transformations: uq = 1 /-, w 2 = 2uq, 
W=w 2 + 1. The first transformation has already been performed’and is the 
answer to part (a). The second, W 2 = 2uq, requires merely magnifying the answer 
to part (a) by a factor of 2. Thus a circle of radius 2 and center 2 - 2 i is obtained. 
The third transformation w = w 2 + 1 just involves displacing the preceding circle 
one unit parallel to the real axis. The center is now at 3 — 2 i. Thus our answer is 
\w-3+2i\=2, and this is shown in Fig. 8.4-4(c). The points A", 5", and C" are 
the images of A, B, and C in Fig. 8.4-4(a). ’ # 



Figure 8.4-4 
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„ „ f numbeis, say, ay, is oo, the cross-ratio in Eq. (8.4-23) is redefined 
K tot the quotient of the two terms on the right containing z,. tha is U, Zfc)/ 
- Zm ), is taken as L 

The cross-ratio of the four image points wi, urz^ «>3, m is obtained by replacing 


so 

(z j 


Zl 


lilt/ U'Jc'O A - . . I 

cross-ratio is importmtThe reader should verify, that, for example (1,2, 3, 4) = 


u/i, u >2 


, etc. The order of the points in 


_ 1/3 whereas (3, 1, 2,4) = 4. 

We will now prove the following theorem, 

thFOREM 4 (Invariance of cross-ratio) Under the bilinear transformation 
THEOREM ^ ^ oss ratio Qf fQur points is preserved, that is, 

q (w\ - W2)(m - W 4 ) _ (Zl - Z2)(Z3 - Z4)_ (8.4-24) 

(wi — uq)(ui 3 ~~ w 2 ) (Zl ~ Z4)(Z3 Z 2 ) ^ 

The proof of Theorem 4 is straightforward. From Eq. (8.4-21 ) * is mapped into 
wi, that is, 

" ' “ (8.4-25) 


azj + b 

m — -T~T 

czi + a 


and similarly, 


azj + b 
cz j + d ’ 


Wi = 


so that 


az 


+ b azj + b _ ( a d bc){zi zj) 


(8.4-26) 


Wi ~ W} = 7^+d cZj + d (czi + d)(czj + d )‘ 

Wid, /= M-2 in Eq. 

Similarly, we can express m 3 - m in terms 01 .,3 After some 

left side of Eq. (8.4-24) can be written in terms of zi, ^3^ should supp ly 
simple algebra, we obtain the right side of Eq. ( ■ 

the details. , . . the cross-rati° 

If one of the points b« ifjW ,te f'1„r esampfe 

must be proved differently. If, say, zi - °°> its image > s W becomes 
Eq. 8.4-25 as z, = zi 00 ). Thus the left side of Eq. (8.4-24) becom 


- 102 j ( w 3 - w 4) 


vc 

If Eqs. (8.4-26) and (8.4-25) are used in this ex P ress ™’ 

104 can be rewritten in terms of Z 2 , Z 3 > Z4- er some 1 w henZi ^ 

( ; __ )/(z _ Z2) is Obtained. This IS the cross-ratio (Zl, z 2 ri^ *4. tra»^ 

( The inviiance of the cross-ratio is useful when we seek 

mi, W 2 , ui 3 - The point z 4 in tq. 6 J| 
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is w (instead of u/ 4 ). Thus our working formula becomes 

(u>i - w 2 )(m - w) = (zi ~z 2 )(z 3 - z) (g 

(wi - w)(w 3 - W 2 ) (zi - Z)(Z3 - Z2)' 
which must be suitably modified if any point is at oo. The solution of w in terms of 
2 yields the required transformation. 


EXAMPLE 3 Find the bilinear transformation that maps z\ = 1, z 2 = U Z 3 = 0 
into 101 = 0, W 2 = —1, m 3 = —i. 


Solution. We substitute these six complex numbers into the appropriate location in 
Eq. (8.4-27) and obtain 

(0- (-l))(-i-u>) = (1 - 0(0 -z) 

(0 -«;)(-/+1) (1 - z)(0 - i) 

With some minor algebra, we get 


w 


i{z - 1) 


z + 1 


(8.4-28) 


|This result can be checked by our letting 2 assume the three given values 1, i, and 0. 
Ifhe desired values of w are obtained. • 


iXAMPLE 4 For the transformation found in Example 3, what is the image of the 
|Iircle passing through zi = 1 , Z 2 = L Z 3 = 0 , and what is the image of the interior 
)f this circle? 


milution. The given circle is shown in Fig. 8.4-7(a). From elementary geometry, 
I center is found to be at (1 + i)/2, and its radius is l/\/2. The circle is described 


(1 + i) 


-Jl 
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The image of the circle under Eq. (8.4-28) must be a straight line or circle in 
the w-plane. The image is known to pass through wi = 0, m 2 = -1, m = ~i -The 
circle determined by these three points is shown in Fig. 8.4-7(b) (no straight line 
can connect w\,w 2 , and m 3 ) and is described by 


w + 


(1 + 0 

2 


1 

H' 


(8.4-29) 


This disc-shaped domain 


z — 


(1 + 0 


1 


which is the interior of the circle of Fig. 8.4-7 (a) has, under the given transformation 
(Eq (8.4-28)), an image that is also a domain. + The boundary of this image is the 
circle in Fig. 8 A-7(b). Thus the image domain must be either the disc interior to this 
latter circle or the annulus exterior to it. 

Let us consider some point inside the circle of Fig. 8.4—7(a), say, z 1 / 2. From 
Eq. (8*4-28) we discover that w = i /3 is its image. This lies inside the circle of 
Fig. 8.4—7(b) and indicates that the domain 


z - 


(1 + 0 


1 


is mapped onto the domain 


w 


(1 + 0 


1 




EXAMPLE 5 Find the bilinear transformation that maps z\ — 1, z 2 — h Z3 - 0 
into w\ = 0, m 2 = oo, m 3 = —i. 

Solution. Note that Zl , z 2 , and z 3 are the same as in Example 3. We again employ 
Eq. (8.4-27). However, since w 2 = oo, the ratio (mi - w 2 )/(w 3 ~ w) on e 
must be replaced by 1. Thus 

-i— w _ (1 ~ i)(—z) 

-w (1 — z)(—0 ’ 


whose solution 


is 


w 


I - z (8.4-30) 

Note that the circle in Fig. 8.4-7(a) passing through 1 and i and 0 is jitie 

into a “circle” passing through 0 and oo and —i, that is, an infinite s .^ e 

lying along the imaginary axis in the m-plane. The half plane to the e rea dily 

is the image of the interior of the circle in Fig. 8.4-7(a), as the rea er • 

verify. 


tRecall that a domain is always mapped onto a domain by a nonconstant analytic function 
p. 530). 


(see 


footn<? 
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EXAMPLE 6 Find the transformation that will map the domain 0 < arg z < n/2 
from the z-plane onto |w| < 1 in the w-plane (see Fig. 8.4-8). 

Solution. The boundary of the given domain in the --plane, that is, the positive 
x- and y-axes, must be transformed into the unit circle | w | = 1 by the required 
formula. A bilinear transformation will map an infinite straight line into a circle but 
cannot transform a line with a 90° bend into a circle. (Why?) Hence our answer 
cannot be a bilinear transformation. 

Notice, however, that the transformation 


s ~ z (8.4-31) 

[see Example 1, section 8.3) will map our 90° sector onto the upper half of the 
jt-plane. If we can find a second transformation that will map the upper half of the 
<y-plane onto the interior of the unit circle in the w-plane, we can combine the two 
mappings into the required transformation. 

Borrowing a result derived in Exercise 31 of this section and changing notation 
htly, we observe that 

_ iy ( S ~ P) 

w _ e (s-p)’ where y is a real number and Im p > 0, (8.4-32) 

fill transform the real axis from the .v-plane into the circle y, = 1 and map the 
Ipmain Im .v > 0 onto the interior of this circle. 

I Combining Eqs. (8.4-31) and (8.4-32), we have as our result 

t (z 2 -p) . 

( z 2 _ p -j ’ where y is a real number and Im p > 0. (8.4-33) 

ip articular example of Eq. (8.4-33) is 


w = e 


z 2 - i 


z-plane 


90 ° 


W 9 

Z 1 + l 


i-plane 

z 2 = s 

py 


— 


■ l80°is 

^ , 

a c' 

b' a! 


w- plane 


(a) 


(b) 

Figure 8.4-8 
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The method just used can be modified so that angular sectors of the form 0 < arg - < 
a, where a is not constrained to be n/2, can be mapped onto the interior of the unit 
circle (see Exercise 33 of this section). # 


exercises 

1. a) Derive Eq. (8.4-4) from Eq. (8.4-1). 

b) Verify that Eq. (8.4-7) is equivalent to Eq. (8.4-1). 

2. Suppose that the bilinear transformation (see Eq. 8.4-1) has real coefficients a, b, c, d. 
Show that a curve that is symmetric about the x-axis has an image under this transfor¬ 
mation that is symmetric about the n-axis. 

3. Derive Eq. (8.4-24) (the invariance of the cross ratio) by following the steps suggested 
in the text. 

4. If a transformation w = f(z) maps z l into w i , where z i and w\ have the same numerical 
value, we say that zi is a fixed point of the transformation. 

a) For the bilinear transformation (Eq. (8.4-1) show that a fixed point must satisfy 

cz 2 — (a — d)z — b = 0 . 

b) Show that unless a = d 0 and b = c = 0 are simultaneously satisfied, there are at 
most two fixed points for this bilinear transformation. 

c) Why are all points fixed points if a = d ^ 0 and b = c = 0 are simultaneously satis¬ 
fied? Refer to Eq. (8.4-1). 


Using the result of Exercise 4(a), find the most general form of the bilinear transformation 
w(z) that has the following fixed points. 

5. z = — 1 and z = 1 6 . z = 1 and z = i 


For the transformation w = 1/z, what are the images of the following curves? Give the result 
as an equation in w or in the variables u and v, where w = u + iv. 


7.y=l 8. x - y = 1 9. |z — 1 + i\ = 1 10. |z + 1 + i| = x/2 

11- y = X 12. |z - 3 - 3/| = V2 13. |z - V3 - i\ = 1 


For the transformation in = (z + l)/(z — 1) what are the images of the following curves? Give 

the result as an equation in w or in the variables u and v. 


14. 


= 1 15. |z|=2 16. |z+1|=2 


Onto what domain in the in-plane do the following transformations map 
lz-11 < 1? 


17. w = 

z — 1 


18. w = 


z — 1 


19. w = 


z — 1 
(1 + i)z 



z 
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Onto what domain in the ui-plane do the following transformations map the domain 
1 < Re z < 2? 


20 . w = 


z - 1 


21 . w = 


2z-3 


22 . w = 


■ - 1 


Find the bilinear transformation that will map the points Z\,Z2, and Z 3 into the corresponding 
image points W\,W 2 , and 1113 as described below: 

23. a) z\ = 0, Z 2 = i, Z 3 = — r, w\ = 1, W 2 = i, m 3 = 2 — i. 
b) What is the image of |z| < 1 under this transformation? 

24. a) zi = i, Z 2 = —1, Z3 = —L mi = 1 + (, W 2 = 00 , m 3 = 1 — i. 
b) What is the image of |z| > 1 under this transformation? 

25. a) zi ~ 00 , Z 2 = 1. Z 3 — — mi = 1, W 2 = i, m 3 = — i. 

b) What is the image of the domain Re(z - 1) > Im z under this transformation? 

26. a) zi = i, Z 2 = —i, Z 3 = 1 ; mi = 1 , W 2 = —i, m 3 = — 1 . 
b) What is the image of |z| < 1 under this transformation? 


7. The complex impedance at the input ofthe circuit in Fig. 8.4-9 when driven by a sinusoidal 
generator of radian frequency co is Z(tu) = R + icoL. When co increases from 0 to 00 , 
Z(oj) progresses in the complex plane from (R, 0) to infinity along the se miinfini te 
line Re Z = R, Im Z > 0. The complex admittance of the circuit is defined by T(co) = 
< 1/Z(oj). Use the properties of the bilinear transformation to determine the locus of Y(w) 
[ in the complex plane as co goes from 0 to 00 . Sketch the locus and indicate 7(0), Y(R/L) 
L and 7(oo). 


8-a) 

b) 

c) 

in 


A circle of radius p > 0 and center (xo, 0) is transformed by the inversion w = l/z 
into another circle. Locate the intercepts of the image circle on the real m-axis and 
show that this new circle has center x 0 /(x^ - p 2 ) and radius p/\x\ - p 2 \. 

Is the image of the center of the original circle under the transformation w= l/z 
identical to the center of the image circle? Explain. 

Does the general bilinear transformation (see (Eq. 8.4-1)) always map the center of a 
orcle in the z-plane into the center of the image of that circle in the ui-plane? Explain. 
Consider the special case of Eq. (8.4—1), m = az + b. Show that the circle |z — zol = 
p is mapped by this transformation into a circle centered at tu 0 = azo + b with radius 
|a|p. Thus in this special case the original circle and its image have centers that are 
images of each other under the given transformation. 


Figure 8.4-9 
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a) First find the bilinear transformation that maps the points zi,Z2, and zi into oo, 0, and 
1 respectively. Why does this transform the boundaries of the oval into the pair of 
lines in Fig. 8.4-11(b) that intersect at an angle a? What is the numerical value of a? 

b) By finding the image of z = 0, verify that the transformation found in part (a) maps 
the oval-shaped domain onto the sector of angle a, shown in Fig. 8.4-11(b). 

c) Obtain the solution to the exercise by mapping the sector of angle a onto the upper 
half-plane. 

Hint: See previous problem. 

35. a) Consider the domain lying between the circles |z | = 2 and |z - i | = 1 • Find a bilinear 

transformation that will map this domain onto a strip 0 < Irn w < k, where the line 
Im w = 0 is the image of |z| = 2. The reader may choose k. 

Hint: Transform the outer circle into lmw = 0 by finding the bilinear transformation 
that maps -2 i into 0, 2 into 1, and 2 i to oo. Why will the inner boundary |z ~ M - 
be transformed into a line parallel to Im w = 0 by this transformation? Verity that m 
domain bounded by the circles is mapped onto the strip. What is the value o 
your answer? 

b) Use the transformation derived in part (a) and a modification of the transfonnatio ^ 
Example 2 , section 8.3, to obtain a transformation that will map the domain bo 
by the circles in part (a) onto the upper half-plane. 

36. The Smith chart is a graphical device used in electrical engineering for the an^_y^ 
of high-frequency transmission lines. It relates two complex variables, t e ^ 
impedance z = r + ix(r > 0, —oo < x < oo) and the reflection coefficient 

Here a and b are real. The mapping 


r(z) = 


z — 1 
z +1 


(g.4-35) 

’ lit 

is applied to a grid of infinite vertical and semiinfinite horizontal lines in the n 
of the z-plane. The image of this grid in the T-plane is the Smith chart. ^ ^ tbe 

a) Show that the image of the region Re z > 0 under the mapping in Eq. (8- - 
disc |T| < 1. 
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b) Sketch and give the equation of the image of the following infinite vertical lines under 
the transformation (Eq. (8.4-35)): r = 0, r = 1/2, r = 1, r = 2. 

c) Sketch the image and give the equation of each of the following semiinfinite horizon¬ 
tal lines under the transformation (Eq. (8.4-35)): x = 0, r > 0; x = 1/2, r > 0; x = 
—1/2, r > 0: v = 2, r > 0; jc = —2, r > 0. The collection ofimages sketched in parts 
(b) and (c) form a primitive Smith chart. 1 " 

d) Solve Eq. (8.4-35) for z(F). Show that z(F) = 1 /z(—F). Thus values of z correspond¬ 
ing to values of T that are diametrically opposed with respect to the origin of the Smith 
chart are reciprocals of each other. 


8.5 Conformal Mapping and Boundary Value Problems 

tEarlier in this book (see section 2.6), we established the close connection that exists 
^between harmonic functions and two-dimensional physical problems involving heat 
[conduction, fluid flow, and electrostatics. Later (see section 4.7) wc returned to 
physical configurations when we investigated Dirichlet problems. We saw that when 
|he values of a harmonic function (for example, temperature or voltage) are specified 
bn the surface of a cylinder, the values assumed by the harmonic function inside the 
Cylinder can be found. A similar procedure was developed to find a function that is 
harmonic above a plane surface when the values taken by the function on the plane 
re specified. What we know now are solutions of the Dirichlet problem for two 
|imple types of boundaries. 

The reader may wish to review sections 2.5, 2.6, and 4.7 before proceeding 
lurther. 

In this section we will combine what we know about conformal mapping, har- 
Jtonic functions, analytic functions, and the complex potential to solve Dirichlet 
|pblems whose boundaries are not limited to planes and cylinders. Electrostatic 
|d heat-flow problems will be considered here. In the section after this one, we will 
ady heat and fluid-flow problems in which we seek an unknown harmonic function 
jjiose normal derivative is specified over some portion of a boundary. Although this 
Snot a Dirichlet problem, we will again find that conformal mapping helps us to 
gd a solution. 

The application of conformal mapping to the solution of problems in electrostat- 
|, fluid mechanics, and heat transfer must represent one of the great achievements 
jpomplex variable theory. Yet surprisingly little has been written on the history 
is subject, perhaps because it is in the realm of applied mathematics, which 
jpi escapes the historian’s interest. It is not clear if any one mathematician had 
foment of saying “Eureka” upon realizing how useful mapping with analytic 
gptions could be to the physicist or engineer. It is evident that conformal mapping 
; used increasingly throughout the 19th century to solve physical problems. In 
swell’s famous Treatise on Electricity and Magnetism, published in 1873, the 
^que is used to great advantage to display electric field lines and equipotential 


jniore elaborate chait, see D. Cheng, Field and Wave Electromagnetics, 2nd ed. (Reading, MA: Addison- 
’ 1989), 490. The chart can also be found in any standard handbook of electrical engineering. A search 
E World Wide Web using the words Smith chart will lead one to a site from which the chart can be 
gaded. 
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surfaces surrounding charged conductors. The reader may wish to consult the reprint 
of this work, where the subject is developed in Chapter 12 (Vol. 1) with beautiful 
accompanying illustrations in the appendix." 

Two Germans, H.A. Schwarz and E.B. Christoffel, are credited, because of their 
work in the period 1869-1871, with greatly advancing the subject of mapping in a 
way that would help the engineer or scientist. A method of transformation bearing 
their name is sufficiently important to merit an entire section in this chapter, sec¬ 
tion 8.8. Other names associated with the use of conformal mapping in applications 
are those of the German, Hermann von Helmholtz, who used it in the 1860s to 
describe fluid flow as well as the Englishman, Lord Rayleigh (John William Strutt), 
who continued work on this field a generation later. 

At present, all of the significant problems solvable with conformal mapping 
are probably done. Now and during the past generation, problems that once would 
have been attempted in an idealized or simplified form with conformal mapping have 
come to be solved more realistically with commercially available numerical software 
packages for the computer. Modem computer solutions do not have the disadvantage 
attached to conformal mapping solutions: the problem must be two dimensional. 
However, conformal mapping does provide solutions to a set of canonical problems 
whose solution can be used as an elegant check on “brute force” numerical methods.* 

The essence of the utility of conformal mapping in solving physical problems 
derives entirely from the following statement. 


THEOREM 5 Let the analytic function w = f(z ) map the domain D from the 
--plane onto the domain D\ of the m-plane. Suppose <})\(u, v) is harmonic in D\, 
that is, in D\ 


d 2 cf) i d 2 (j) i 


= 0. 


(8.5-1) 

(8.5-2) 


du 2 dv 2 

Then, under the change of variables 

u(x, y ) + iv(x, y) = f(z) = w, 
we have that y) = 4n (u(x, y), v(x, y)) is harmonic in D, that is, in D 

= Q (8.5-3) 

dx 2 dy 2 • 


A solution of Laplace’s equation remains a solution of Laplace’s equation 
transferred from one plane to another by a conformal transformation. Letus ve^ j s 
Theorem 5 in an elementary example. The function 4>\(u, v) = e“ cos r, w 
Re e w , satisfies Eq. (8.5-1) (see Theorem 6, Chapter 2). Let 

w = z 2 = x 2 — y 2 + ilxy = u + iv, 


inal * 01 


Tames Clerk Maxwell, A Treatise on Electricity and Magnetism (New York: Dover, 1954). The 
appeared in 1873. The Dover edition reprints the 1891 revision of JJ. Thomson. 

^ As an example of a contemporary technique called the method of moments, see the problem of ^ ^ i5._ 

of finite length contained in J.D. Kraus, Antennas, 2nd ed. (New York: McGraw-Hill, 1988), seC 
problem described cannot be solved with conformal mapping. 



8.5 Conformal Mapping and Boundary Value Problems 557 


so that u = x 2 — y 2 and v = 2xy. Now <l>(x, v) = e x ' l ~ y2 cos( 2 vy) is readily found 
to satisfy Eq. (8.5-3), as the reader should verify. 

We can easily prove Theorem 5 when the domain D\ is simply connected. A more 
difficult proof, which dispenses with this requirement, is given in many texts. 1 ' We 
rely here on Theorem 7, Chapter 2, which guarantees that, with <pi (u, v ) satisfying 
Eq. (8.5-1) in D\, there exists an analytic function in D\, 


$1 ( w ) = (f)i ( u , v) + h/q (w, u), (8.5^4) 

where t/q (u, v) is the harmonic conjugate of </q (u, v). Since w = f(z) is an analytic 
function in D, we have that Tq (f(z.j) = <F(z) is an analytic function of an analytic 
function in D. Thus (see Theorem 5, Chapter 2) <F(z) is analytic in D. Now 

<I>i(uj) = 4>i(/(z)) = 4>(z) = 4>(x, y) + i\/j(x,y). (8.5-5) 

Since f(z ) = u(x, y) + iv(x, y), we have, by comparing Eqs. (8.5^1) and (8.5-5), 
)hat (f)(x, y) = 4>\{u(x, y), v(x, y)) and t jj{x,y) = i/q(w(x, y), v(x, y)). 
ji Because (i>(x, v) is the real part of an analytic function <T(z), it follows that 
$(x, y) must be harmonic in D. A parallel argument establishes that t ji(x, _v), the 
Imaginary part of 4>(z), must be harmonic in D. 

I To see the usefulness of Theorem 5, imagine we are given a domain D in the 
6 -plane. We seek a function (i>(x, y) (say, temperature or voltage) that is harmonic 
In D and that assumes certain prescribed values on the boundary of D. Suppose we can 
ind an analytic transformation w = u + iv = f{z) that maps D onto a domain Di 
In the in-plane, and D\ has a simpler or more familiar shape than D. Assume that we 
gan find a function <j>i (n, v) that is harmonic in D\ and that assumes values at each 
wundary point of D\ exactly equal to the value required of t)>(x, y) at the image of 
latpoint on the boundary of D. Then by Theorem 5, cf)(x, y) = cf>i ( u(x , y), v(x, y)) 
^11 be harmonic in D and also assume the desired values on the boundary of D. The 
gethod is illustrated schematically in Fig. 8.5-1. We have mapped D onto Di using 



No. v o) 


/ 


<f>lNo. v o) = k 


m 1+ ^ =0 . 


i du L dv L 


C 1 (boundary) 

w.’-plane 


(a) 


(b) 


Figure 8.5-1 


. R. Churchill and J. Brown, Complex Variables and Applications, 6th ed. (New York McGraw-Hill 
I® 1-294. 
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w — j(?j . The boundaries of the domains are C and C\ ; (To> Jo) is an arbitrary point 
on C with image (no, fo) on Ci • The harmonic function <t> \ (n, u) assumes the same 

value k at (u Q , vo)> as does 4>(x, y ) at (x 0 , y 0 ). 

Of course the point (x 0 , Jo) need not be confined to the boundary of D. Let 
(x 0 vo) be an interior point of D and let (n 0 , t’o) be its corresponding image point, 
which is interior to Di. Then the values assumed by <£(*, j) and v) at (x () . y 0 ) 
and (no, u 0 ), respectively, will be identical. Similarly, the harmonic conjugates of 
(,(x,y)and()>i(u, u). that is t^(x, y)andt/r(w, v), which are harmonic in the domains 
D and £>i, respectively, also assume identical values at (x 0 , yo) and (n 0 , vo). 

We should note that it can be difficult to find an analytic transformation that 
will map a given domain onto one of some specified simpler shape. We can refer to 
dictionaries of conformal mappings as an aid . 1 Often experience or trial and error 

help. . 

The Riemann mapping theorem* guarantees the existence of an analytic trans¬ 
formation that will map a simply connected domain with at least two boundary 
points onto the unit disc M < 1. (Note that the theorem does not apply to mapping 
the whole --plane because of the issue of boundary points.) If the boundary of the 
given domain in the --plane is mapped into |u j = 1 , which is the case in all practical 
problems, then the Poisson integral formula for the circle (see section 4.7) can then 
be used to solve the transformed Dirichlet problem. The Riemann mapping theorem 
does not tell us how to obtain the required mapping, only that it exists. 


EXAMPLE 1 Two cylinders are maintained at temperatures of 0° and 100°, as 
shown in Fig. 8.5-2(a). An infinitesimal gap separates the cylinders at the origin. 
Find <p(x, v), the temperature in the domain between the cylinders. 


Solution. The shape of the given domain is complicated. However, because the 
bilinear transformation will map circles into straight lines, we can transform t s 
domain into the more tractable infinite strip shown in Fig. 8.5-2(b). We follow t e 
method of the previous section and find that the bilinear transformation that maps 
a , b, and c from Fig. 8.5-2(a) into a' = 1, b' = 0, c' = oo is 


1 — z 


w 


(8.5-6) 


Under the transformation, the cylindrical boundary at 100° is transformed into 
line u = 1, whereas the cylinder at 0° becomes the line u = 0. hown 

The strip 0 < u < 1 is the image of the region between the two circles ® his 
in Fig. 8.5-2(a). Our problem now is the simpler one of finding <5i(m L>. w q ^ 
harmonic in the strip. We must also fulfill the boundary conditions <p i (0, v) 

4 >i ( 1 , w) = 100. n orwecafl 

The problem is now easy enough so that we might guess the resu , ^ u) 

study the similar Example 1 in section 2.6. From symmetry, we expect a 


tSee, for example, H. Kober, Dictionary of Conformal Representations, 2nd ed. (New York: 

tSee R. Nevanlinna and V. Paatero, Introduction of Complex Analysis (Reading, MA: Addison- e J 

Chapter 17. jf 
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Figure 8.5-2 


|is independent of v, and we notice that 


4>\(u, v) = 100 u 


(8.5-7) 


|satisfies both boundary conditions and is harmonic. This is the temperature distri¬ 
bution in the transformed problem. 

Now 0i (u, V) is the real part of an analytic function. Using the methods of 
Jection2.5 oremploying common sense, we see that 0i(«, v) = Re(100w). Thus the 
Complex temperature (see section 2.6) in the strip is 


<J>i(w) = 100m. 
nd the corresponding stream function is 

01 (u, v) = Im(lOOm) = lOOu. 


(8.5-8) 


(8.5-9) 


i) obtain the temperature 0(x, y) and stream function 0(x, y) for Fig. 8.5-2(a), we 
^ijst transform 0 i(m, v) and0i (u, v) back into the --plane by means ofEq. (8.5-6). 
fom Eq. (8.5-6) we have 


1 

w=u+iv= -1 = 


1 


x + iy 


- 1 = 


|ich implies 


u 


; = 


+ y l 

-y 


x 2 + y 2 

- E 


- 1 - 


iy 


x 2 + y 2 


x 2 + y 2 ' 

^Eqs. (8.5-1 la) and (8.5-7) we have 
0(x, y) = 100 


+ y 2 


- 1 


(8.5-10) 

(8.5-1 la) 
(8.5-1 lb) 

(8.5-12) 
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for the temperature distribution between the given cylinders. Combining Eqs. 
(8.5-1 lb) and (8.5-9), we have 

«<•>’> =pn0- (8-5-13) 

The complex potential $(z) = 4>(x, v) + >0 can be obtained by combining 

Eqs. (8.5-12) and (8.5-13) or more directly through the use of Eq. (8.5-6) in Eq. 

(8.5-8). Thus 

1 — z 

<E(z) = 100-. (8.5-14) 

z 

The singularity at z = 0 is typical of the behavior of complex potentials at a point 
where a boundary condition is discontinuous. The shape of the isotherms (surfaces 
of constant temperature) for Fig. 8.5-2(a) are of interest. If on some surface the 
temperature is 7o, the locus of this surface must be, from Eq. (8.5-12), 


To = 100 


+ y l 


- 1 


(8.5-15) 


From physical considerations we know that T’o cannot be greater than the temperature 
of the hottest part of the boundary, nor can it be less than the temperature of the 
coldest part of the boundary, that is, 0 < 7o < 100° (see also Exercises 13 and 14, 
section 4.6). We can rearrange Eq. (8.5-15) and complete a square to obtain 


f ' 

2 

f f 

1/2 

+ j 2 = 

1/2 

. ( 1 + is), 

i + A 
^ 100 


Thus an isotherm of temperature To is a cylinder whose axis passes through 


Jo = 0, 






1/2 


1 + 


To_ 

100 


The cross-sections of a few such cylinders are shown as circles in Fig. 8.5-3. 

In Exercise 1 of this section, we show that the streamlines describing the ^ 
flow are circles that intersect the isotherms at right angles. A streamline, wi 
arrow indicating the direction of heat flow, is shown in Fig. 8.5-3. 

The complex potential (see Eq. (8.5-14)) readily yields the complex ea 
density q(z) between the cylinders. Recall from Eq. (2.6-14) that 

(8.5-1 6 ) 


q(z) = ~k\ 


d<$ 

dz 


where ^ 

q(z) = Qx(x, y ) + iQ y (x, y). (8 ^ ^ 

We should remember that Q x and Q y give the components of the vect ° r ,^6) 
at a point in a material whose thermal conductivity is k. From Eqs. ( 
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Figure 8.5-3 


(8.5-14), we have 


<l(z) = Qx + iQ y = 100* 


7 2 

V z ) 


100 * 
(z ) 2 ' 


ms, for example, at x — 1/4, y — 1/4 (on top of the inner cylinder), we find 

1 


Qx + iQy = 100 *- 


0 - 4 


800*/. 


ace Qx — 0 and Qy — 800*, the heat flow at (1/4, 1 / 4 ) is parallel to the 
l|we have indicated schematically in Fig. 8.5-3. 


y-axis, 


MPLE 2 Refer to Fig. 8.5—4(a). An electrically conducting strip has a cross- 
Bhon described by y = 0, — 1 < x < 1. It is maintained at 0 volts electrostatic 
Jential. A half-cylinder shown in cross-section, described by the arc |z| = 1, 0 < 
< n, is maintained at 10 volts. Find the potential y) inside the semicircular 
j|| bounded by the two conductors. 

mon. If the boundary of the given configuration (see Fig. 8.5-4(a)) were trans- 
|ied into the line lmio = 0, in the w-plane, with the half-disc in Fig. 8.5-4(a) 
Kfi 6 ^ 011 ^ 0 ^ a ^" s P ace lm w > 0, we could use the Poisson integral formula 

Jp 6 (see section 4.7 to obtain <p\(u, v ) for the transformed region. A 

gear transformation by itself cannot be used to convert the semicircular boundary 
C' i int ° a straight ' lne - However, a bilinear transformation can map the 
Jj . int0 a Pair °f semiinfinite lines corresponding to the positive real and 
jr /e imaginary axes. 

|,ne readily verifies that 

1 + z 

P= — 


(8.5-18) 
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1+2 

f4 =p 



Figure 8.5-4 


performs this transformation (See Fig. 8.5—4(b)) with the half-disc being mapped 
onto the first quadrant of the p-plane. 

Referring now to Fig. 8.4-8(a) and Fig. 8.4—8(b), we see that an additional 
transformation involving a square of p in Eq. (8.5-18) will map the first quad¬ 
rant of Fig. 8.5-4-(b) onto the upper half-plane in Fig. 8.5—4(c), Combining both 
transformations, we find that 

2 

I (8.5-19) 


in = 


1 + 2 
1 - 2 


maps the half-disc of Fig. 8.54(a) onto the half-space of Fig. 8.5—4(c). Corres¬ 
ponding boundary points and transformed boundary conditions are indicated in 
Fig. 8.5-4-. 

To find the potential in the half-space of Fig. 8.54(c) that satisfies the trans¬ 
formed boundary conditions <fi\ (u, 0) = 0, u > Oand^ifw, 0) = 10, u < 0 ,wecan 
use the result of Example 2, section 4.7, which employed the Poisson integral for 
mula for the half-plane. Replacing To of that example by 10 volts and x and y by « 
and v, we have 


, , 10 -l v 10 

<pi(u,v) = —tan - = —argio, 
7i u n 

where 0 < arg w < n. Notice that 


(8.5-20) 


<pi(u, v ) = Re 


10 

—i —Log w 
n 


which implies that the complex potential for the configuration of Fig. 

-I0i 

<f>j (w) = -Log w. 
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To transform 4>i(u, v) of Eq. (8.5-20) into <j>(x, y) for the half-cylinder, we 
recall the identity arg(y 2 ) = 2arg s. With Eq. (8.5-19) used in Eq. (8.5-20), we have 

t 2 


10 (\+ z 

(j)(x,y) = —arg —— 
71 \ 1 Z 


20 1 + z 

= —arg-- 

n l — z 


1 


2 

x — y 


20 x +1 + iy 

— arg--- 

n 1 — x — iy 


20 

-ir 


+ 


ily 


(x — l ) 2 + y 1 


and finally since arg.v = tan 1 [Im .v/Re .v], we find 


20 

<p(x, >) = — tan 

71 


-1 


2 y 


l 


■y 


, 2 ' 


(8.5-22) 


We require that 0 < tan _1 (- • ■) < 7 t /2 since <j>(x, y) must satisfy 0 5 <p(x, y) < 10. 
Notice, with this branch of the arctangent, that Eq. (8.5-22) satisfies the required 
boundary conditions, that is, 

lim (j)(x,y) = 10 (on the curved boundary), 

( x 2 +> ,2)^i 

lim (f)(x, y) = 0 (on the flat boundary). 
y ^>-0 

(One can easily show that the equipotentials are circular arcs. • 


A common concern in electrostatics is the amount of capacitance between two 
Conductors. If Q is the electrical charge on either conductor and AV is the difference 
in potential between one conductor and another, then the capacitance C is defined 
i be^ 


C = 


Ifil 

iavi' 


(8.5-23) 


i two-dimensional problems, we compute the capacitance per unit length c of a 
J^ir of conductors whose cross-section is typically displayed in the complex plane, 
i Eq. (8.5-23) we take Q/, as the charge on an amount of one conductor that is 1 
hit long in a direction perpendicular to the complex plane. In the appendix to this 
|apter, we establish Theorem 6 , which is useful in capacitance calculations. 

OREM 6 The electrical charge per unit length on a conductor that belongs 
a charged two-dimensional configuration of conductors is 

Q l = sA\Ij(z), (8.5-24) 

j||re e is a constant (the permittivity of the surrounding material) and At j/ is the 
| rem ent (initial value minus final value) of the stream function as we proceed in 
positive direction once around the boundary of the cross-section of the conductor 
Jpe complex plane. • 


|two conductors carry charges that are equal in magnitude and opposite in sign, Since |AV| is directly 
’donal to |(2I, it will be found that the ratio in Eq. (8.5-23) is independent of any assumed value for Q 
by assumed value of AV. 
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Usually i j/(z) will be a multivalued function defined by means of a branch cut 
Thus i l/(z) does not return to its original value when we encircle the conductor, and 
thus AiA 7 ^ 0- The direction of encirclement is the positive one used in the contour 
integration, that is, the interior is on the left. Combining Eqs. (8.5-23) and (8.5-24), 


we have 



(8.5-25) 


Also derived in the appendix to this chapter is this interesting fact: 


THEOREM 7 The capacitance of a two-dimensional system of conductors is 
unaffected by a conformal transformation of its cross-section. • 

The usefulness of the two preceding theorems is illustrated by the following 
example. 


EXAMPLE 3 

a) The pair of coaxial electrically conducting tubes in Fig. 8.5—5(a) having 
radii a and b are maintained at potentials V a and 0, respectively. Find the 
electrostatic potential between the tubes, and find their capacitance per unit 
length. This system of conductors is called a coaxial transmission line. 

b) Use a conformal transformation and the result of part (a) to determine die 
capacitance of the transmission system consisting of the two conducting 
tubes shown in Fig. 8.5-5(b). This is called a two-wire line. 


Solution. Part (a): We seek a function y) harmonic in the domain a < | "| < b. 
The boundary conditions are 

lim <Hu y) = v a , ( 8 - 5 - 26) 

-y/ x 2 +y 2 —>a 

lim 4>(x,y) = 0. (8.5-27) 

~Jx 2 +y 2 ^b 




Figure 8.5-5 
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These requirements suggest that the equipotentials are circles concentric with the 
boun dary. We might recall from Example 2, section 2.5, that (1/2) Log(x 2 + y 2 ) = 

Log V* 2 + J 2 is harmonic and does produce circular equipotentials. However, this 
function fails to meet the boundary conditions. The more general harmonic function 

y) = A Log (tJx 2 + y 2 j + B, where A and B are real numbers, (8.5-28) 

.also yields circular equipotentials and can be made to meet the boundary conditions 
From Eq. (8.5-26) we obtain 

| V a = A Log a + B, 

find from Eq. (8.5-27) we have 

I 0 = A Log b + B. 

|olving these equations simultaneously, we get 

- V„ V a Log b 


A = 


B = 


Log (b/a)' Log (b/a)’ 

|hich, when used in Eq. (8.5-28), shows that 

< y) = - VaL ° g ^ 2 + y2 , ^ L °g fc 

Log(b/a) Log (b/a)' 

lice Log -\Jx 2 + y 2 = Log \z\ = Re Log 2 , we can rewrite Eq. (8.5-29) 


(8.5-29) 


as 


<t>(x, y) = Re 


-EflLog z VflLog b 


= Re 


V a Log (b/z) 


[Log(b/a) Log(b/a)\ "'[ Log (b/a) 

| c P recedin g equation shows that the complex potential is given by 

L °g (b/z) 

^ iZ) - V ‘L^Way (8.5-30) 

f The stream function, ip(x, y) - Im<J>(.r, >>), is found from Eq. (8.5-30) to be 


•AO, y) = im 


(Log b - Log 2 ) 
Log (b/a) 


VgMgz 
Log(7>/a) ’ 


(8.5-31) 


ReH h w PnnCipal ValUe ° f ^ defined b y a branch cut on the negative real axis 
lurtn 6 °.° W pr0Ceed in the counterclockwise direction once around the inner 
Ik ct°r and compute the decrease in (see Fig. 8.5-6), 

§ J ust below the branch cut 


>A = 

If just above the branch cut 


V„n 


~Vg(-n) _ 

Log (b/a) ~ Log (b/a)' 


■// - Ja(-n) 

Log (b/a )' 
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The decrease in i j/ on this circuit is 

Ai/i = 


27tV„ 


Log (b/a) 


The magnitude of the potential difference between the two conductors is | AV| = V a 
since the outer conductor is at zero potential. Thus, according to Eq. (8.5-25), 

s 2nV a _ 27 is ^ 5-32) 

C 14, Log (b/a) Log (b/a) 

which is a useful result in electrical engineering. , 

Part (bV Suppose a bilinear transformation with real coefficients can be foun 
that transforms the left-hand circle in Fig. 8.5-5(b) into a circle in the ut-plaie 
(see Fig. 8.5-7) in such a way that the points za = ~ R and Z3 - tl+Kai 

mapped into uq = 1 and u /3 = — L , . , , . , 

The real coefficients of the transformation ensure that the left-hand circle 

Fig. 8.5—5(b) is transformed into a unit circle centered at the origin in Fig- • 
(see Exercise 2, section 8.4). Suppose now the same formula transforms the ng 

hand circle in Fig. 8.5—5(b) into a circle 1 in\ = p, with "j — ^ solve 

and Z2 I ff - R having image m - -p (see Fig 8.5-7). We c n solve 

for p by using the equality of the cross-ratios (z j, Z2, zi, za) 311 \ u ' 1 ’ W2, 

Thus from Eq. (8.4-24), 


2 p(-2) _ 


(2R)(2R) 


(p — l)(p ~ !) (2H + 2R)(-2H + 2R) 

Some rearrangement yields a quadratic 


AH 2 ' 

P 2 + (2 —r IP + 1 


0 , 


(8.5-33) 


(8.5—34) 


whose solution is 


2 H l 


- 1 ± 



- 1 . 



Rl ‘ R V R2 g/R , 

Since the two cylinders in Fig. 8.5-5(b) are not touching, we know that^ 
The root containing the plus sign in Eq. (8.5-35) therefore exceeds - j 
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Figure 8.5-7 


Recall from our knowledge of quadratic equations that the product of the roots of 
Eq. (8.5-34) must equal 1. Thus the root containing the minus sign in Eq. (8.5-35) 
liust lie between 0 and 1. Either root can be selected, and the same result will be 
Ibtained for the capacitance per unit length. 

I Let us arbitrarily choose the plus sign in Eq. (8.5-35). This corresponds to 
8.5-7, where p > 1. Notice that with this choice of sign, we can rewrite 
q. (8.5-35) as 

\2 


P = 



(8.5-36) 


fe can compute the capacitance per unit length of the coaxial system of Fig. 8.5-7 
g using Eq. (8.5-32) and taking a = 1, b = p. Thus using Eq. (8.5-36), 

2 ns 


c = 


Log 



c = 


ns 


(8.5-37) 


Log 


H 

~R 


+ ■ 


H 2 

& 


- 1 


heorem 7, this must be the capacitance of the image of Fig. 
|tvire line of Fig. 8.5-5(b). 

feciSES 


1.5-7, that is, the 


1 For Example 1 find the equation of the streamline along which i j/ assumes a constant 
value p. Show that this locus, if drawn in Figure 8.5-2(a), is a circle that is centered 
°n the y-axis and passes through the origin. 

I Use an argument based on plane geometry to show why such a circle must intersect 
ffte isotherms found in this example at right angles. 
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2 A heat-conducting material occupies the wedge 0 < arg z £ «• The boundaries are main- 
' tained at temperatures T\ and T 2 as shown in Fig. 8-5-8. 
a) Show that w = u + iv = Log z transforms the wedge given above into a strip parallel 

to the w-axis. 

bl The isotherms in the strip are obviously parallel to the w-axis. Show that the temper- 
ature in this region can be described by an expression of the form 

4>\(u, v) = Av + B, 


and find A and B. 

c) Use the result of part (b) to show that the temperature in the given wedge is 

-'Q +ri - 


T 2 - Ti 

<j>(x, y ) =- tan 


d) Show that the complex temperature in the wedge is 

T 2 — T\ 


$(x, y) = -i 


Logz + T\. 


e) Describe the streamlines and isotherms in the wedge. 

3. A system of electrical conductors has the cross-section shown in Fig. 8.5-9. The potentials 
of the conductors are maintained as indicated. Determine the complex potential <E>(z) f° r 
the shaded region Imz > 0, |z| > 1. 

Hint: Consider w = ~l/z, and use the result of Example 2. 




I 


Figure 8.5-9 



Exercises 569 


4. A cylinder of unit diameter is maintained at a temperature of 100°. It is tangent to a plane 
maintained at 0° (see Fig. 8.5-10). A material of heat conductivity k exists between the 
cylinder and the plane, that is for Re z > 0, |z - 1/2) > 1/2. 
a) Show that the temperature inside the material of conductivity k is 


4>(x, y) 


100x 
x 2 + y 2 


b) Show that the stream function is 


<K*> y) 


— lOOy 


x 2 + y 2 

c) Show that the complex heat flux density vector is 

100£ 


<7 = 


(x 2 + y 2 ) 2 


(x 2 -y 2 + ilxy). 


5. An electrically conducting cylinder of radius R has its axis a distance H from an elec¬ 
trically conducting plane (see Fig. 8.5-11(a)). A bilinear transformation will map the 




(a) 


(b) 


Figure 8.5-11 
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cross section of this configuration into the pair of concentric circles shown in the tn-plane 
(see Fig. 8.5-11(b)). Image points are indicated with subscripts. Find p, the radius of the 
circle that is the image of the line x = 0. Assume p > 1 • Use your result to show that the 
capacitance, per unit length, between the cylinder and the plane is 


2ns 


Log 


H H z 

R + \& 


H> R. 


6 Refer to the two cylinders shown in cross section in Fig. 8.5—5(b). They are now to be 
' interpreted as being embedded in a heat-conducting material. The left-hand cylinder is 
maintained at temperature T a , and the right-hand cylinder is kept at a temperature of zero 
degrees. Let H — 2 and R = 1. Show that the temperature in the conducting material 
external to the cylinders is given by 

,, , T a Log(p 2 /M 2 ) 

y) = y Logp —• 


where p = 7 + 4x/3 and 

2 [jc( 76 + 44-V3) + 132 + 76V3] 2 + y 2 (76 + 44V3) 2 

|U;| _ [jc( 20 + 12^3) - 36 - 20V3] 2 + y 2 (20 + 12V3) 2 

7. a) A transmission line consists of two electrically conducting tubes with cross-sections as 
shown in Fig. 8.5-12. Their axes are displaced a distance D. Note that D + R\ < Ri- 
Show that the capacitance per unit length is given by 

2ns 

_ Log p ’ 


where 


R\ + R z 2 


D l 


2R\R 2 


+ 


N 


+ r\ 


D 2 


2R\R 2 


- 1 . 


Express the capacitance in terms of an inverse hyperbolic function. 



Figure 8.5-12 
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b) Take D = R x — \ r 2 _ 3 Let the inner conductor be at 1 volt, the outer at 0 volts. 
Find the electrostatic potential <f)(x , y) in the domain bounded by the two circles in 
Fig. 8.5-12. 

8 . Consider the transformation z = k cosh w, where k > 0. 

a) Show that the line segment u = cosh ” 1 (A/k), -n < v < n is transformed into the 
ellipse x 2 /A 2 + y 2 /(A 2 - k 2 ) = 1 (see Fig. 8.5-13). Take A > k. 

b) Show that this transformation takes the infinite line u = cosh - 1 (A/k), -00 < v < 00 
into the ellipse of part (a). Is the mapping one to one? 

c) Show that the line segment u = 0, -n < v < n is transformed into the line segment 
y = 0, -k < x < k. Is this mapping one to one? How is the infinite line u = 0 
-00 < v < 00 mapped by the transformation? 

d) Show that the capacitance per unit length of the transmission line whose cross-section 
is shown in Fig. 8.5-14(a) is 27ie/cosh _1 (A/k). 

Hmf Find the electrostatic potential <f>(u, v) and the complex potential between 
the pair of infinite planes in Fig. 8.5—14(b) maintained at the voltages shown. By 
how much does the stream function tp change if we encircle the inner conductor in 
Fig. 8.5-14(a)? Negotiate the corresponding path of Fig. 8.5—14(b). 





5-13 



Figure 8.5-14 
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9. a) The function 


4>(u, v) = A arg w + B, (8.5-38) 

where A and B are real numbers, and arg w is the principal value, is harmonic since 

v ) = Re<J>(u;), 


where 

<J>( U ;) = —Ai Login + B. 

Assume that the line v = 0, u > 0 is the cross-section of an electrical conductor main¬ 
tained at y 2 volts and that the line v = 0, u < 0 is similarly a conductor at Vi volts 
(see Fig. 8.5-15). Find A and B in Eq. (8.5-38) so that (j)(u , v) will be the electrostatic 
potential in the space v > 0 . 

b) Obtain <p(u, v), harmonic for v > 0 and satisfying these same boundary conditions 
£ on g v _ o by using the Poisson integral formula for the upper half-plane (see sec¬ 
tion 4.7). 

c) Find Ai, A 2 , and B (all real numbers) so that 

v) = Ai arg(w — mj) + A 2 arg(u; - m 2 ) + B 

= Re [-AuLogiw - mi) - A 2 iLog(u; - m 2 ) + B] (8.5-39) 

is the solution in the space v > 0 of the electrostatic boundary value problem shown 
in Fig. 8.5-16, that is, (p(u , v) is harmonic for v > 0 and satisfies 

<p(u, 0) = Vi, K<Ki; 4>{u, 0) = V 2 , mi < m < m 2 ; 

( p(u , 0) = V 3 , m > m 2 . 

d) Let „i = -1 and m 2 = 1, Vi = V 3 = 0 and V 2 = V in the configuration of part (c) 
(see Fig. 8.5-17). Use the result of part (c) to show that </>(w, v), harmonic tor v > 
and meeting these boundary conditions, is given by 

< p(u , v) = Re < I>(u;), 


where the complex potential is 

V T l w ~ l \ 

®(„) = -,-Log^ STT j. 



Figure 8.5-15 
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Vi 




Zero potential 

\ 


^V 

Zero potential 

/ 


-1 


1 

u 


Figure 8.5-17 


and 


,, , V 2v 

4 >(u, v)—— tan —---- 

n u L + v L — 1 


for 0 < tan '(• • •) < n. 

e) Sketch on Fig. 8.5-17 the equipotentials for which y) = V/2 and <f>(x, y) = V/4. 
Give the equation of each equipotential. 

a) A material having heat conductivity k has a cross-section occupying the first quadrant 
of the z-plane. The boundaries are maintained as shown in Fig. 8.5-18. Show that 
inside the material the temperature is given by 

,, s 100 4xy 

<t>(x, y) = -tan —- — - 

n (x 2 + y 2 ) 2 - 1 

where the arctangent assumes values between 0 and n. 

flint: Try to transform the given configuration into one resembling that in part (d) of 
pxercise 9. Use the result of that exercise. 

j?) Sketch the variation in temperature with distance along the line x = y from x = 0 to 

x = 2. 

Show that the stream function for this problem is 

(x 2 — y 2 — l ) 2 + 4x 2 y 2 


/ -50 T 

V = -Log 

n 


_ (x 2 — y 2 + l) 2 + 4 x 2 y 2 
| ; Find q(x , y) = Q x + iQ y , the complex heat flux density in the conducting material. 




Potential V f 
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f) Verify that <p(x, y) in part (d) satisfies the assigned boundary conditions along the 
lines x > 1, y = 0 and x < 1, y = 0 provided the sign preceding the outer square root 
in the expression is taken as positive in quadrants 1 and 4 and negative in quadrants 2 
and 3. Does this mean that <p(x, y) is discontinuous as we cross the y-axis? Explain. 

g) For a = 1, show that the complex electric field is given by Vo(l - z 2 )~ l ! 2 /n, where 
(1 _ z 2 ) -1 / 2 is defined by means of branch cuts along lines corresponding to the 
conductors in Fig. 8.5-21. 


8.6 More on Boundary Value Problems: 
Streamlines as Boundaries 


In the Dirichlet problems just considered, a harmonic function was obtained that 
assumed certain preassigned values on the boundary of a domain. In this section we 
will study boundary value problems that are not Dirichlet problems; a function 
that is harmonic in a domain will be sought, but the values assumed by this function 
everywhere on the boundary are not necessarily given. Instead, information regarding 
the derivative of the function on the boundary is supplied. We will see how this can 
happen in some heat-flow problems and will use conformal mapping in their solution. 
In the exercises we will also see how this occurs in configurations involving fluid flow. 

If a heat-conducting material is surrounded by certain surfaces that provide 
perfect thermal insulation, then, by definition, there can be no flow of heat into or 
out of these surfaces. The heat flux density vector Q cannot have a component normal 
to the surface (see Eq. 2.6-2). We will consider only two-dimensional configurations 
and employ a complex temperature (see Eq. 2.6—6) of the form 

<b(x, y) = cj)(x, y ) + ii[/(x, y), (8.6-1) 

where f>(x, y) is the actual temperature and \Jj(x, y) is the steam function. In sec¬ 
tion 2.6 we observed that the streamlines, that is, the lines on which t f/(x, y) 
assumes fixed values, are tangent at each point to the heat flux density vector. 
Fig. 8.6-1 shows the cross-section of a heat-conducting material whose boundary 
is in part insulated. 


The insulated part of the boundary must coincide with a streamline. 

Otherwise, the heat flux density vector Q would have a component normal to the 
insulation. 

We observed in section 2.6 that the streamlines and isotherms form a mutua y 
orthogonal set of curves. Suppose, starting at the insulated surface shown in 
8.6-1, we proceed along the vector N, which is normal to the insulation. At 
insulation we must be moving along an isotherm, and does not change. Ma 
matically, this is stated as 

( 8 . 6 - 2 ) 


d<t> 

dn 


= 0 (at insulated surface). 


. rts that 

where n is the distance measured along the normal N. Equation 8.6—2 asse 
the “normal derivative” of the temperature varnishes at an insulated boundary- ^ 
Problems in which dftfdn is known a priori everywhere on the boun ^ 
a domain and where the harmonic function <p(x, y) is sought inside the Jj 
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Insulation 


are known as Neumann problems. In this section we will mostly consider more 
complicated situations in which cj) is known on part of the boundary while dip/dn 
is given on the remainder. 

When we are given boundary value problems in, for example, heat conduc¬ 
tion in which the temperature is specified on some portions of the boundary, while 
the remaining portions are insulated, we proceed in a manner like that used in the 
Dirichlet problems of the previous section. We map the cross-section of the config- 
oration from, say, the --plane into a simpler or more familiar shape in the yj-plane 
iy means of an analytic transformation vu = /(-). As before, at the boundaries of 
he new domain in the yj-plane we assign those temperatures, if known, that exist 
|t the corresponding image points in the --plane. There will now also be insulated 
boundaries in the yj-plane corresponding to insulated boundaries in the --plane. 

I We now seek a complex potential, an analytic function $ 1 ( 111 ) = <pi(u, v) + 

I t, v ), such that cj)i(u,v) assumes the known assigned values at boundary points 
: yj-plane. We also require that tjj\ (u, v ) produce streamlines coinciding with 
isulated boundaries in the yj-plane. As before, a transformation back into the 
ae yields the analytic function $(-) = <p(x, y) + i\j/(x, y), where cp(x, y) is the 
red temperature and t ]/(x, y) is the associated stream function. Now t j/(x, y) 
traduce streamlines coinciding with the insulated boundaries and cp(x, y) will 
ae the prescribed values on the remaining boundaries. An example of the method 

MPLE1 RefertoFig.8.6-2(a).Aheat-conductingmaterialfillsthespacey > 
e boundary y = 0, x > 1 is maintained at 100°, the boundary y = 0, x < — 1 
1° while y = 0, \x\ < 1 is insulated. Find the temperature distribution <p(x, y) 
ie complex temperature $(-) in the material. 

ion. We seek a transformation that will take the given region into a more 
hie shape. Referring to Example 3, section 8.3 and to Fig. 8.3-5 (or to a table 
nsformations), we have a useful clue. Reversing the role of - and vu in that 
pie, we find that the transformation 


z = sin vu. 


(8.6-3) 
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Figure 8.6-2 


or 


w = sin ^z) 

maps the region shown in Fig. 8.6-2(a) onto the region in Fig. 8.6-2(b). The bound- 

arv conditions are transformed as indicated. 

^ ?o soire the transformed problem, we note that a temperature 00 of the fan. 

71 71 

Mu) = Au + B, where A and B are real numbers and 

(8.6-4) 

will produce isotherms coincident with the boundaries *"8 » = -”/ 2 “ d “ = c £ 
The associated streamlines will be parallel to the insulated boundary. U. p^ ^ 
there will be a streamline coincident with it - 0, it/ - - [ d , ( /2 ) = 

determine stands, we applythe boundary conditions (/>](—tr/2) — Oandipit 

100 in Eq. (8.6-4). The first condition yields 

TT 


and the second yields 


0 =-A-+B, 


100 = A-+B. 


" 50 so that 

Solving these equations simultaneously, we have A 1 / 

Eq. (8.6—4) becomes 0 

100 77 < < 1 (8 - 6 ' 

+ 5°, 2 - ^ 

Noticing that ^i(u) = Re [(lOO/n)!, + 50], we realize that the comp e 

ture is ' a 


iftO 71 

$j(u;) = - vu + 50, |Rew|<-, 


(S-H 
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and the stream function is 


^ s 100u 

= Im <&i(w) =- 


(8.6-7) 


Since w = sin" 1 (-), the complex temperature in the --plane can be obtained, from 
a substitution in Eq. (8.6-6): 

<3>(z) = sin^ 1 z + 50, (8.6-8) 

n 

where -n/2 < Re sin^ 1 z < n/2. 

To obtain the actual temperature 0(x, y), we have from Eq. (8.6-3) 

z = (x + iy) = sin w = sin u cosh v + i cos u sinh v. 


so that 

x = sin u cosh v, 
y = cos u sinh v, 

|and since cosh 2 v — sinh 2 v = 1, we find that 

,,2 

= 1 . 


y 


sin 2 u cos 2 u 


v'e now eliminate cos 2 u from the above by employing cos 2 u = 1 — sin 2 u, which 
lields 


r 


= l. 


(8.6-9) 


sin 2 u 1 — sin 2 u 

,/e multiply both sides of Eq. (8.6-9) by sin 2 w(l — sin 2 u) and obtain a quadratic 
Buation in sin 2 u (a quartic in sin u). The quadratic formula yields 


, 2 (x 2 + y 2 + 1) /x 2 +y 2 +l, , 

sin u = -± a/ - — 


; take the square root of both sides of this expression and then use u = sin 1 (sin u) 
Obtain 


u = sin 1 


± 


N 


X 2 + y 2 + 1 / x 2 + y 2 + 1 


± 


- x 


( 8 . 6 - 10 ) 


i-ibstitution in Eq. (8.6-5) yields 


100 


[As , 

mx, y) = - 


sin 


-l 


± 


A 


x 2 + y 2 + 1 


±- 


x y 


2 +l 


- x 


50. 


( 8 . 6 - 11 ) 


ipnditions attached to Eq. (8.6-5) here require—n/2 < sin ! (- • •) < n/2. From 
| c al arguments, we can establish that the temperature in the heat-conducting 
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material can be no less than 0, nor can it exceed 100. To determine the appropriate 
signs for the square roots, note that x ~ 0, y = 0+ lies midway between the two 
conductors and by symmetry wil be at a temperature of 50. This condition requires 
that the inner ± operator be negative. The boundary conditions tp(x,0) = 0, x < -i 
and <f)(x, 0) = 100, x > 1 demand that the outer ± operator be positive in the first 
quadrant and negative in the second quadrant. Note that there is no discontinuity in 
temperature as we cross the positive y-axis. The isotherms in the w-plane are (from 
Eq. (8.6-5)) those surfaces on which u is constant. According to Eq. (8.6-9), these 
isotherms become hyperbolas in the xy-plane. Some are sketched in Fig. 8.6-2(a) 
for various temperatures. , 


exercises 

I. A material of heat conductivity k has a cross-section that occupies the first quadrant. The 
boundaries are maintained at the temperatures indicated in Fig. 8.6-3. 

a) Show that the complex temperature inside the conducting material is given by 

< t>(z) = —- sin _1 (z 2 ) + 50, ~ < Re sin _1 (- •■)<-. 

n 2 2 


Hint: Map the region of this problem onto that presented in Example 1. 

b) Show that the temperature inside the material is given by 


4>(x, y) = 50 -|—— sin 1 
n 


1 


1 + (x 2 + y 2 ) 2 _,_ /[! + (x 2 + y 2 ) 2 ] 2 _ ^2 __ y 2)2 


for — 7t/2 < sin ^ • •) < n/2, and the appropriate signs are used in front of each 
square root. 

c) Using MAXLAB, plot a curve showing the variation in temperature with distance 
along the insulated boundary lying along the x-axis. 


Insulated 

comer 



Figure 8.6-3 
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Insulation 


Figure 8.6-4 


d) Show that the complex heat flux density is 


(1 - z 4 ) 1 ! 2 


— Qx + iQy- 


e) Let k = 1. By choosing the appropriate values of the square root, give the numerical 
values of the components of q, that is Q x and Q y , at the following locations: 

x = 1/2, y = 0+; x = 2, y = 0+; x = 0+, y = 1/2; x = 0+, y = 2. 

f2. a) A material of heat conductivity k has boundaries as shown in Fig. 8.6-4. Show that 
• the complex temperature in the material is given by 

1 <E> =-sin -1 (—) + 100 for 0 < Re sin^ 1 /- • •) < —. 

n \a) 2 

Hint: Consider the mapping z = a sin w applied to the strip 0 < Re w < n/2, 
Im w > 0. 

b) Show that the isotherm having temperature T lies on the hyperbola described by 


where u = (100 - T)n/200. 
c ) Sketch the isotherm T = 50. Take a ~ 1. 

The outside of a heat-conducting rod of unit radius is maintained at the temperatures 
jshown in Fig. 8.6-5. One half of the boundary is insulated. Show that the complex 
temperature inside the rod is given by 

[■ \ ^ 100 • -i *’(<: +0 ft . i. . 7i 

4>(z)=50-stn 1 - 71 - u ' " 

71 


< Re sin (• ••)<—. 

2 - v ’ ~ 2 


A bilinear transformation will map the configuration into that of Example 1 (see 
fig. 8.6-2(a)). 

glems 4-8 treat fluid flow in the presence of a rigid, impenetrable boundary. 

Pthen a rigid, impenetrable obstacle is placed within a moving fluid, no fluid passes 
(frough the surface of that object. At each point on the object’s surface the component 
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Figure 8.6-5 


of the fluid velocity vector normal to the surface must vanish; otherwise, there would 
be penetration by the fluid. Since flow is tangential to the surface of the obstacle, its 
boundary must be coincident with a streamline. 

The simplest type of fluid motion in the presence of aboundary is that of uniform flow 
parallel to and above an infinite plane (see Fig. 8.6-6). The complex potential describing 
the fluid flow is 4> = Aw, where w = u + iv, and A is a real number. A is positive for 
flow to the right, negative for flow to the left. 

a) Using 4) show that the complex fluid velocity is A + iO. Verify that the flow is indeed 
uniform and parallel to the plane, that is, parallel to the w-axis. 

b) Show that the stream function for the flow is = Av. What is the value of ij/ along 
the boundary? Plot the loci of ip = 0, if/ = A, if/ = 2A on Fig. 8.6-6. 

c) The fluid flow in the space v > 0 described in Fig. 8.6—6 is transformed into the z-plane 
by means of z = w 1 / 2 , where the principal branch of the square root is used. Show that 
the plane boundary of Fig. 8.6-6 is mapped into the rightangle boundary in Fig. 8.6-7. 
Show that the complex velocity potential 4>(u;) of Fig. 8.6-6 is transformed into 
4>(z) = Az 2 , which describes flow within the boundary. 

d) Show that the complex velocity for flow in the comer is 2 Ax — i2Ay. Show that the 
speed with which the fluid moves at a point varies directly with the distance of that 


Equipotentials 
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Figure 8.6-7 


point from the comer. Show that fluid flow is in the negative y-direction along the wall 
x = 0, y > 0 and in the positive x-direction along the wall y = 0, x > 0. 

e) Show that the stream function for flow into the comer is \J/ = A2xy. 

5. Fluid flows into and out of the 135° comer shown in Fig. 8.6-8. 

a) Show that the complex potential describing the flow is of the form 

<I>(z) = Az 4//3 , where A is a positive real constant. 

Hint: Find a transformation that will map the region v > 0 from Fig. 8.6-6 onto the 
region of flow in Fig. 8.6-8. Apply this same transformation to the uniform flow in 
Fig. 8.6-6. 

b) Use z = re lB to convert 4>(z) to polar coordinates, and show that the velocity potential 
and stream function are given, respectively, by 

<j>(r, 6) = Ar 4 ^ 3 cos and \}/{r, 6) = Ar A ^ . 

c) Use i jj(r, ff) to sketch the streamlines \j/ = 0 and i j/ = A. 

■ d) Show that the complex fluid velocity vector is (4/3)Aj/r cis(—0/3). 

[6. In this exercise we study fluid flow into a closed channel by transforming the uniform 
| fluid flow described in Fig. 8.6-6. Use 

_i 71 _i 71 

z = sm w, -< Re sin w < -. 

2 — ~ 2 


y ! 



Figure 8.6-8 
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a) Show that the plane boundary „ = 0 of Fig. 8.6-6 is transformed into the closed 
channel shown in Fig. 8.6-9. 

b) Show that the complex fluid velocity in the channel is given by A cos x cosh y + 
i'A sin xsinhy. 

. show that fluid flows in the negative y-direction along the left wall in the channel, i n 
the positive x-direction along the end of the channel, and in the positive y-direction 
along the right wall of the channel. Assume A > 0. 

d) Show that the stream function that describes flow in this channel is i/i = A cos x sinh y. 

e) Plot the streamlines = 0, = A/2, and i/i = A on Fig. 8.6-9. 

_ \ A fluid flows with uniform velocity Vo in the direction shown in Fig. 8.6-10 along 

’ a channel of width n. Show that the complex potential 4 > = iwV 0 describes the flow 
and satisfies the requirement that the walls of the channel be streamlines. 

bf Use the transformation z = cos in to map this channel and its flow into the z-plane 
fsee Exercise 12 section 8.5). Show that the flow in the z-plane is through an aperture 
of width 2 within the line y = 0 (see Fig. 8.6-11). What is the complex potential 4>(z) 
describing the flow in the z-plane? 



Figure 8.6-9 


'A 



Figure 8.6—10 
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2 -plane 


Figure 8.6-11 


X 


c) By using the correct branch in the velocity potential <J>(z) show that in the center of 
the aperture of Fig. 8.6-11, the fluid moves with velocity Vo parallel to the positive 
y-axis. 

d) Find the equation and sketch the locus of the streamline passing through y = 0, 

x = 1/2. 

e) Show that “far” from the aperture, |z| 1, the components of velocity are given 

approximately by 


V x 


Vq cos 9 


Vy = 


Vq sin 9 


0 < 9 < 7i, 


and 


V x 


— Vo cos 9 
r 


Vy = 


- Vo sin 9 
r 


n < 9 < 27i, 


where z = re'°. 

|3. In this exercise we study flow around a half-cylinder obstruction in a plane. Fluid 
| flow above an infinite plane, as described in Fig. 8.6-6, is transformed by means of 
| the formula z = w/2 + ( w 2 /4 — 1) 1//2 . The transformation involves branch cuts extend- 
| ing from w = ±2 into the lower half-plane. The image of w = 0 is z = i. 

I a) Show that the image of the axis v = 0 in Fig. 8.6-6 is the fluid boundary shown in 
I Fig. 8.6-12 and that the space v > 0 is mapped onto the region above this boundary. 
I Hint: Show that the inverse of our transformation is w = z + 1/z. Use this to transform 
1; the boundary in Fig. 8.6-12 into v = 0 in Fig. 8.6-6. 



Figure 8.6-12 
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b) Show that <£>(z) = A(z + z : ) is the complex potential describing flow in the z-plane. 
Assume A is real. 

c) Show that the complex fluid velocity in Fig. 8.6-12 is A(1 - l/(z) 2 ). Why does this 
indicate a uniform flow of fluid to the right in Fig. 8.6-12 when we are far from the 
half-cylinder obstruction? Assume A > 0. 

d) Let z = re‘ e . Show that in polar coordinates the stream function describing the flow 
is i j/ — A(r - 1 /r) sin 8. What is the value of i j/ on the streamline that coincides with 
the fluid boundary? Sketch the streamline \j/ = A on Fig. 8.6-12. 


8.7 Boundary Value Problems with Sources 


Until now, all the sources or sinks for electric flux, heat, or fluid that we have 
considered in our boundary value problems have either been located at infinity or 
embedded in the boundaries of the domain under consideration. Thus in Example 1 of 
section 8.5 (see Fig. 8.5-2) heat is evolved in the inner boundary, whichis maintained 
at 100 degrees, and moves outward where it is collected in the outer boundary, 
maintained at 0 degrees. There is no source or sink for heat in the domain lying 
between the two boundaries. Similarly, as shown in Figs. 8.6-7 and 8.6-8, fluid 
is not generated in the domain under consideration. The flow begins at infinity and 
terminates at infinity. Since there are no sources or sinks present in either the thermal 
or fluid configurations, the net flux of heat or fluid out of any volume element whose 
cross-section is contained in the domain under scrutiny is zero. The same situation 
obtains when sources of electric flux (i.e., electric charge) are maintained at infinity 
or in the boundaries of the domain. No net electric flux leaves any volume in the 
domain. 

In the present section, we consider what happens when a source of heat, fluid, 
or electric flux is placed in a domain whose boundaries are maintained in some 
prescribed way. We employ a particularly simple kind of source—one that is un¬ 
changing and of infinite extent in a direction perpendicular to the complex plane. 
(We called this the £ direction in Fig. 2.6-1.) The source is assumed to producers 
flux (heat, fluid, electricity) in a direction radially outward from itself. For a sink 
the flux is inward, and we will regard a sink as being simply a particular kind of 
source. 


Our sources will have zero physical dimensions in the complex plane and can be 
thought of as a filament, or line, parallel to the £ direction. For any volume containing 
the source, our assumption that the net outflow of flux is zero is violated. However, 
this assumption still holds for any volume lying outside the source but within e 
other boundaries of the domain. The source is represented pictorially by its cr0S * 
section in the complex plane—a simple dot. (Some authors call our line sourc 
“point” sources.) ceS 

We have two reasons for using line sources. One is that many practical s ° j 
can be well represented by their simple idealization as a line (think of a c , 
wire as a source of electric flux, or a slender pipe carrying hot water throug ^ 
cold ground as a source of heat flux). The other is that if we know the fluid ve ^j| 
electric field, temperature, etc., produced by an idealized source in the P r ^ i* 
of certain boundaries, then we can use this same information to obtain these 
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physical quantities when produced by actual, nonidealized sources, in the presence 
of these same boundaries.^ 

The complex potential associated with a line source always displays a singularity 
at the point marking its intersection with the complex plane. Let us study an example 
from heat conduction. An infinitely long “hot” filament lies perpendicular to the 
^-plane (see Fig, 8.7-1) and passes through z = 0. The environment of the filament 
is an infinite uniform heat-conducting material having conductivity k. The complex 
temperature (or potential) created by the filament is of the form 

$00 = ALog(a/ z ), (8-7-1) 

where a > 0 and A are real constants. We choose, rather arbitrarily, to use the prin¬ 
cipal branch of the logarithm. Other branches can be used throughout this section 
if convenient. Now with principal values and with arg a = 0, we have arg (a/z) = 
arg a - arg z = -arg z. Thus 

$00 = y) + hK-L y)=A Log(a/| z [) - iA arg z, 
which means that 

<Kx,y) = ALog(a/|z|) (8.7-2a) 

and 

'K*> y) =- A argz, u < arg z < n. (8.7-2b) 


The complex heat flux density vect or, intro duced in section 2.6, is readily computed 
fromEq. (8.7-1). We have q = —k(d ( P/dz) = Ak/z- Withz = r cis 9, this becomes 

l 
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q = Ak{ cos d + i sin 0)1 r. Thus the magnitude of the heat flux density vector varies 
inversely with distance r from the line source and is directed along the unit vector 
cis 0 i.e., is directed radially outward from the source as shown in Fig. 8.7-1. Its 
value is independent of the constant a in Eq. (8.7-1). 

The quantity A in the preceding equations can be computed if we know the total 
heat generated per unit time by a unit length of the line source. Calling this quantity 
h, we surround the line source by a contour C as shown in Fig. 8.7-1. We proceed 
along this contour as shown, from a, which lies just below the branch cut for Log z 
to ft, which lies just above the cut. As demonstrated in the appendix to this chapter, 
the heat flux passing outward across this contour (per unit length of source) is 

h = kAt/f, (8.7-3) 

where At/f = \jt (a.) — t/f (/?), i.e., the decrease in the value of the stream function as C 
is negotiated. This is the heat analog of Eq. (8.5-24). Now employing Eq. (8.7—2b), 
we have t^(a) = — A(~n ) = An and t {/((S) = —An, so that finally we obtain 

h = kin A (8.7-4a) 

and 

A = h/(2nk). (8.7-4b) 

We call h = klnA the strength of the line source of heat, since it tells the time rate 
of flow of heat from a unit length of the source into its surroundings. If h is negative 
we are dealing with a sink, and A is also negative. 

We need not confine ourselves to line sources going through z = 0. A source 
passing through z = zo will have a complex potential of the form 

<F(z) = A Log(a/(z - z 0 )), (8.7-5) 

with a corresponding heat flux density vector 

Ak/(z - zo)=Ak cis[arg(z - z 0 )]/|z - zol- 

With A > 0, flow is again radially outward from the source. Equation (8.7^1b) still 
describes the relationship between A and h, the rate of heat flow from the source. 

The preceding discussion has counterparts for electrostatic and fluid line sources. 
The complex potential created by a line of electrostatic charge passing through 2 = 0 
is again of the form 


<F(z) = ALog(a/z). 

The constant A can be computed in a manner like that used in the heat flow case. 
Now, however, we compute the electric flux crossing the contour C in Fig. 8. 
and, as discussed in the appendix, equate it to the charge enclosed. We find that 

A = p/(2ns), (8 ' 7 ^ 

where p (the strength of the electric source) is the electric charge per unit length^ 
ried by the line charge and s is the electrical permittivity of the surrounding ma^ 
Again we can displace the source away from the origin and similarly modify 
The complex electric flux density vector created in this material is 


d = - s(d<S>/dz ), 
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as is explained in section 2.6. We find that d = p (cis 9)/(2nr) when the line charge 
passes through z = 0. 

Finally, we can study a line source that passes through 2 = 0 and sends fluid radi¬ 
ally into its surroundings. The complex velocity potential describing the fluid flow is 

<f>(z) = ALog(z/a) = <£(*, y) + ii//(x, y). (8.7-7) 

Observe that this is the negative of the expression used for the heat flow and in elec¬ 
trostatic situations. The sign difference is explicable because of the sign difference 
occurring in the last line of Table 1, section 2.6. From this table we obtain, for the 
complex fluid velocity, v = d<&/dz = A/z = A (cis 9) jr. Thus fluid flow is radially 
outward from the source. 

As discussed in the appendix, the outward flux of fluid through a contour C like 
that in Fig. 8.7-1 is 

. G = — Aij/ = i[/(P) — t/^(a). (8.7-8) 


Here G is the rate of flow, with time, of a fluid of unit mass density from a unit 
length of the line source. This is the strength of the fluid source. Since t/r = A arg z, 
ve find that A = G/(2n). 

In the case of fluid mechanics, there is another type of line source, called a 
wprtex. Here no fluid is evolved from the source—rather the source acts to create 
Buid rotation around itself much as water behaves around the axis of a whirlpool 
Ir a propeller. For a vortex, A assumes a purely imaginary value. The situation is 
fdnsidered in Exercise 2. 

What is the value of the constant a in our three complex potentials? In no case 
:ies this constant appear in our expression for dQ/dz, and therefore its value has 
|> influence on the complex heat flux density vector, electric flux density vector, 
velocity. In the case of heat conduction, we have that a line source passing 
trough z = 0 creates an actual temperature <^>(x, y) — ALog(a/[z[). Note that on 
j|fe circle |z| = a the measured temperature is zero degrees. Thus the choice of a 
gjctates how far we must move from the line source to experience a temperature 
Izero; this is true even when the line does not pass through z = 0. Similarly, in 
Igctrostatistics the electrostatic scalar potential created by a line of electric charge 
|^( x , >0 = ALog(a/|z|). Here a is the distance from the charge at which the 
gptrostatic potential (usually called voltage) falls to zero. In fluid mechanics, no 
icular meaning is assigned to a, and we can set its value to unity. 

, If a line source of electric or heat flux is placed along the axis of a rod, we can 
|ose a so as to satisfy certain simple boundary conditions on the surface of the rod. 
Fig. 8.7-2 we show a “hot” filament (line source) that is coincident with the axis 
B r °d of radius 1. The rod is composed of material having heat conductivity k. The 
jtace of the rod is maintained at 0 degrees. Assume the source sends out h calories 
jsecond along each meter of its length. We can create a complex potential that 
|s,sociated with a source of this strength and that meets the prescribed boundary 
"dition on the rod. We use <F( Z ) as described in Eq. (8.7-1), taking a = 1 and 
}h/2%k (see Eq. (8.7-4a)). Thus 

^ , h T 1 
® (Z) = 2rf L ° g ? 
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Figure 8.7-2 


The actual temperature in the rod is obtained from Eq. (8.7-2a) and is found to be 
<p = (h/2nk) Log( l /\z\). If the surface had been maintained at some other constant 
temperature and/or if its radius had not been unity, we could still find the temperature 
inside by a suitable choice of a (see Exercise 1). 

Most boundary value problems involving line sources have boundaries whose 
shape is more complicated than that depicted in Fig. 8.7-2. However, by making 
one or more conformal transformations of a simple configuration like that shown 
in Fig. 8.7-2, or even of the unbounded domain of Fig. 8.7-1 (see, for example, 
Exercise 4(c)), we can frequently acquire the solution to an interesting or practical 
configuration involving line sources. The technique involved is much like that used 
in the previous sections of this chapter in the solution of boundary value problems. 
As before, we map the simple boundaries into the more complicated configura¬ 
tions. Now, however, the complex potential created by the original line source in 
the presence of the original boundaries must also be transformed. If in the original 
configuration the line source passed through z = zo, then under the transformation 
V' -= /("), we have in the new configuration a line source passing through wo = /( z °v 
If z = g(w ) is the inverse of the transformation w — f(z), then zo = g( w o)- ^ ce 
the original complex potential created by the line source is <F(z), the new comp f* 
potential in the w-plane is <F(g(w)). Since <F(z) must display a singularity at zo> 
potential <F(g(w)) will display a singularity at Wo. In the new configuration, the ne^ 
complex potential produces values at points on the boundary that are identical to ^ 
complex values assumed at the image points in the original, simpler configure ^ 
Thus a boundary that was either a line of constant potential or a streamline wi 
have these properties under the transformation. e 

As we have seen, the strength of a line source is directly related to the c 
in value exhibited by its stream function as we negotiate a contour surrounding^^ 
source like that displayed in Fig. 8.7-1. Since the changes displayed by the s jj 
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function in the "-plane and by the transformed stream function in the w-plane (as we 
negotiate the image contour) will be the same, we conclude that the strength of a line 
source is preserved under a conformal transformation. The preceding assumes that 
the material parameters (conductivity, permittivity) used in the original configuration 
and in its conformal transformation are kept the same. The strength of a vortex (see 
Exercise 2) is also preserved under a conformal transformation. 

Sometimes we are given a practical problem involving a line source in (for 
example) the w-plane and are fortunate enough to find an analytic transformation 
- = g(w) that will transform this problem into a simpler problem in (for example) 
the "-plane. Suppose the solution in the "-plane is already known. This enables us 
to solve our practical problem, as we will see in the following two examples. 

One further note before we give the examples: When dealing with line sources of 
electric, fluid, or heat evolving character we must realize that because of the laws of 
conservation of electric flux, fluid, and heat, there is by implication a corresponding 
line source of opposite strength placed at infinity. This line source acts to collect the 
flux generated by our original line source. This matter can be important when we 
do a conformal mapping involving a line source passing through a point in the finite 
complex plane. The mapping may succeed in bringing the line source of opposite 
^strength at infinity into a location in the finite plane. This occurs in the following 


^example. 

I AMPLE 1 A line source of heat generating h calories per meter of its length, per 
ond, lies parallel to a plane maintained at a temperature of 0 degrees as shown in 
ss-section in the w-plane (Fig. 8.7-3). The separation between source and plane 
7, and there is a material of heat conductivity k filling the space v > 0 above 
plane. Find <t(w), the complex potential (temperature), and <f>(u, v), the actual 
iperature, above the plane. 

ution. Exercise 32 in section 8.4 shows how to use a bilinear transformation to 
p the upper half-plane onto a disc. We use this transformation, Eq. (8.4-34), to 
ve the given problem by mapping the given configuration into one with a known 


| material 
| heat 

i conductivity 
i k 


: tv -plane : 


“heatsource j 
| strength h : 


Figure 8.7-3 
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solution: the configuration of Fig. 8.7-2. We must choose a transformation that will 
man the line source at w = iff in Fig. 8.7-3 into the line source at " — Oin Fig. 8.7-2, 
The notation of the present problem requires that we reverse the roles of z and 
in Eq (8.4-34). Arbitrarily setting y = 0, we obtain 


w 


z == 


w — p 
w — p 


It pan he verified that another choice of y would yield a complex potential that will 
d ffeTfrom ours only by a constant and unimportant value in the stream function. 

1 Since we want w = iH to be mapped into z = 0, we choose p = iH. Thus our 
required transformation is 

W + itl 

From earlier discussion, we know that the complex temperature inside the domain 
shown in Fig. 8.7-2 is 

®' (z)= 2it LOS ? 

Using our mapping Eq. (8.7-9) in the preceding, we have, for the complex temper¬ 
ature in the given problem, 

h w + iff 

•x«’) = ‘h «■“)> = 

The actual temperature is 

h \w + iff I 

<K«. n) = Re<E(m) = —Log — 


(8.7-10) 


or 


«“• V) = 2 rf 


Log 


1 


m — iff | 


- Log 


w + iff | 


which is equivalent to 

”> = £r k 


Log 


- Log — 


M 2 + („_ ff )2 “° M 2 +(u + ff ) 2 

From the preceding, we verify that on the plane v — 0, the temperature <fi( 


indeed zero. The stream function is 

t l/(u, v) = Im <4>(m) = ^[arg(m + iff) - arg(w - ifi) 1 

h 

2nk 


h 

Ink 1 

v + ff v — H 

arc tan-arc tan —- 


Comment. Referring to Eq. (8.7-10), we notice that 
problem can be written as 

h 1 h 


the complex potential for 

1 
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The above can be interpreted as the complex potential arising from two line sources 
of heat as shown in Fig. 8.7—4. The sources are at mirror image locations with 
respect to the line v = 0 and have strengths of opposite sign. It is not hard to verify, 
with Eq. (8.7-9), that the source at w = iH is the image of the source of strength 
—h located at z = oo in Fig. 8.7-2. The line source of heat shown in Fig. 8.7-3 
creates in the space v > 0 a complex temperature that is identical to that created 
in identical infinite unbounded material by the original line source plus a source of 
equal but opposite strength (i.e., a sink) located at the mirror image of the original 
source. 

More generally, had the original source been at m = wq (where Im wq > 0), the 
image source would then be placed at w = u)q . We would then have 


$ W=7T Lo § 

Ink 


1 


W — Wq 


h 1 

-— Log-— 

2nk w + tuo 


(8.7-11) 


The preceding is an example of the method of images, which is used extensively 
in the physical sciences and is not limited to configurations with plane boundaries. 
As a further example of the method, we reverse (he sign of the lower source in 
Fig. 8.7—4 and obtain a useful complex potential 


h 1 

$(w0 = — Log-— 

2nk w — in 


h 1 

2nk ^ w + iH’ 


or 


® 0 ) = ^ Lo § 


1 

w 2 + H 2 


[The actual temperature and stream function are, respectively, 

I L h 1 

f' ^~2^k L ° S \w 2 + H 2 \ 



(8.7-12) 


Figure 8.7-4 
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and 




—h 

—-arc tan 


2nk 


2uv 

v 2 + H 2 


On the line v = 0, we have \j/(u, 0) = (~h/(2nk))arc tanO, while the tempera¬ 
ture varies as 0) = (h/(2nk)) Log[l/|(n 2 + H 2 ) |], Although the temperature 
changes along this line, the stream function is constant. Thus the line v = 0 is a 
streamline of the complex potential, and no heat crosses the line. Hence we can con¬ 
clude that <F(w) = (h/(2nk)) Log[ 1 /(vi 1 + H 2 j\ is the potential created by a line 
source of heat of strength h in the semiinfinite space Im vj > 0 whose boundary Im 
y) — 0 is insulated. The line source is of strength h and is located a distance H from 
the insulated boundary. The configuration is shown in Fig. 8.7-5. With the aid of the 
computer software called f(z), mentioned in the Introduction, we have drawn a few 
streamlines on the figure for the case h / (Ink) = 1 and H = 1. 

It is well to note here a subtlety pertaining to the uniqueness of our solution 
Eq. (8.7-12). Suppose an additional potential (w) = Aw (where A is any real con¬ 
stant) were added to the expression on the right in Eq. (8.7-12). <F a (w) is associated 
with a uniform flow of heat parallel to the line v = 0. One of its streamlines coincides 
with v = 0. The addition of this potential to ( t>(vi) has no effect on the strength of 
the source located at w = iH, and the sum of the two potentials <E(w) + (id) still 
has a streamline along v = 0. However, we must reject the term ( l> a (in) because it 
is created entirely by sources of heat placed at in — oc and the specification of our 
problem did not include any such sources. The preceding illustrates how in seeking 
a unique solution to a problem whose boundaries extend to infinity we must often 
concern ourselves with the behavior of the solution at infinity. 

The above example, which involves a pair of identical line sources at mirror- 
image locations, can also be used to solve the problem of obtaining the complex 
velocity potential caused by a line source of fluid located parallel to a rigid impen¬ 
etrable barrier (see Exercise 4). 


EXAMPLE 2 Shown in Fig. 8.7-6 is a filament carrying electrical charge of p 
coulombs per meter. It lies inside an electrically conducting tube of unit radius. The 



| 


Figure 8.7-5 
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charge is displaced H units from the axis of the tube, which is filled with material of 
electrical permittivity s. (Note that H < 1). The tube is at zero electrical potential. 
Find the complex potential, actual potential, and complex electric flux density vector 
inside the tube. 

^Solution. We seek a bilinear transformation that will map our given configuration 
into that of Fig. 8.7-2; i.e., the line charge is moved to the axis of a tube of unit 
ladius and zero potential. There is more than one bilinear transformation that will 
|ccomplish this. We will assume somewhat arbitrarily that the points w = 1 and 
-1 are fixed points of the transformation, i.e., they have images z = 1 and 
1,= —1, respectively. Furthermore, we require that w — H has image z = 0. Having 
gstablished the images of three points, we use Eq. (8.4-27) to obtain the required 
lapping. Thus we get 

H - w 

Z ~ wH-V 

pe know from our earlier discussion that the complex potential inside a grounded 
pro potential) tube of unit radius with a line charge along its axis is T>i(z) = 
|/( 27 C£)) Log(l/z). Using the transformation just found, we obtain the complex 
|tential inside the tube of the given problem: 

1 — wH 


$0) = ^— L °g 
2ns 


w 


H 


(8.7-13) 


J e actual potential, or voltage, inside the tube of Fig. 8.7-6 is the real part of the 
^ceding expression, i.e., 

|1 - wH\ 


(p(u, V) = ~ Log 
2ns 


\w~H\ 


= 4ns L °g 


H 2 [(u- l/H) 2 +v 2 ] 
(u — H) 2 + v 2 
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It is not hard to verify that on the tube, i.e., where u 2 +v 2 - 1 is satisfied, this 
voltage is zero. One can also show that inside the tube the voltage is nonnegative 

and lies between zero and infinity if p > 0. 

The surfaces on which the voltage assumes specific constant values are of 

interest. To find the equations of their cross-section in the u, u-plane, we equate 
the preceding expression to the voltage of interest. Calling this Vo, we have 

p H 2 \(u - 1/H) 2 + v 2 ] 
y ° = ^ L ° g " 


We multiply both sides of the preceding by 4 ns/p and then exponentiateboth 
sides of the resulting expression. After some manipulation we find that the su 
on which the potential is V 0 is a cylinder whose cross-section is circular and sati 
the equation 


P 2 h 2 


■v 2 = 


P 2 (h 2 - if 


“ H(P 2 -l)\ +V H 2 (IJ 2 - l ) 2 

Here (i = (l/H)e v ° 2ne / p . For V 0 > 0, the circles lie inside the tube ®n d °* 
the line charge. We have sketched a few of them in Fig. 8.7 7 y as 
2 ns/p = 1 and H = .5. The values of V 0 are shown on the curves. we 

Recalling that the electric flux density vector is given by d - -s{ / 

use Eq. (8.7-13) and show that 

1 


d=± 

2n 


L(ui-fl) (ui-l/fl) 


inside the tube. 


EXERCISES 


bH 


1. Consider the configuration of Fig. 8.7-2. The radius of the tube is now chang ^ ^ 
unity, and the surface of the tube is maintained at temperature T 0 msteaa 
ihat the comnlex temperature in the tube is now 4» ( z ) ^ (h/(2*k))Log ( c /^ 
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where c = h e T a 2 nk/h by showing that this expression yields the given flux from 

the heat source and satisfies the boundary condition on the surface of the tube. 

2. If a fluid vortex is placed with its axis perpendicular to the complex z-plane and passing 
through j = 0 it creates the complex velocity potential 4>(z) = —i Vo Log z, where Vq is 
real. The strength of the vortex is defined as 27iVo and the vortex is defined as acting 
at z = 0. 

a) Show that the actual (not complex) velocity potential for the resulting flow is <p(x,y) = 
Vo argz and that the stream function is y) = — Vo Log(y/x 2 + y 2 ). Describe in 
words the shape and location of the streamlines. 

b) Show that the complex velocity vector is v = /(Vo / r)cis 6, where z = r cis 6. Assum¬ 
ing that Vo > 0, explain why the fluid moves in circles counterclockwise around the 
vortex. 

c) Let v = V x + iV y . Show that V x and V y , the components of the fluid velocity vector, 
satisfy dVx/dx + dV y /dy = 0 if z /= 0. Thus, expect at the vortex, fluid flow created 
by the vortex satisfies the conservation equation as described in section 2.6. 

d) The fluid vortex is placed at the center of a tube of unit radius having rigid, impenetrable 
boundaries as shown in Fig. 8.7-8. As described in section 8.6, we require that the wall 
of the tube be a streamline. Show that this condition is met by the velocity potential 
4>(z) = —/Vo Log z. 

e) Instead of being inside the tube, the vortex is a distance H above a rigid plane as 
shown in Fig. 8.7-9. The w-axis must be a streamline of the resulting flow. Make a 
conformal mapping of the domain |z| < 1 shown in Fig. 8.7-8 onto lmw>0 and 
use the result to show that the complex velocity potential describing flow above the 
plane is given by 4>(z) = — IVo[Log(tu — iH) — Log(u; + iff)] and that the complex 
velocity vector for the flow is 


§■ a) 


2Vq H[u 2 - v 2 + H 2 + 2 iuv] 
u 4 + v 4 + 2u 2 v 2 + H 4 + 2 H 2 (u 2 — v 2 ) 

A line charge carrying p coulombs per meter is placed a distance H from the axis 
of a grounded electrically conducting tube, of unit radius, set at zero electrostatic 



Figure 8.7-8 
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Figure 8.7-9 


potential (see Fig. 8.7-10). Assume H > 1. Find the complex electrostatic potential 

$(«;) outside the tube. . . . 

Hint • Find a bilinear transformation that transforms the configuration made \z 1 - 1 
Sot n in Fig. 8.7-2 onto the region | u>| > 1. A line charge rs used m place of the heat 

source in Fig. 8.7-2. 

Answer: 

p 1 -wH 



Figure 8.7-10 
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V 


line source 
of fluid 


H 


rigid plane 




Figure 8.7-11 


b) Taking p/(2ns) = 1, and H = 2, find the equation and sketch the equipotential along 
which (p(u, v), the actual potential (voltage) in Fig. 8.7-10, equals Log(5/2). 

4. A line source of fluid of strength G lies parallel to and a distance H from a rigid impene¬ 
trable plane as shown in Fig. 8.7-11. We require that v = 0 be a streamline of the flow. 

a) By placing an identical line source so that it passes through the mirror-image point, 
w = —IH, show that the complex velocity potential caused by both sources, in the 
absence of the plane, is given by <b(tu) = (G/(27i)) Log(u; 2 + H 2 ). Show that the 
stream function is i j/(u, v) = (G/(27i)) arc tan[2i«y(« 2 — u 2 + H 2 )] and that the line 
v = 0 is a streamline. Thus a plane can be introduced along v = 0 without disturbing 
the flow produced by the original source plus its image, and we may assume that 4>(u;) 
is the complex velocity potential created by the original line source above the plane. 

b) Show that the complex velocity vector created by the fluid source above the plane is 


2n 


u + i(v — H) u + i(v + H) 


+ (u — H) 2 u 2 + (v + H) 2 


c) We can solve this problem without resorting to images. Consider a line source of 
fluid of strength G perpendicular to the complex z-plane and passing through z = 0. 
It provides a complex potential = (G/(2n)) Log(z). Now apply the conformal 
transformation w(z) = (z — H 2 ) 1 ^ 2 to the z-plane. Use the branch cut x > H 2 , y = 0 
and assume that w(0) = iH. How is the contour C shown in Fig. 8.7-12 mapped 
by this transformation? It is composed of points lying just above and just below the 
branch cut. Explain why it is transformed into a streamline. What is the transformed 
complex potential? 

|A line of electrostatic charge of strength p coulombs/meter lies in a U-shaped channel 
|°f width 7i as shown in Fig. 8.7-13. The channel is composed of electrically conducting 
Qaterial maintained at zero electrostatic potential. The charge is centered, and located a 
iflistance a from the bottom of the channel. 
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a) Show that the complex electrostatic potential in the channel is given by 

_ , „ p sin w + i sinh a 

<b(w) ~ -— Log --;-. 

27ie sm w ~ i sinh a 

Hint: Consider the transformation z = sin w. Use the method of images. 


b) Suppose the left- and right-hand boundaries in Fig. 8.7-13 were changed from u = 
±7t/2 to u = ±b (b > 0). What would <!>(«;) now be? 

c) For the configuration of part (a) show that the actual potential (voltage) in the channel 
is given by 


v) = — Log 


sin 2 u + sinh 2 v + sinh 2 a + 2 sinh a cos u sinh v 
sin 2 u + sinh 2 v + sinh 2 a — 2 sinh a cos u sinh v 


6. A line source of fluid of strength G lies in the middle of a channel of width n as shown 
in Fig. 8.7-14. The channel is open at both ends. Since the walls of the channel are rigid 
and impenetrable, they must be streamlines of the resulting flow. 



Figure 8.7-13 
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Figure 8.7-14 


a) Show that the complex velocity potential for flow in the channel is <l , (w) = 
(G/(2n)) Log(cos(«;)). 

Hint: Suppose the same source is perpendicular to, and passes through, the origin of 
the complex z-plane and that there are no boundaries. What is the complex velocity 
potential and what are the streamlines? Now consider the mapping z = cos w applied 
to the configuration of Fig. 8.7-14 and obtain 

Note that a potential of the form <E» a (w) = Aiw (A is any real constant) could be 
added to the potential <E>(u;) and the boundary conditions on the walls of the channel 
would still be met, since the streamlines of 4 > a ( w) lie parallel to the maxis. The 
strength of the source would not be affected. However, 4> 0 (w) is associated with a 
uniform flow that begins and ends at infinity in the channel and is not caused by the 
source placed in the channel. Thus we reject < P a (w). 

b) Show that in the channel the complex fluid velocity vector is 


G — sin(2 u) + i sinh(2i>) 
An sinh 2 v + cos 2 u 


c) Show that for v ^ 1 the fluid velocity vector in the channel is in the direction of the 
positive n-axis and equals G/(2n). 

d) Prove that the streamlines of flow are the curves on which (tan u) (tanh u) = real 
t constant. Take G/(2n) = 1 and sketch a few streamlines in the channel, labeling 
i them with their corresponding values of t j/. 


^ line source of heat of strength h (calories per meter per second) is embedded in a slab 
P material of heat conductivity k as shown in Fig. 8.7-15. The width of the slab is n 
|nd its surfaces are maintained at a temperature of zero degrees. The line source passes 
Iprough the point w = b, where 0 < b < n. 
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from the bend as shown in the figure. Assume that 0 < /? < 7t/2.Letw = rcisd.Show 
that inside the bend (0 < 0 < jt/ 2) the complex potential is 

p t r 2 cis(2 8) - R 2 cis(-2j3) 

= 2 Vs L ° 8 ~~r 2 cis(20) — R 2 cis(2/i) ' 


Hint: Consider the mapping z = w . 
b) Show that the actual potential (voltage) is 

p r 4 +R 4 - 2 r 2 R 2 cos[2(6> + ft)] 

^ r ’ ^ = 4 m L0§ r 4 + R 4 - 2 r 2 R 2 cos[2(0 - j?)]' 

10 al This problem represents a generalization of the preceding one, which you should 
do first The angle of the bend is changed to a, where 0 < a < 27t, and 0 < 0 < a. 
Again w = r cis 9. The situation is shown in Fig. 8.7-18. Show that inside the bend 
(0 < 9 < a) the complex potential is 


4>(r, 8) = -— Log 


r n ! a cis(07t/a) - R n/a cis(-jWa) 
>/« cis (On/a) - R n/a cis(j?7i/a) ’ 


where the values of r^ a and R n/a are taken as positive reals. Show also that the actual 
potential is 

p + R 2 n/ a _ 2r x/«R*/ a co s[(0 + P)n/a] 

r ’ = 4 ^ L ° 8 r 2n/a + R2n/a _ 2r n/aRn/a cos [(0 _ J?)7l/a] ’ 


where all fractional powers are evaluated as just described and 0 £ 6 < a. 
b) The line charge is parallel to the edge and a distance R from a grounded semiinfimte 
electrically conducting plane as shown in Fig. 8.7-19. Use the result derived m (a) o 
show that the actual electrostatic potential is 

p r + R — 2r x l 2 R x l 2 cos[(0 + /Q/2] for 0 < g < 2 jt. 

0(r ’ 6) ~ 4 ™ g r + R- 2rW 2 cos[(0 - 0)/2] 



Figure 8.7-18 
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Figure 8.7-19 


8.8 The Schwarz-Christoffel Transformation 

Many physical problems in heat conduction, fluid mechanics, and electrostatics 
involve boundaries whose cross-sections forms a polygon. In the domain bounded 
by the polygon, we seek a harmonic function satisfying certain boundary conditions. 
A one-to-one mapping w = f(z ) that would transform this domain from the 
--plane onto the upper half of the ic-plane, with the polygonal boundary trans¬ 
formed into the real axis, would greatly assist us in solving our problem because 
of the simplified shape now obtained. We discuss here something close to what is 
required; the Schwarz-Christoffel 1 ' transformation is a formula that will transform 
the real axis of the ui-plane (the w-axis) into a polygon in the "-plane. Once this for¬ 
mula is obtained (often a formidable task), an inversion can sometimes be applied 
that yields the desired w = /("). 

: A rigorous derivation of the Schwarz-Christoffel transformation will not be 

presented. Instead, we will first convince the reader of its plausibility and then move 
3n to some examples of its use. 

To see how the formula operates, consider the simple transformation 

f z = (w — ui) a ^ n , 0 < ai < 2n, (8.8-1) 

inhere (tq, 0) is a point on the real axis of the m-plane. Equation (8.8-1) is defined 
'y means of a branch cut originating at w — u\ and going into the lower half of this 
jlane. Equating arguments on both sides of Eq. (8.8-1), we have 

V argz = — arg(m — mi). (8.8-2) 

K w is real with w > U ], we take arg(m — iq) = 0, and from Eq. (8.8-2) 

K argz = 0. (8.8-3) 


e transformation should really be referred to as Christoffel-Schwarz. The mathematician E.B. Christoffel 
‘loped the theory in 1868, a year ahead of his fellow German, H. A. Schwarz. 
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in the "-plane. In fact, our assumption about this formula is correct and is summarized 
in the following theorem. 


THEOREM 8 (The Schwarz-Christoffel Transformation) The real axis in the 
u;-plane is transformed into a polygon in the "-plane having vertices at zi, Z2, ■ ■ ■, 
z n and corresponding interior angles ai, 012 ,..., a„ by the formula 

_ M2 )(a 2 /70-i 


dZ At 

— = A(w 
dw 


( 8 . 8 - 6 ) 


or 


/ W 

(C - - M2 )^/*)-l... (£ - Un )^^dC + B, (8.8-7) 

where (mi, 0), (m 2 , 0),..., (u n , 0) are mapped into the vertices zi, z 2 ,..., z n - If 
w = 00 is mapped into one vertex, say, zj, then the term containing (w - uj) is 
absent in Eq. (8.8-6), and the term containing (£ — uj) is absent in Eq. (8.8-7). 
The size and orientation of the polygon is determined by A and B. The half-plane 
jm w > 0 is mapped onto the interior of the polygon. • 

I A lower limit has not been specified for the integral in Eq. (8.8-7). The reader can 
Ihoose this quantity arbitrarily. Note, however, that any constant this might produce 
Ian be absorbed into B. The integration is performed on the dummy variable £. Differ- 
ghtiation of both sides of Eq. (8.8-7) with respect to w yields Eq. (8.8-6) according 
i the fundamental theorem of integral calculus^ applied to contour integrals. 

To see how the transformation operates, we have from Eq. (8.8-6) that 

dz = A(w - K 1 )(“i/' I ) -1 ( U ) _ m 2 )(“ 2 / 71 ) -1 ■ ■ ■ (w - u n ) < - an / K ^~ 1 dw. 

quating the arguments on both sides, we have 


(w — 

th sides, we have 
arg dz = arg A + ^ - lj arg (w - ui) + ^ - lj arg( 

arg(u) - u n ) + arg dw. 


w 2 ) 


(t-) 


( 8 . 8 - 8 ) 


a gine now that the point w lies at the location marked P in Fig. 8.8-2(b). We take 
• the left of mi, m 2 , ..., u n . 

j As w moves through the increment dw = du along the real axis toward mi, 
|have arg dw = 0. Since (w — mi), (w — m 2 ), . .., (w — u n ) are all negative real 
Ethers when w is to the left of u\, the arguments of these terms are all n in 
|(8.8—8), and arg dz in this equation remains constant as w proceeds toward u\. 
|argument of dz can only remain fixed along some locus if that locus is a straight 
Hence, as w moves toward u\ in Fig. 8.8—2(b), the locus traced out by ", as 
led in Eqs. (8.8-6) and (8.8-7), is a line segment. 

Elen w moves through mi, arg(u> — ui) in Eq. (8.8-8) abruptly decreases by 
|Owever, all other arguments in this equation remain constant at their original 
“s. According to Eq. (8.8-8), arg dz will change abruptly in value. It decreases 
a i / n ) — l)rc =■ a! - n or increases by 7t — on. If w, which is now to the right 
. moves toward u 2 along the u-axis in Fig. 8.8-2(b), arg dz remains fixed at its 
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7 -plane 

(a) 


4 



1 r 1 

P «1 «2 

«3 »K 


w -plane 
0 ) 


Figure 8.8-2 


new value and a new line segment is traced in the --plane. The increase in argument 
% _ ai j us t noted causes the two line segments that have been generated in the 
7 -plane to intersect at -, with an angle ai (see Fig. 8.8-2(a)). 

As w continues to the right along the w-axis in Fig. 8.8-2(b), we see from 
Eq (8 8 - 8 ) that arg dz will abruptly increase by n - a 2 , and as w moves between 
and u 3 a new line segment is generated in the --plane making an angle a 2 with 
the previous one. In this way the transformation defined by Eq. ( 8 . 8 - 6 ) or ( 8 . 8 -/) 
generates an entire polygon in the --plane as w progresses along the whole real axis 

from -oo to +oo in the w-plane. , 

Recall from plane geometry that the sum of the extenor angles of a closed po y 

gon is 271. The exterior angle at z\ in Fig. 8.8-2(a) is n — ai, at z 2 it i s 71 a2, e c ' 

Thus 


(n - ai) + (n - a 2 ) d - +(n — a„) — 2n. 

If we divide both sides of this equation by n and then multiply by ( ' • 

relationship that the exponents in Eqs. ( 8 . 8 - 6 ) and (8.8-7) must satis y i 
is to be transformed into a closed polygon. 


^-1 


ot? a n . n (8.8-9) 

— - 1-1 - 1 - 1 = - 2 . v 

71 71 71 D i e 3, 

This relationship holds in Examples 1 and 2, which follow, but not in Examp 

where an open polygon is considered. vertex of a 

Let us see how Eqs. ( 8 . 8 - 6 ) and (8.8-7) must be modi e i lt ; 0 ly the 

polygon, say, z n > is to have the image u n = oo. First, we divi e an 
right side of Eq. ( 8 . 8 - 6 ) by 


( Un) 


(a„/7t)-l 


W — Un 


(an/ft)' 


Thus 

— = A(-«„) (a " /,c) ~ 1 (ui- ui) (ai/ 7 c)_ 1 (w-n 2 ) (a2/7c) “' 1 ••• 
dw 


-Un 
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As u n —oo, the last factor on the right can be taken as 1 while the product of the 
first two factors A(— is maintained finite in the limit and absorbed into a 

new constant independent of w, which we will again choose to call A. Integration of 
this new equation yields Eq. (8.8-7) but with the factor (w — u n ) <a, ‘ ;/Tl) ~ l deleted. 
This procedure can be applied to any vertex: zi, Z 2 , etc. 

We will not prove that the Schwarz-Christoffel formula maps the domain 
Im w > 0 one to one onto the interior of the polygon. The reader is referred to more 
advanced texts/ Note, however, that for the correspondence between the two 
^domains to exist, the images of the consecutive points mi, m?, • • •, u n , which are 
encountered as we move from left to right along the w-axis, must be zi, Z 2 , ■ ■ ■, z n > 
[which are encountered in this order as we move around the polygon while keeping 
fits interior on our left. 

Another important fact, not proved here, is that given a polygon in the "-plane 
having vertices at specified locations z\,zi, .. ■, z n , we find that the Schwarz- 
Ehristoffel formula can be used to create a correspondence between the polygon 
gnd the n-axis in such a way that three of the vertices will have images at any three 
listinct points we choose on the n-axis. The location of the images of the other 
frit — 3) vertices are then predetermined. 


JXAMPLE1 Find the Schwarz-Christoffel transformation that will transform the 
gal axis of the m-plane into the right isosceles triangle shown in Fig. 8.8-3(a). The 
||itices of the triangle have the images indicated in Fig. 8.8-3(b). 

glution. For the vertex at zi, we have ai = n/4 and the image point is u\ = —a. 
Brthe vertex at Z 2 , we have 0 L 2 = n/4 and the image is n? = a. Finally, for the vertex 
Ip, we have 013 = %/2 and the image is w = 00 . Since w = 00 is mapped into 23 , 
prm containing m 3 and 013 will not appear in Eq. (8.8-7). Using this formula, with 
i_ l°wer limit of integration chosen somewhat arbitrarily as 0 , we obtain 


r>W 

‘ (C + «r 3/4 (C - ay 3/4 d( + B = A I (C 2 - a 2 )- y4 dC + 
rio JO 


B. 

(8.8-10) 


I for example, R. Nevanlinna and V. Paatero, Introduction to Complex Analysis (Reading, MA: Addison- 
fy, 1969), Chapter 17. 
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This integral cannot be evaluated in terms of conventional functions. It must be 
found numerically for each value of w of interest. To find A and B, we impose these 
requirements: If w = a on the right side of Eq. (8.8-10), then z must equal 1, whereas 
jf w = —a, the corresponding value of z is — 1. Thus 


1 = A f a (( 2 -a 2 ry 4 d( + B, 

Jo 

(8.8-11) 

— 1=A f a (( 2 -a 2 )-y 4 d( + B. 

Jo 

(8.8-12) 


We multiply the preceding equation by ( -1) and reverse the limits of integration to 
obtain 

r o 

1 = A (C 2 - a 2 r^ 4 dC - B. (8.8-13) 

J—a 

Adding Eqs. (8.8-11) and (8.8-13), we get 

2 — A f +a (£ 2 -a 2 r 3/4 d£ = 2A f\( 2 - a^^dC 
J-a JO 

The last step follows from the even symmetry of the integrand. We solve the preced¬ 
ing equation for A to obtain 

A = ---, (8.8-14) 

£(C 2 - aiyy^dt; 

which also must be evaluated numerically. Substituting this result in Eq. (8.8-11), 
we see that B — 0. With Eq. (8.8-14) used in Eq. (8.8-10), we have 

f 0 W (C 2 - a 2 )-V 4 dC 


z — 


£(c 2 - a 2)-y*dc’ 


(8.8-15) 


which is the required transformation. 


EXAMPLE 2 Find the Schwarz-Christoffel transformation that will map the half 
plane Im w > 0 onto the semiinfinite strip Im z > 0, — 1 <Rez < 1- The n-axis is 
to be mapped as indicated. 

Solution. From Fig. 8 . 8 — 4 (a) we see that the strip (a degenerate polygon) can be 
regarded as the limiting case of the triangle whose top vertex is moved to infinity 
In this limit ai = n/2, a 2 = n/2, and 013 = 0. From Fig. 8.8^1(b) we have mi -- 
— 1, w 2 = 1, M 3 = 00 . Substituting the preceding values for a and u in Eq. ( 8 - 
(without any term involving M 3 ), we have 

z = a f ( c + ir 1/2 (c -1 r 1/2 dc + b = aJ w (C 2 f 1 } i j2 + R (8,8 ' l6) 

To simplify the final answer, we shall put Aji = A 1 so that 

A _ A\ 

(£2 - 1 ) 1/2 “ (1 -£ 2 ) 1 / 2 ’ 



8.8 The Schwarz-Christoffel Transformation 611 



;-plane 


(a) 


;::-l ! 

Sijjp 


w-plane 


u 2 


(b) 


Figure 8.8-4 


and Eq. (8.8-16) becomes 

C w d( 

[ z ~~ Al J (1 ;-)>•’• + R 

i The indefinite integration is readily performed (see Eq. (3.7-8)) and the constant 
absorbed into B. Thus 

| z = Ai sin -1 w + B. (8.8-17) 

Since w = 1 is mapped into z = 1, the preceding implies 

i' n 

; 1 = Ai sin -1 1 +B = A x - + B, (8.8-18) 

“Similarly, because w= —1 is mapped into - = —1, we have from Eq. (8.8-17) 

L -1 =Tisin _1 (-l)+B = -Ai| + B. (8.8-19) 

Solving these last two equations simultaneously, we find that B = 0 and A\ =2/n. 
Thus Eq. (8.8-17) becomes 


phis same transformation (except for a change in scale) has already been studied in 
Example 3, section 8.3. • 


2 

z — - sin 
n 


w. 


( 8 . 8 - 20 ) 


EXAMPLE 3 Find a transformation that maps the domain Im in > 0 onto the 
°main outside the semiinfinite strip shown in Fig. 8.8-5(a). Boundary points u\ 
Pd U 2 should be mapped in z i and Z 2 as indicated. 

°lution. As we proceed from left to right along the w-axis in Fig. 8.8-5(b), the cor- 
-sponding image point advances in the direction indicated by the arrow in Fig. 8.8— 
&>. The' nterior” of the polygon, which we regard as the domain outside the 
Wv Fig. 8.8-5(a), should be on our left as we negotiate the path a, b , c, d. In 
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Figure 8.8-5 


Eq. (8.8-7) we must include terms corresponding to z\ = i and z 2 - 0- The vertex 
of the polygon at 23 = 00 is mapped to w = 00 and does not appear in Eq. (8.8-7). 
Notice that cq = 3n/2 and a 2 = 3te/ 2. The angles are measured along arcs passing 
through the interior of the polygon. Thus from Eq. (8.8-7) we have 

J W 

C l / 2 (t-l) l/2 dt + B. 

By replacing (£ - 1 ) 1/2 with i( 1 - C ) 1/2 and absorbing i into A, we obtain 

J W 


The integral can be evaluated from tables. Thus 


A 

Z= 4 


( 2 u> - l)(u;(u; - 1)) 1/2 - \ log|(w(w - 1)) 1/2 + 


W ~2 


+ B. 

(8.8-21) 


When w — 0, we require z = >■ Thus Eq. ( 8.8 21) yields 



Arbitrarily choosing the principal value of the logarithm, we get 

A 

i = — [Log 2 — in] + B. 


When w = 1, we require - = 0, which from Eq. (8.8-21) means 

A 

4 


0 




- B, 


( 8 . 8 - 22 ) 


A 


(S- 8 ' 23 ! 


or, with the principal value 
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Solving Eqs. (8.8-22) and (8.8-23) simultaneously, we obtain 

n n 

With these values in Eq. (8.8-21), we have 

z = -- (2w - l)(w(w - 1)) 1/2 - - log((w(w - 1)) 1/2 + w — \ 
n 2 \ 2 


Log 2 

T" -. 

n 

(8.8-24) 


Let us verify, by appropriate choices of branches, that the point w = 1 /2 is mapped 
into a point on the imaginary z-axis between 0 and 1. With w = 1/2 in Eq. (8.8-24), 
we have 


z 


2 

n 



n‘1 + — 

4) 71 


1 

n 



Log 2 

n- 

n 


Using +i in this expression and the principal value of the logarithm, we obtain 
z = «/2. 

The reader should map several points from the n-axis into the --plane and become 
convinced that the desired mapping of points in Fig. 8.8-5 can be achieved if we 

a) use the principal branch of the log in Eq. (8.8-24) and 

b) define f(w) = (w(w — 1)) 1 - /2 by means of branch cuts extending into the 

lower half of the w-plane from w = 0 and w = l and take f(v>) > 0 when 
w > 1 . • 


EXERCISES 

/ 1. Is the mapping defined in Eqs. (8.8-6) and (8.8-7) confomial for w = u\, w = U 2 , etc? 
| Explain. 

i 2. Use the Schwarz-Christoffel formula to find the transformation that will map the sector 
I shown in Fig. 8.8-6 onto the upper half of the u;-plane. Map A into (— 1, 0), B into (0, 0) 
I and C to oo. 

| Answer: w = —iz 2 / 2. 



Figure 8.8-6 
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Boundary 0- 0+ Boundary 

Figure 8.8-7 



Figure 8.8-8 


3. a) Use the Schwarz-Christoffel formula to find a transformation that will map the region 
in Fig. 8.8-7 onto the upper half of the tu-plane. Map z = 0— to w = — 1, z = ' t0 
w = 0 , and z = 0 + to w = 1 . 

Hint: Consider the boundary in Fig. 8.8-7 as the limit of the boundary depicted in 
Fig. 8 . 8-8 as ai, ot2, and 0(3 achieve appropriate values. 

Answer: w = (z 2 + 1)L 2 

b) A line charge of strength p passes through the point (0, H ), in the configuration of 
Fig. 8.8-7. Assume H > 1. The line charge is perpendicular to the plane of the paper. 
The boundaries shown in this figure are electrical conductors set at ground (zero) 
electrostatic potential. Using the result of part (a), show that the complex potentia in 
the shaded region of the figure, which has electrical permittivity e, is given by 

n . (z 2 + W! 2 +iW^ 


p (z^ + iy/^ + iw-i 

=-Log- , ■= ■ 

2ne ( z 2 -(- l)i/ 2 — is]H 2 - 1 

c) Let H = V2 and p/( 2ne) = 1. Use the preceding result to plot the actual pote 
ip(0, y) — from y = 1 to H. oD 

4. Find a transformation that maps the line v = 0 from the u;-plane onto the open 
in the z-plane shown in Fig. 8.8-9(a). The mapping of the boundary should be as 
in the figure. 

Answer: 

z =-[(«; - 1) V V /2 + LogCu; 1 / 2 -(w- 1) 1/2 )] + i- 




--plane 


d x a' 


b' 


^-plane 
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(b) 


v* 



(c) 


Figure 8.8-10 


Branch points go from w = 0 and w = 1 through lower half of the iu-plane to w = oo; 
w > 0 if w > 0 and (w — l) 1 / 2 > 0 if id > 1 . 

a) Find the transformation that maps the upper half of the ui-plane onto the shaded region 
of the z-plane in Fig. 8.8-10(a). The boundary is mapped as shown in Figs. 8.8-10 
(a,b). 
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Answer: 


3>(z) = -Log 

71 


(1 - exp(7iz))L 2 _ 1 
(1 — exp(jiz)) 1 / 2 -)- 1 


+ 1. 


c) Plot the actual temperature cp(x,y) with distance along the line x = 0, 0 < y < 1 and 
along the line y = 0, 0 < x < 2. 

8. a) Find the mapping that will transform the upper half of the w- plane onto the domain 
shown shaded in Fig. 8.8-14(a). Corresponding boundary points are shown in Fig. 8.8- 
10(b). Note that there is a cut in the z-plane along y = 1 , x < 0 and that points a and 
c lie on opposite sides of this cut. 

Hint: Refer to Fig. 8.8—10(c) but take the limit ai = 27 1 . 

Answer: z = (l/7i)[u; + Log w + 1], 

b) An electrical capacitor, shown in Fig. 8.8—14(b) consists of a semiinfinite plate main¬ 
tained at an electrostatic potential of 1 volt and an infinite plate maintained at zero 
potential. Assign these same potentials to the image boundaries (in the w-plane) that 
arise from the transformation found in part (a). Show that the complex potential in the 
domain Im w > 0 is <l>(u;) = (— i/n) Log w = cp(u, v ) + iip(u, v). 

Show also that the value of w corresponding to given values of the electrostatic 
potential <p and stream function ip is given by w = e~ n ^cis(7Explain why in this 
formula we require 0 < (p < 1 while ip can have any real value. 

c) Show that if we assign values to (p and ip as described above, then the point in the 
capacitor where the complex potential has this value is given by 

z = — [e~ n ^cis(7i(/>) + 1] - i p + i(p. 

71 


Now suppose the potential has the value (p = 1/3, while the parameter ip ranges from 
—oo to oo. Plot values assumed by z to top of Fig. 8.8—14(b). This is the equipotential 
along which the potential is 1 /3 volt. Repeat this procedure for (p = 2/3. 
d) Explain how the technique of this problem can be used to determine the equipotentials 
and streamlines of a capacitor consisting of two semiinfinite plates to which the poten¬ 
tials 1 and — 1 are assigned. Such a capacitor, with its streamlines and equipotentials, 
is shown in Fig. 8.8—14(c). This plot is Plate XII taken from James Clerk Maxwell’s 
famous bookA Treatise on Electricity and Magnetism, 3rd ed., published in 1891 and 
currently available from Dover Books, New York. 


Appendix: The Stream Function and Capacitance 

We show here how the stream function t p(x,y) is useful in computations involving 
electrostatistics, fluid flow, and heat transfer. Because the stream function has special 
lvalue in the important subject of electric capacitance, we will first concentrate on 
fte applicability of t p(x, y) to electrostatics. Recall from section 2.6 that the amount 
electric flux crossing a small surface of area A S is 

A/ = Z)„AS, (A. 8-1) 

S phere [) n is the component of electric flux density normal to the surface. Now 
°nsider small surfaces whose cross-sections are of length Ay and Ax, as shown in 
ig. A.8-1. Each surface is assumed to be 1 unit long in a direction perpendicular to 
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Ax 
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Figure A.8-1 


the paper and small enough in the plane of the paper so That the electric flux density 
is essentially constant along them. The flux crossing the vertical surface is D x Ay 
while that crossing the horizontal surface is D y Ax. 

Consider now the simple closed contour C shown in Fig. A. 8-2(a). C is the cross 
section of a cylinder of unit length perpendicular to the page. We seek an expression 
for the total electric flux emanating outward from the interior of the cylinder. Let 
Az = Ax + i Ay be a small chord along C, as shown. The flux A/ across the surface 
whose cross-section is Az is the sum of the fluxes crossing the projections of this 
surface on the x- and y-axes. These projections have areas Ax and Ay. Thus 


Af = CL Ay — D y Ax. 


The minus sign occurs in front of D y because we are computing the outward flux, 
that is, flux passing from the inside to the outside of the cylinder. 

The contour in Fig. A.8-2(a) can be approximated by a set of small complex 
vector chords like Az, much as was done in section 2.2 and in Fig. 4.2-1, where we 
studied contour integration. Passing to the same limit as was done there, we have 
that the flux passing outward along the surface whose cross-section is the solid line 
connecting a with /? in Fig. A.8-2(a) is 


f a p= D x dy — D y dx, (A.8-2) 

J a 

where we integrate in the positive sense along the solid line, that is, we keep the 
interior of the cylinder on our left. With the aid of Eq. (2.6-22), we rewrite Eq. (A.8-2) 
in terms of the electrostatic potential cj)(x, y). Thus 


fa/S — 


rP dcp d(j) 

—s — dy + s—ax, 
Ja ox dy 


(A. 8-3) 


where s is the permittivity of the surrounding material. Since the stream function 
iA(x, y) is the harmonic conjugate of (]>(x. y), we have from the Cauchy-Riein 
equations 


d(f> d\p 

dx dy ’ 

d(j> dip 

dy dx 
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Figure A.8-2 


This enables us to rewrite J„ in Eq. (A. 8-3) in terms of i jj as follows: 


rP di// di/j 

U = Ty dy+ 


pie integrand here is the exact differential d\f/, and, provided i j/ is continuous along 
pie path, the integration is immediately performed with the result that 


rP 

fa/S — £ I 1 

Ja 


dip = r#(°0 - HP)]- 


(A. 8-4) 


hus the product of s and the decrease in if/ encountered as we move along the 
gontour connecting a to /l is the electric flux crossing the surface whose cross- 
lection is this contour (see the solid line representation in Fig. A.8-2a). Let us now 
Itove completely around the closed contour C in Fig. A.8-2(a) and measure the net 
Increase in if/ (initial value minus final value). We call this result At/c 
■ Now if/ is typically the imaginary part of a branch of a multivalued function 
|pd is defined by means of a branch cut. To use Eq. (A.8-4), we require that if/ be 
Bjntinuous on C. Thus, as depicted in Fig. A.8-2(b), we choose a to lie on one side 
E the cut while f) lies opposite a on the other side. We integrate from a to P along 
Hpyithout crossing the cut. The result, s[i//(a ) — <K/?)]> or sAi//, can be nonzero. 
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The total electric flux leaving the closed surface whose cross-section is C is 
sAip which, according to Gauss’ law, 1 " is exactly equal to the charge on or enclosed 
by the surface. Thus referring to Fig. A.8-2(b) we have that sA\p is exactly the charge 
/on the object lying inside C. (Because this is a two-dimensional configuration, p 
is actually the charge along a unit length of the object in a direction perpendicular 
to the page). Hence 

p = eAi/c (A. 8-5) 

When two conductors are maintained at different electrical potentials, a knowledge 
of the stream function i/i(x, y) will establish the charge on either conductor and, with 
the use of Eq. (8.5-23), the capacitance of the system. 

Suppose we have a two-dimensional system of conductors whose capacitance 
per unit length we wish to determine. Let these conductors (actually their cross- 
sections) be mapped from the xy-plane into the uv -plane by means of a conformal 
transformation. Then we can prove the following: 

The capacitance that now exists between the two image conductors in the uv- 
plane is precisely the same as existed between the two original conductors in 
the xy-plane. 

To establish this equality, consider the pair of conductors A and B shown in the 
xy-plane in Fig. A.8-3. They are at electrostatic potentials U 0 and zero, respectively. 
Under a conformal mapping, these conductors become the conductors A' and B' in 
the wr-plane. The new conductors are assigned the potentials Vo and zero, respec¬ 
tively. The complex potentials in the two planes are <E(x, y) = (j)(x, y) + hp(x, y) 
and <Ei(w, v) = 4n(u, v) + i\j/i(u, v). 

Refer now to Fig. A.8-3(a), and consider the curve F (shown by the solid 
line) that goes from (x\, yi) to (X 2 , yi) along conductor A. The image of T in the 
w-plane is the curve F' that goes from (mi, m) to (u 2 , in) along the conductor 



Figure A.8-3 


tSee D. K. Cheng, Fundamentals of Engineering Electromagnetics (Reading, MA: Addison-Wesley. 
section 3.4. 


1993) 

A 
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A ! (see Fig. A.8-3(b)). The amount by which ij/ decreases as we move along T 
is \p(xi, vi) - \Jj(x 2 , y 2 ), whereas the corresponding change along the image F' 
is t/q(«i, tq) — , v 2 )- Since the stream function t //(x, y) and its transformed 

version t/q( M , v) assume identical values at corresponding image points in the two 
planes, the expressions for the change in t j/ and \J/\ are equal. Because (x\ , v 1 ) and 
(x 2 , yi) were chosen arbitrarily, it follows that the change in \fi occurring if we 
go completely around the boundary of A must equal the change in \jt\ if we go 
completely around the boundary of A'. Thus the amount of charge on A and A' must 
be identical. The potential difference Vo between conductors A and B is identical to 
the potential difference between conductors A' and B'. Since capacitance is the ratio 
of charge to potential difference, the capacitance between conductors A and B is the 
same as appears between conductors A' and B'. 

The stream function is also of use in physical problems involving heat conduc¬ 
tion. Reviewing section 2.6 and especially Table 1 of that section, we see that the 
heat analog of Eq. (A. 8^1) is 

fa/1 = *#(°0 - tA(/?)]. 

Here t j/ is the stream function associated with a complex temperature, while k is the 
thermal conductivity of the medium in use. Now f a p is the flux of heat across 
a contour like that in Fig. A.8-2(a) or Fig. A.8-2(b). Choosing a and (! as in 
Fig. A.8-2(b), we obtain the total flux of heat across C as being kA\fr, where A\fr is 
defined as before. If the electrically charged object in Fig. A.8-2(b) is replaced by 
fine that generates heat, we have by the law of conservation of energy that the flux 
Sof heat across C must equal the rate at which heat is being generated by the source 
|per unit length). Calling this rate /?, we have 

I h = kA\]j. (A. 8-6) 

I Finally, we consider the stream function of fluid flow. Studying Table 1 in sec- 
ion 2.6, we see that the Cartesian components of flux density are the real and imagi¬ 
nary parts of the complex velocity vector, and that the complex flux density vector is 
fie conjugate of the derivative of the complex velocity potential, i.e., v = (d<i>/dz). 
iote from the table that the corresponding expressions for heat and electric flux, in 
firms of their complex potentials, contain a minus sign as well as constants k or s. 
pecause of this difference in sign, the equation for the flux of fluid, in terms of the 
fiiid stream function t j/, across a contour C like that in Fig. A.8-2(b) is opposite in 
Ijgn from the expressions obtained in the thermal and electrostatic cases. Thus if t jj 
|| the stream function for a complex velocity potential and a and /? are chosen as 
j|Fig. A.8-2(b), we have that the total flux of fluid across C is f a p = —At/r, where 
Up = iA(a) — Again we have obtained the decrease in t j/ as we proceed in the 
Bpsitive sense around C. 

H Now suppose the electrically charge object in Fig. A.8-2(b) is replaced by one 
Bat radiates fluid in a direction parallel to the plane of the paper. From the law of 
gnservation of matter, we require that the flux of fluid across C in this figure must 
HI equal to the rate at which this source radiates fluid (per unit length). If this rate is 
H we have 


G = -At/'. 


(A. 8-7) 
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Advanced Topics 
in Infinite Series 
and Products 


The Residue Theorem of Chapter 6 has been an invaluable tool in our efforts to 
evaluate integrals. In this chapter, we again employ that theorem but look at its 
mirror image. We use the known value of an integral to sum a series. Recalling the 
theorem’s statement in section 6.1, Theorem 2, we have 

^ ^( z ) dz = Res [/W’ Zl ] + Res [/00’ Z2] + • • ■ + Res [f(z), Znl 

We have changed the name of the contour that appears on the left in the theorem: we 
now call it C n to indicate that it encloses n poles of f(z) . Let us assume that f(z) has 
an infinite number of poles. Suppose we have a sequence of contours C \, Cj , ■ ■ ■, C n 
enclosing 1, 2,..., n poles. If we know in advance the value of the integral on the 
left in the limit n —oo, the expression on the right becomes, in this same limit, 
mi infinite series whose sum has been established. It is this technique—together 
with some minor variations—that is used in this chapter, not only to sum numerical 
series but also to expand functions having an infinite number of poles into a series 
containing an infinite number of partial fractions. Finally, recalling that a sum of 
logarithms can be converted to the logarithm of a product, we will learn how to use 
fhe residue theorem to represent some transcendental functions as a product of an 
infinite number of rather simple functions. 


625 
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9.1 The Use of Residues to Sum Certain 
Numerical Series 

In the present section, we will learn to sum such series of constants like 



and 



(-1 ) n n 2 
n 4 + 1 


In fact, we will learn a procedure to sum any series of the form 



+0O 

S c-i) 


n=-oo 


Pin) 

Q( n ) ’ 


where P(n) and Q(n) are polynomials in n, the degree of Q exceeds that of P by 
two or more, and Q{n) ± 0 for all integer n. 

We begin by considering <fn cot(nz) f(z)dz taken around the contour Cn shown 
in Fig. 9.1-1- Cn is one of a family of square contours, centered at the origin, with 
comers at±( /V + 1 /2) (1 ± /). Here N > 0 is an integer. To apply the ML inequality 
to this integral, we first seek an upper bound for | cot(Tr-) when z lies on C N . 



Figure 9.1-1 
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At an arbitrary point on the right side of the contour, we have z — (N + 1/2) + 
iy, where |y| < N ± 1/2. Here 

, N cos[tt(A+ 1/2) +iny] 
cot(nz) — . r , ~—t • (9-1-1) 

sin[7r(A f + 1/2) + my\ 

With the aid of Eqs. (3.2-9) and (3.2-10) and the identities cos[±7i()V + 1 /2)] = 0, 
|sin[±7i(A f + 1/2)]| = 1 we have, from Eq. (9.1-1), 


|COt(7Iz)| 


sinh(7ry) 


cosh(7ry) 


— | tanh(7ry)|. 


(9.1-2) 


Since |tanh(7ry)| increases monotonically with y |, the largest values achieved by 
this expression on the right side of C,y are at y = ±(/V + 1 /2), i.e., the two comers. 
Thus on the right side cot(7i") | < tanh(7i(/V + 1 /2)) |. Since the hyperbolic tangent 
of any finite real number has magnitude less than 1 (the reader can verify this with 
a calculator), we can say that on the right side of Cm, 

|cot(7iz)| < 1. (9.1-3) 


On the left side of Cm, z — — (N + 1 /2) + iy. The preceding argument can again be 
applied and Eq. (9.1-3) is found to be valid. 

On the top side of Cm, we have z = x + iy, where y = /V + 1 /2 and 
|x| < N + 1 /2. Again using Eqs. (3.2-9) and (3.2-10), we have 


|cot(7iz)| = 


cos(ttx) cosh(7iy) — i sin(7rx) sinh(7ry) 
sin(7rx) cosh(7ry) + i cos(nx ) sinh(7ry) 


(9.1-4) 


Since |sinh(7ry)| < cosh(7ry)|, the numerator in Eq. (9.1-4) satisfies cos(7ix) x 
cosh(7ry) — isin(7rx) sinh(7iy)| < |cos(7ix) cosh(7ry) — i sin (nx) cosh(7ry)| = 
cosh(7iv) cos(7ix) — i sin(7ix) = cosh(7ry). Similarly for the denominator, 
|sin(7ix) cosh(7ry) + icos(nx) sinh(7ry)| > |sin(7ix) sinh(7iy) + icos(nx ) x 
sinh(7ry)| = |sinh(7iy)| |sin(7ix) + icos(7rx)| = |sinh(7ry)|. Thus returning to 
Eq. (9.1-4) with these inequalities, we have 


| COt 7ZZ | < 


cosh(7iy) 


= |coth(7ry)|. 


(9.1-5) 


|sinh(7ry)| 

The right side of the preceding equation decreases monotonically with increasing 
yl- If we consider all possible contours C,y in our family, the one in which y| is 
|mallest on the top side is the case N = 0. Here y = 1/2. Thus on the top side of all 
|ontours we have |cot(7iz)| < coth(7i/2) % 1.09. The preceding argument can also 
|e applied to the bottom side of all contours Cm, and the preceding inequality again 
ved. Therefore, we can say that 

|cot(7iz)| < coth(7i/2) (9.1-6) 

satisfied on every contour Cm- 

Now return to <£, n cot(71") f(z)dz, where f(z) is assumed analytic throughout 
ie complex plane except at a finite number of poles, none of which is an integer, 
[ssume also that there exist reals k > 1, m, and R such that 


\f(z)\ <m/\z\ k for |z| > R. 


(9.1-7) 
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T t us take N sufficiently large so that C,y encloses all poles of f(z). Now the 
singularities of n cot nz f(z ) are the poles of f(z) and also the poles of cot nz. The 
noles of cot nz are the zeros of sin nz and lie at z = 0, ±1, ±2,.... Thus the poles 
Scot« enclosed by C„ arc those lying at r = 0, ±1, ±2,. The remaining 

mime are outside C N . To summarize: the singularities of n cot(n z ) f(z) enclosed by 
C w are all the poles of f(z) and the points z = 0, ±1, ±2,..., ±N. Thus from the 

residue theorem, 


(f n cot(nz) f(z)dz = 2 ni Res[n cot(jrz) f(z)] at all poles of f{z) 

JCfj 

+ 27ri^Res[7icot(7iz)/(z)] at z = 0, ±1, ±2,..., ±N (9.1-8) 

From Rule IV, section 6.3, we have 

cos(nz) 


Res [re cot(7iz) f(z), n] = Res 


sinfe) 




= /(«)> 


(9.1-9) 


where n is any integer. ■ , , 

Now we allow N -a- oo; i.e., we consider a sequence of increasingly large con¬ 
tours, and we will argue that the integral on C N vanishes. The length L of the contour 
is A(2N + 1). The sides of the contour are taken sufficiently far from z = 0 so that 
Eq (9.1-7) is valid on the path. Thus combining Eq. (9.1-7) with Eq. (9.1-6), we 
have on C.y that 

\ncot(nz)f(z)\ < ncoth(n/2)(m/\z\ k )- 

On Cjv, \z\ k >(N + l/2) k , so that \ \/z\ k < 1/(N + l/2)' c . Hence on C N , 

\n cot (nz) f(z)\ < nm coth(n/2) / (N + 1/2) . (9-1 ^ 

Now applying the ML inequality to the integral on the left in Eq. (9.1 8), and 
L = 4(2 N + 1) and M as the right side of Eq. (9.1-10), we have 


L 


n cot (nz) f(z)dz 


nmcoth(n/2) 

' (N+ l/2) r 


A(2N + 1). 


Passing to the limit N —>■ oo in the preceding, we find (since k > 
side goes to zero. Thus 1 im,y-roc 71 cot( 71 ") f(z)dz — 0. As N ^ 

C N grows in size so as to enclose all the singularities ofncot(n Z ) f(z) at ^ - 
±2, .. in the complex plane. With 00 in Eq. (9.1-8), we thus obtain 


1) that the right 

► 00 the contour 

0,±h 


0 = 2t ri 2 Res[)i cot (nz) f(z )] at all poles of f(z) 

+ 27ri2Res[7r cot(7 iz)f(z)] at 0, ±1, ±2, ..., 00 . 
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Using Eq. (9.1-9) to evaluate the residues at the integer values of z on the right, we 
have finally 

+ OQ 

/(ft) = 7i y Res[cot(7rz) f(z)] at all poles of/(z). (9.1-11) 

n=—oo 

To summarize, the preceding is valid if /(z) is analytic except at a finite number of 
poles none of which is an integer and if | f(z) | < m/\z\ k (k > l)for|z| > R. This can 
be satisfied by f(z ) = P(z) /Q{z), where P and Q are polynomials in ", with the degree 
of Q exceeding the degree of P by two or more (see the discussion leading to Theorem 
4, section 6.5, also Exercise 37, section 6.5). Thus we have the following theorem. 


THEOREM 1 Let P{z) and Q(z) be polynomials in z such that the degree of Q 
exceeds that of P by two or more. Assume that Q(z) = 0 has no solution for integer 
z. Then 

+CO 


y fid. = -„ y Res 
™ 2 («) ^ 


cot(nz) 


P(z) 
Q(z) J 


at all poles of 


P{z) 

Q(z)' 


(9.1-12) 


EXAMPLE 1 FindS = I“ 0 l/(« 2 + 1) = 1 + 1/2 + 1/5 + 1/10+ ■•■. 

Solution. The summation given is not precisely of the form shown on the left 
in Theorem 1. However, So = llt=-oo 1 /(tt 2 + 1) = ■■■ + 1/5+ 1/2+1 + 1/2 + 
1/5 + ■ ■ • does have the form of the theorem. Notice that (So + l)/2 = S. 

' To find So we use Eq. (9.1-12) taking P(n) = 1, Q(n) = n 2 + 1, P(z) = 1, 
| Q(z) = z 2 + 1. As required, the roots of z 2 + 1 = 0, which are ± i, are not integers, 
.pplying Eq. (9.1-12), we have 


So = — n / Res 




cot(nz) 
z 2 + 1 


at ±i. 


pie poles at ± i are simple. From Eq. (6.3-6), we have 
cot ( 71 /) cot(— ni) 


So = 


2 i 


-2 i 


—n , , — ncos(ni) —n cosh n 

- COt(m) =-— V — =:- 

i i sin(Tii) i i sinh n 


+ CX^ 


= 71 COth 71 — ^ 

n=—00 1 " 

| Ur desired result is S = (7rcoth7r + .1 )/2 « 2.077. As a check, we approximate 
jiby the first 100 terms in our given series, 1 / (n 2 + 1) and obtain, with the 

|lp of a programmable calculator, 2.067. • 

!' The technique used in deriving Eq. (9.2-11) and Theorem 1 can be repeated with 
le modification to obtain a related result. If f(z) satisfies the same requirements 
forEq. (9.1-11), we can show that 


(-!)”/(«) = -71 y Res 


1 


sin (nz) 


f(z ) 


at all poles of/(z), (9.1-13) 


1 which we obtain the following. 
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THEOREM 2 If P(z) and Q(z) satisfy the same conditions as in Theorem 1, W e 
have 




1 P(Z) 
sin nz Q(z) 


at all poles of (9.1-14) 


The details of the derivation of Eqs. (9.1-13) and (9.1-14) as well as some 
applications are given in the exercises. 


EXERCISES 

I. a) Show that 


+oo 

Z 


1 n 

= - COth(7Ifl) 


n 2 + a 2 


provided n 2 + a 2 / 0 for all integer n. 
b) Use the above result to show that 


oo i 

^ n 2 + a 2 
n =0 


and 


c) Assume that 


00 1 

^ n 2 + a 2 
n= 1 


1 + nacoth(na) 
la 2 


na coth(7ia) — 1 
2 a 2 


00 1 oo 1 

lint V — -2 = X lim ~r~ 

a ->0 rr 4 cr a -*0 rr 4 


.. , „ - . - n 2 + a 2 

n =1 n =1 

and use L’Hopital’s mle together with the last result in part (b) to show that 

00 i 2 

Z 1 7T 

n 2 6 

n =i 


i.eval- 


As discussed in section 5.7, the preceding is the Riemann zeta function, C(z)> 
uated at z = 2. This result sufficiently intrigued the physicist Richard Feynman a 
he committed it to a page of his boyhood notebooks (see section 3.1). 
d) Write a computer program that will compute and plot the values of the finite s ® e 

V 10 1 .1 .. v - „ 


2^=1 n 2+ a 2 taken from part (b). Let a vary from .0001 to 20. Repeat the preceding 

replace 10 terms with 50 terms. Plot both sums as well as (na coth(7ifl) " ? ue 
against a , using enough values for a to produce a smooth curve. Also, show the _ 
ti 2 /6, obtained in part (c), on your graph and observe that the curves approac 
value for small a. Comment on the relative accuracy of the two sums as approxim a 
to (na coth(7ia) — l)/(2a 2 ). 


this 

iations 
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2. a) Show that 


+°° i 

Z 1 71 

_ = v^ (i “ 1} 


■ ( 2n ) ■ ■ u( 2n 

sin | —= — i sinh — 

4i) \V2 


( 2n\ l 2n 

cosh - — cos — 

\V2 / \V2 


Hint: Eq. (3.2-14) is useful here. 

b) Use the real and imaginary parts of the preceding result to show that 


vS h n 

« 4 + 1 _ 2^2 


sinh 




\V2 


V2 


(2n\ 12n 

cosh U- cos U/j 


and 


y 1 _ 71 

^0 " 4 +1 2V2. 


. . . 2n \ . j 2n 

sinh I — + sin — 

V2I \V2 


cosh 


(!)■ 


■ cos 


2n 


V2P 


1 

+ 5‘ 


3. a) Using Theorem 2, show that 


+oo 

z 


n=—oo 

b) Use the preceding result to show that 


(- 1 )" 


n 2 + 1 sinh n 


1 - 


1 1 
+ 


l 2 + 1 2 2 + 1 3 2 + 1 


+ ■•■ = 


71 1 

- _|_ — < 

2 sinh n 2 


4. Prove Theorem 2 by following these steps: 

a) Show that on the right and left sides of Cn in Fig. 9.1-1 we have [l/sin(7iz)[ < 1 
and that on the top and bottom sides, [ l/sin(7iz)| < l/sinh(7i/2) « 0.43. Thus 
[l/sin(7iz)[ < 1 is satisfied everywhere on Cn- 

b) Let f(z) be a function that is analytic except for poles, none of which is an integer, and 
let Cn be large enough to enclose these poles. Evaluate (f (n/sin(nz))f(z)dz around 
Cn and obtain an expression similar to Eq. (9.1-8). 

c) What are the residues of n f(z)/sin(nz) at z = n (an integer)? 

d) Assume that f(z) satisfies Eq. (9.1-7). 


Consider lim^oo in the integral of part (b) and show that the integral tends to 
zero in the Emit and thus derive Eq. (9.1-13). How does Theorem 2 follow from 
a this equation? 

j 5. Show that for a > 0, we have 


Z 


n =0 


(-1)"K 2 


where d = na/^/2. 


n 2 j cos d sinh d — sin d cosh d 
4 d \ sin 2 d + sinh 2 d 


n A + a 4 
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Hint: 


1 


sin x cosh y — i cos x sinh y 


sin(x + iy) sin 2 x 4 . s inh 2 y 

6 . Here is an alternative derivation of the result derived in Exercise 1 (c). 
a) Show that on the contour Cat of Fig. 9.1-1, we have 


1 


r cot nz 


coth(7i/2) 
(N + 1/2) 2 ' 


b) Show that 


'C N 


It , . , „ „ /7ECOt(7tz)\ ^ 

~2 cot( 7 tz) dz = 2m Res - - -[, at z = 0 + 4ni } j 

^ \ ^ / M _i 


c) Let N oo in the preceding equation and argue that the integral on the left goes to 
zero. Use the result of part (a). 

d) Evaluate the residue on the right in part (b) by division of series (see Section 6.3, 
Example 5) and obtain the result 


OO 


I 

n =l 


1 


n 


2 


6 ' 


7. Derive the result 


y ( -l) n 

Z-i n 2 

n — 1 


— 71 


2 


12 


by following these steps: Consider fn/(z 2 sin( 7 tz))tfe around the contour Cm ofFig.9.1-1 
Evaluate this integral using residues. Now argue that the integral around Cm vanishes as 
N oo. You will need the ML inequality, and you must prove that on Cat we have 


1 

z 1 sin(7tz) 


1 

- (N + 1/2 ) 2 ' 


Show that as N —> oo, we obtain 


LXJ 

'=>E 


(-D" 


+ Res- 


n 


■ 2 sin fVA 


at Z = 0. 


Evaluate the preceding residue by series division to complete the proof. 

8 . a) Consider the result n 2+ a 2 = § coth( 7 ta) derived in problem 1(a). Regarding a 

as a complex variable, it is not difficult to show that the series is uniformly convergent 
in any closed bounded region in which n 1 + a 2 = 0 has no solution for all integer n. 
Assuming this to be true, we can perform a term by term differentiation as descri e 
in Theorem 12, section 5.3. Show that _oo ( „ 2+ a tf = coth( 7 ia) + jr prftmY 

b) Use the preceding result to find a comparable expression for E^=i ppp- 

c) Assuming that the limit of the preceding sum as a -»■ 0 can be evaluated by places 
a = 0 under the summation sign, show that ^ = ^j. As discussed in secti° n 
5.7, the preceding is the Riemann zeta function, C(z), evaluated at z = 4. We can 
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repeat the procedure to evaluate the zeta function at n = 6, 8, .... See also problem 
1 (c) above in connection with the zeta function. 

9. Show that o = 1 - 1/3 3 + 1/5 3 


9.2 Partial Fraction Expansions of Functions 
with an Infinite Number of Poles 

The method of partial fractions is a technique that we are familiar with from 
elementary calculus as a tool for integration. In this text, we have used the method 
as an aid in producing the Taylor or Laurent series for a function that is the quotient 
of two polynomials. The procedure results in a sum: the fractions, arising from each 
of the poles of the function being investigated. For example, a partial fraction ex¬ 
pansion of ( z+1 )( z+ 2 ) produces the expression g- + i n this section, we will 
find the surprising result that certain functions having an infinite number of poles 
can be expressed as an infinite sum of partial fractions. The series representation 
of the function thus obtained is not a Taylor nor a Laurent expansion. As we shall 
see, series of partial fractions can sometimes be more effective in approximating a 
given function than the more familiar series we have treated so far; i.e., the series 
of partial fractions converges more rapidly. Before we present a general treatment of 
the subject, let us first consider a specific example which suggests a general approach. 


EXAMPLE 1 Consider the function f(z) = 1 /cos -. Expand this function in a 
series of partial fractions. 


Solution. The singularities of f(z) are the simple poles at z = ±( kn — n /2), k = 1, 
2,3..., which is where the cosine function vanishes. The function f(z)/(z — w) has 
simple poles at these same locations as well as at z = id, provided w is assumed not 
to be a zero of cos z. Consider the sequence of square contours C \, C 2 ,, C n ,... 
shown in Fig. 9.2-1. None of these contours passes through a pole of f(z). The nth 
square has a side whose half-length is nn. Thus C n will enclose the 2 n poles at 
±|, ±g ..., ±(nn — n/2). Let us consider 


1 

2ni 


fiz) 
c„ z — w 


dz = 


2ni 


1 

(z — w) COS 


(9.2-1) 


where we have elected to choose n large enough so that C„ encloses the pole of 
the integrand at z = w. At z — id, the integrand has residue 1 / cos w. At kn — n/2, 

the residue is , while at -(kn - n/2) it is ■ 

We now apply the residue theorem to Eq. (9.2-1) and sum the residues at w as 
well as those at n/2, —n/2, 3n/2, —3n/2,..., (nn — n/2), -(nn — n/2): 


2ni 


C n 



1 

2ni 


1 


Cn (z — id) COS z 


dz 


1 -1 -1 
cos w n/2 — w n/2+w 



634 Chapter 9 Advanced Topics in Infinite Series and Products 



Figure 9.2-1 


+ 


+ 


1 


37t/2 — w 

(-i r 


+ 


i 


+ 


3n/2 + w 

(-i y 


( 9 . 2 - 2 ) 


+ 


nn — n/2 — w ‘ nn — n/2 + w 

The residues are summed in the order stated in the sentence above the equation. 

Suppose the pole that we have located at the general complex point w is assumed 
to lie at 0. The result derived in Eq. (9.2-2) is still applicable—we merely put w = 0. 
Note that with w = 0 the residues at ±(kn — n /2) will now combine into the single 


expression 


(— 1)*2 
kn—n/2 


. Thus Eq. (9.2-2) becomes, with w = 0, 


1 


±£ M dz ‘£ 

lmJc n z 2ntJc n z cos z 


dz ~ X + ^2 + 3^2 


+ 



We now subtract the above equation from the one preceding it and combine the 
integrands, putting them over a common denominator. We obtain 


w 


<£ 


i 


2niJc n (z — w)z cos z 

1 -1 
--+ 


dz 


+ 


+ 


1 


+ 


1 


7 t/2 — vu n/2 + w 3n/2 — w 3n/2 + w 


+ ' 


cos w 
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(-1)" | (-1)" t 
nn — 7 t /2 — w nn — n/2 + w 
2 -2 (— 1)” +1 2 
+ i 72 + 3V2 + " + mr” — n/2 <9 ' 2j *> 

Our goal is to let « -> oo and argue that the integral in the left side of the above 
goes to zero in the limit. The equation is then rearranged to produce an expansion of 
1/cos w. To do this, we equation the ML inequality to the integral. Let w = a + iR 
Recall that we are assuming that vu lies within C„. Referring to Fig. 9.2-2, we have 
that when z lies on the right side of the contour that \z - w\ > nn - a, and on the left 
side, |z - w\ > nn + a. Similarly, on the top and bottom sides, \ z ~ w\ > nn ~ fj 
and \z — w\>nn + /?. On all four sides of the square, |z| > nn. Hence on the right 
side of the square, , , while on the left side, 


\z(z— tr)| — \nn{nn— a)| : 


|z(z— uj)| \nn{nn+a )\' 

Similarly, on the top and bottom, we have, respectively, T . 1 , < n -1_ anr i 

J F |z(z—m)| - \nn{nn-p)\ anQ 

|z( z -u;)| - \nn(nn+P)\ - ThUS We Can Sa y that 011 the entire Contour C„, 


. Thus we can say that on the entire contour C n , 


S Qn , 


(9.2-5) 


where Q n is the maximum of the four quantities ^(^±^1 and \nn{n*±p)\ • Note that 
once we have established from these four possibilities which choice to use, this Q n 
remains valid as a bound when n increases without limit. 



Figure 9.2-2 
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Let us find an upper bound on 1 /1 cos z | on C n . On the right side of the square, we 
have with the aid of Eq. (3.2-10) that cos z = cos (nn) cosh y - i sm(nn) sinh y = 
(_ 1 )" cosh y. Thus | cosz| = coshy > 1. The same inequality holds on the left side. 
Thus on the left and right sides, 1/| cos z| < 1. 

On the top side of the square, cos z = cos x cosh(« 7 t) - i sin x sinh(nn). Since 
0 < sinh(rt 7 t) < cosh (ran), we can say that |cosz| > |cos* sinh(wt) -i sinx x 
sinTi(yrrr) | = sinh nn. The same inequality holds on the bottom of the square. Thus on 
the top and bottom sides of the square C n , we have l/|cosz| < l/sinh(« 7 t). Since 
sinh(nrc) > 1 for n > 1 , it must be true that l/|cosz| < 1 over the entire contour 
C n . Since l/|cosz| £ 1 on C„, we have on this contour that ^_^ sz | 5 Q„. 
Each side of C n is of length 2nn. Thus applying the ML inequality, we have 


If 


dz 


< SnnQ„ 


(z-w)z COS z I 

In the limit n oo, the right side of the preceding vanishes because, for large 
n , Q n falls off as 1 /n 2 . Thus in the limit, the integral on the left goes to zero. Using 
this result in Eq. (9.2-4) and shifting the first term on the right side in that equation 
over onto the left, we get 

1 2 2 1 | 1 
cosu> n /2 3n/2 n/2 — w n/2 + w 


1 1 

3n/2 - w 3n/2 + w 

We can replace the complex variable w in the preceding by the variable z. Our 
derivation requires that z not be a pole of 1 /cos z. Thus, after a slight rearrangement 


of the above, we have 

— = 1--[1 
cosz n 

1 


1/3+ 1/5-] + 


1 


+ 


n/2 — z n/2 + z 


1 


(9.2-6) 


3n/2—z 3n/2 + z 


+ 


for z ^ ±(«7t — 7c/2); n = 1,2,_ 

The numerical series in the brackets 1 — 1/3+1/5 — ... can be evaluate in 
closed form. A mathematics handbook gives its value as 7 t/ 4 . t We might also set 
z' = i in the series derived in Eq. (5.3-8). Taking the imaginary part of both sides 
of the resulting equation, we obtain n/4. Note, however, that we have no guarantee 
of the convergence of the series in this equation when z' lies on the unit circ e, s 
we are taking a chance with this ploy. ^ The series of constant terms in Eq. ( 

1 — ^[1 — j + i—...]is seen to have a sum of zero. This completes our partia 
fraction development of 1 /cos z, and we have 

1 _ 1 _1 _ 1 _ 1 

cosz n/2 — z n/2 + z 3n/2-z 3n/2 + z 

1 , 1 * 
+ 5n/2 - z + 5tc/ 2 + z " 


- 1(}8 

t M. Spiegel, Mathematical Handbook , Schaum’s Outline Series (New York: McGraw-Hill, 1968), P- ^ 

*For justification see L. V. Ahlfors, Complex Analysis, 3rd ed. (New York: McGraw-Hill, 1979), P- 4 ^ 
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Observe that in the preceding equation the terms = (n/2 y__ l2 and that 

each successive pair of terms can be similarly grouped. Recall that this combining 
of terms in the infinite series Eq. (9.2-6) is justified if we can prove that the series is 
absolutely convergent. Rather than go to this trouble, we can group the terms as just 
stated in th e finite series Eq. (9.2-4) and then pass to the limit n oo. Hence, using 
%/A for the sum of the bracketed series in Eq. (9.2-6) and grouping the remaining 
terms as described, we have 


1 % 3% 5n 

cos z (n/2) 2 -z 2 (3n/2) 2 - z 2 (5n/2) 2 - z 2 


(9.2-7) 


which is valid for any z that is not a zero of cos z. 

Equation (9.2-7) can be a useful numerical tool in the approximation of sec z = 
1/cosz. The reader should verify that the residues of the fractions on the right, at 
their poles, is exactly the residue of the function on the left at this same pole. Thus the 
series of fractions is most accurate in approximating the function sec z near its poles. 

Let us compare sec z, its two term Maclaurin expansion, and the approximation 
obtained from the first term in Eq. (9.2-7), which is derived from the first two partial 
fractions in Eq. (9.2-6). The comparison is made in Fig. 9.2-3 for 0 < x < 1.5. We 
note the advantage of the partial fraction expansion as the pole at 3n/2 is approached. 

The technique used to obtain the series in Eq. (9.2-6) is really an application of 
a theorem of Mittag-Leffler. ■ To state the theorem, we first need a definition. 



z 

1 


Figure 9.2-3 Two approximations to secant(z) 

[Named forGostaMittag-Leffler (1846-1927), a Swede. He is the founderof the important mathematics journal 
\ cta Mathemanca. His actual theorem is stated in a more general form than what is described here. For example. 

R. Nevanlinna and V. Paatero, Introduction to Complex Analysis (Reading, MA: Addison-Wesley, 1969), 
1^5-236. Some mathematicians are fond of asserting that there is no Nobel Prize in mathematics because a 
Mathematician, Mittag-Leffler, won the heart of the woman whom Alfred Nobel wished to marry. The evidence 
lathis theory is weak. For a brief discussion, see The American Scholar , 70; 1 (winter 2001), 159. 
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DEFINITION (Contours C„ for Mittag-Leffler Theorem) Ci, C 2 , ..., C n is 

a sequence of square contours centered at the origin such that the length of the side 
of each square increases, without bound, with increasing n. The sides are assumed 
parallel to the coordinate axes x-y. , 

Then the theorem can be stated as follows: 


THEOREM 3 (Mittag-Leffler) Let f{z) be a function that is analytic at - == 0 
and whose only singularities are simple poles at d\, do, ... with residues, respec¬ 
tively, b\,b 2 , _Let us assume that we can find a sequence of square contours 

C„ satisfying the preceding definition such that no contour passes through a pole of 
f(z). Let us assume also that |/(z)| is bounded on the contours C n so that \f(z)\ < p 
on all contours, where /i is independent of n. Then 


f(z) = /( 0 ) + Yj bk 

k=\ 


1 


z~ d k 



(9.2-8) 


The sequence | d\ |, \d 2 \, ■ ■ ■ formed from the moduli of the poles is assumed here 
to be nondecreasing, that is, d k+ 1 is at least as far from the origin as d k . • 

The preceding theorem is sometimes presented with the use of circular contours 
instead of the squares we have employed. It can also be stated with the use of a 
sequence of nonintersecting closed contours of more arbitrary shaped 

The proof of the theorem closely follows the technique used in Example 1. 
We use the contour of Fig 9.2-2 but choose the contour C n to be a square whose 
sides are not of length 2n% but are 2s„. Thus the sides of C n intersect the axes at 
±.v„. As before, w is an arbitrary point within C n such that w is not a pole of /("). 
We now have 


— £ JQ-dz. = fi 


2ni Jc n z — 


w 


dz = fiw) + 


bk 


(9.2-9) 


dk — w 

The first term on the right arises from the residue of f(z)/(z — w) at z = w. The 
summation in Eq. (9.2-9) is to be taken over all the poles d\ , di, ... of f(z) that 
are enclosed; its presence is due to the poles of the integrand that arise from the 

poles of f(z). Note that if w ^ d k , then Res 0^, d k = 1116 

relationship follows directly from Eq. (6.3-3) and Eq. (2.2-10c). 

We now repeat equation Eq. (9.2-9) but take vu = 0. Thus 


24 m iz=m+ £* 


(9.2-10) 

2ni Jen z ■ ,v " / ' ^d k 
Next, we subtract Eq. (9.2-10) from Eq. (9.2-9). We also combine the two integrals 
on the left into a single integral and place the integrand over a common denominator, 
with the following result: 


£ifc. = f(w) ~ m + 2 ^ - X 


d k ~ w d k 


(9.2-H) 


1998), 


' See J. Marsden and M. J. Hoffman, Basic Complex Analysis, 3rd ed. (New York: W. H. Freeman, 
p. 311. 
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where again the summation is taken over those poles d k enclosed by the contour of 
integration. Letting w = a + ifi as in Example 1 and referring to Fig. 9.2-2, which 
we modify so that the square intersects the axes at ±.v„, we can argue, much as 
was done in Example 1, that for z lying on the contour, C n , < Q n , where 

Qn is now the maximum of the four quantities i ^* ±et)| and Since by 

hypothesis we have |/(z)| < ft, we have on C„ that 5 V-Qn- The square 

contour of integration is of length 8 s n - Thus applying the ML inequality, we have 


fiz)dz 


(z - w)z 


— QSnU-Qn- 


Now we recall the definition of Q n from above, and we also remember that by 
hypothesis s n , the half-length of one side of C„, tends to infinity as n oo. Passing 
to the limit n —» oo in the preceding equation, we thus have 


lim 

rt->O0 


f{z)dz 
(z - w)z 


Using the above expression, we can argue that the left side of Eq. (9.2-11) goes 
to zero as n tends to infinity. Applying this limit in Eq. (9.2-11), we subsequently 
replace the dummy variable w with the variable z, and rearrange the equation to 
place f(z) on the left. The result is exactly Eq. (9.2-8), this completes the proof of 
the theorem. 

The theorem is useful in obtaining expansions of the function sec z (as we 
have already seen) as well as tan z, 1 / cosh z and tanh z as an infinite sum of partial 
fractions. These functions have poles that occur in pairs with symmetry about the 
origin. The fractions occurring from the residues at these pairs are readily combined 
as was done in our example for sec z- Observe that all these functions are, as required, 
analytic at z =0. 

Suppose a function /(z) satisfies the requirements of the Mittag-Leffler theorem 
except that it has a pole of order n at z = 0. Then we recall that this analytic function 
has a Laurent expansion valid in a deleted neighborhood of the pole at the origin. The 
form of the expansion is /(z) = cjz-i+Z “ CjzJ. Rearranging the preceding, 
we obtain a function h(z), with a removable singularity at z = 0, defined by h(z) — 
f(z) ~ YZ-\ O' 2 ' 7 = 2o° c/zT Defining h( 0) = co, we now have h(z ) satisfying the 
analyticity requirements of the Mittag-Leffler theorem for z = 0. For such functions 
as 1 /sin z and cot z, which have poles at the origin, a partial fraction expansion is 
available provided we first make an expansion of the given function with its principal 
part subtracted. Once the expansion is made, the principal part is added to the result, 
which then yields the desired expression. The method is illustrated in Exercises 6 

and 7. 


exercises 

1. In our derivation of Theorem 3, there was no requirement that we must have an infinite 
number of poles. Consider f(z) = l/(z 2 + 1). Express this function as the sum of two 
partialfractions by using Theorem 3, and check your result by using the method employed 
in section 5.5. 
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2. a) Show that the function tan z satisfies the requirements of Theorem 3 on the sequence 

of square contours used in Example 1. Then derive the expansion 

_ 2z 2 z 2 z 

tan 2 (tt/2) 2 — z 2 (2 k/2) 2 - z 2 (5n/2) 2 — z 2 ~ l ~ 

b) Use the above result and an appropriate value of z to prove that 
n 1 1 i 1 1 

8 = 2 2 - 1 + 6 2 - 1 + 10 2 - 1 + 14 2 — 1 

3. To see the utility of the partial fraction expansion in Exercise 2, use the first two nonzero 
terms in the Maclaurin expansion of tan z and plot this result as a function of z for 
0 < z < 2.5. On the same set of axes, plot over the same interval, the function obtained 
by using the first term in the result in Exercise 2. This arises from the sum of two partial 
fractions. Finally, to compare the accuracy of the two representations, plot tanz. The 
use of MATLAB is encouraged. Comment on the relative accuracy of the Maclaurin and 
partial fraction representations. 

4. Show that the function 1 /cosh z satisfies the requirements of Theorem 3 on the sequence 
of square contours used in Example 1. Then derive the expansion. 

1 71 37i 5n 

coshz ( 71/2 ) 2 + z 2 (3n/2) 2 + Z 2 + (5n/2) 2 + Z 2 

You may use without derivation the relationship 71/4 = 1 — 1/3 + 1/5 — - 

5. a) Show that 

2z 2z 2z 

ta 2 - (tt/2) 2 + z 2 + (3 tt/ 2) 2 + z 2 + (5tt/2) 2 + z 2 + " ' 

by observing that tanh z = —i tan(iz) and making a change of variables in the result 
derived in Exercise 2. Where is this expansion valid? 
b) Derive this result by applying Theorem 3 directly to tanh z and using a set of contours 
in Example 1. Be sure to show that tanh z satisfies the requirements of the theorem. 

6. a) Explain why cot z does not meet the requirements of Theorem 3. 

b) Identify the principal part p(z) in the Laurent expansion of cot z in its Laurent expan¬ 
sion valid in a deleted neighborhood of z = 0. 

c) Show that cot z — p(z) does meet the requirements of Theorem 3 on a sequence of 
contours similar to (but not identical to) those used in Example 1. 

d) Using the preceding result, show that 

1 2z 2z 2z 

eotz 2 2 2 a 2 2 q 7 T" 

Z z 2 — n l z ~ An 1 z L — 9n- 

7. Using the ideas developed in Exercise 6, show that although 1/sinh z does not satisy 
requirements of Theorem 3 at z = 0, we have 

1 _ 1 2z 2z _ 2z t 

sinhz z z 2 + 71 2 z 2 + 47i 2 z 2 + 9n 2 

8. Let /(z) satisfy the conditions of Theorem 3 except that all the singularities of /( z ) ^ 
second-order poles lying at d\, d 2 , ■ ■ ■ with residues of b\, bz, ■ ■ ■ respectively. The 
cations of the poles are as described in the theorem. Let qi, qz, ■ ■ ■ be the coefficients 
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(z - d\) 2 , ( z _ d 2 )~ 2 , . ■ . etc. in the Laurent expansions of f(z) in deleted neighbor¬ 
hoods of d\, d 2 , .... Show that 


f(z) = f( 0) +'£ J b k 


k=i 


1 

- d/c d k 


k=\ 


1 


(z - d k y 


d l 


Hint: The proof closely follows the derivation of Theorem 3. 

9. a) Show that, except for the fact that its poles are of order 2, f(z) = 1/(1 + sin z) satisfies 
all the conditions of Theorem 3 on the sequence of square contours used in Example 1 
b) Show using the method derived in Exercise 8 above that 

1 _ 1 2 2 2 
1 + sin z (z + n/2) 2 + (z - 3n/2) 2 + (z + 5n/2) 2 + 


+ -^(1 + 1/9 + 1/25 + 1/49 + •■■). 


c) Use the above to prove that ^ = (1 + 1/9 + 1/25 + 1/49 4-). This result is ob¬ 

tained by a different method, employing infinite products, in Exercise 6, section 9.4. 


9.3 Introduction to Infinite Products 

The reader who has progressed this far has seen that analytic functions can be 
represented in a variety of infinite series: Taylor series, Laurent series, and series 
of fractions. He or she may have wondered if, besides infinite series, there might 
exist something called an “infinite product,” which might be thought of as an infinite 
number of factors multiplied together, and whether functions can be expanded in 
such products. It turns out that there are infinite products and, like series, they are 
intimately connected to analytic functions. Furthermore, as we shall see in section 
9.4, if we use only a finite number of factors from an infinite product (we truncate 
the product), we might obtain a more accurate approximation of a function than if 
we were to approximate this same function by a truncated series with a compara¬ 
ble number of terms. In the present section, we explore the rudiments of infinite 
products, while in section 9.4, we will learn to represent some analytic functions as 
infinite products, much as we learned to expand analytic functions in infinite series. 

Given a finite series, we can readily obtain a product involving a finite number 
of terms as in the following example. Let us use Eq. (5.2—8) with n — 3. We have 
forz ^ 1 


We can regard both sides of the preceding as exponents and get 

exp^i—— j = exp(l + z + z 2 ) = e^e’ 2 for z ^ 1. 

The right side of the above is of the form w\(z)vu 2 (z)vu 3 (z), i.e., the product of three 
functions of z- 
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We can reverse this kind of procedure. For example, given the finite product 
f( z ) = sin(z) sin(2z) sin(3z), we have, by taking logs, that log f(z) = log(sin(z)) + 
log(sin(2z)) + log(sin(3z)), where, as discussed in section 3.4, we can find values 
for each of the logs to ensure that the equality is valid. Thus our finite product is 
converted to a finite series. Note that because of the logs, the necessity for avoiding 
any value of z that causes any of the three functions sin(z), sin(2z), orsin(3z) to 
become zero. This kind of precaution will reappear in what follows. 

An infinite product is written in the form n£l i w k (z), where w k (z) are functions 
of the variable z defined for all positive integer values of the index k. We will permit all 
or some of these functions to be constants. Intuitively, we can think of this expression 
as the product involving the infinity of terms wi(z)w 2 (z)w 3 (z) ■■■ ■ However, the 
expression n“ i u/fc(z) does have a precise mathematical meaning, as follows: We 
form the finite product p n {z) defined as 

n 

p„(z) = [~]u>*(z) = Wl(z)m(z) ■ ■ ■ Wn(z), (9.3-1) 

k=l 

which is just the product of the first n of the w k (z) functions. 


DEFINITION (Infinite Product) The infinite product Yl^Li m(z) is the limit 
as n -* oo of the nth partial product 

n 

Pn{z) = ]^[ W k {z) 
k=\ 

provided this limit exists and is not zero. If these requirements are met, we say that 
Il“i v> k (z) = p{z), where p(z) = limbec Pn(z) and that the product converges 
to p(z) or has the value p(z). If the requirements on the limit are not met, we say 
that the infinite product does not exist or diverges. • 

The reader may wish to review section 5.2, where we discussed the behavior 
of sequences dependent on an index n, where n tends to infinity. Note that in the 
above definition if lim„_> ocPn(z) = 0, we say that the infinite product is divergent, 
this is in contrast to our definition for the convergence of a series, where if S n (z)^ s 
the nth partial sum, then the result lim„ ^ co S n (z) = 0 is merely a statement that e 
series converges to zero. The seemingly unusual stipulation on infinite productsis 
required, as we will see, when their convergence is investigated by our studying ® 
convergence of an infinite series—one obtained by taking the logarithms of a m 
product. We do not wish to have to take the log of zero. . 

In Exercise 9, we establish that the infinite product p(z) = rir= i U ^ kZ ' 
verges for Re (z) > 1 • Some feeling for how rapidly the nth partial products conve ^ s 
to the value of the infinite product is obtained if we plot the real and imaginary P ^ 
of the nth partial product in the complex plane where n is displayed as a par ^ 
The result is shown in Fig. 9.3-1, where we have used z = 2 + i and cons * ^ 0l 
values of n going from 1 to 100. Although we have no closed form expressi 
p(z), and we can estimate the value of the infinite product only through nume 
approximation, this is not the case in the following two examples. 
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Figure 9.3-1 «th partial product 


EXAMPLE 1 Consider the infinite product ) = (1 — 1/2) x 

(1 + 1/3)(1 — 1/4) • • •. By using the limit of the nth partial product, find the value 
of this infinite product. 

Solution. The infinite product can be rewritten as n^i which means 

that the nth partial product is p n = \ f f • • • "t iz Z)” 1 f l ± i +i~ l ) n _ Some sma p study 
reveals that if n is odd, p n — 1/2 (the last two terms in the above cancel, as do the 
previous pair, etc., leaving behind only the lead term 1/2), while if n is even, all terms 
cancel except the first and last, leaving p n = = . Thus lim^oo p n = 


EXAMPLE 2 Show that the infinite product (1 + z)(1 + z 2 ) (1 + z 4 ) (1 + z 8 ) • • • 
converges if |z| < 1 , and find the function to which it converges. 




Solution. Here the factors are iu k (z) = (1 + z 4 " ') for k = 1,2,_After form¬ 

ing the products p 2 = w 1 v >2 and p k = in\ un iu k , etc., we see that a pattern emerges 


and the nth partial product is p n = 1 + z + z 2 + z 3 + 


• + z 


2 " —1 


.This result can be 


derived rigorously using mathematical induction. The problem of finding lim^co p„ 
is virtually identical to finding the limit of S„ = 1 + z + z 2 + z 3 + • • • + z” -1 as n 
tends to infinity. The limit of S n was found in Example 1 of section 5.2. There we 
Pbserved that S n = tzt- By an analogous argument, one can show that p n (z) = 

yi_ 2 n z 

which the reader should verify. 

\ Now linWco | z | 2 " = 0 if |z| < 1. Thus lim„^co p n {z) = — p(z) for 
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The following discussion is made simpler if we express the sequence of functions 
wk(z) as ufc(z) = I + a k (z), where a k {z) is the Mi element in a new sequence. 
Observe what happens if w k (z) = I + a k (z) = 0 for some positive k. If this were 
true, the nth partial product in Eq. (9.3-1) would be zero for a sufficiently large n such 
that the zero factor is included (n > k). The requirement that lim„ p n (-} ^ q 
would be violated. Thus, to have a convergent infinite product, we require for all k 
that a k (z ) f ~ I for all z lying in the region of interest. Assuming that we have a 
convergent infinite product, we have, passing to the limit. 


hm *- 

n ^°°[Pn-l 


lim p n 

n—>CG 

lim i 

n->-CG 



(9.3-2) 


The manipulation of the limits is justified in section 5.2. We now use the expres¬ 
sion w n {z) = 1 + a n (z) together with Eq. (9.3-1) and obtain p n /p n -i = (1 + a n ). 
Combining this result with Eq. (9.3-2), we find that lim„_>.co( 1 + a n ) = 1. Thus for 
a convergent infinite product, the nth term {nth factor) must have a limit of 1 as n 
tends to infinity, just as in a convergent infinite series, the nth term must go to zero 
in this limit. The preceding is a necessary condition for convergence of an infinite 
product (as is the corresponding condition for infinite series) and so is not available 
for proving convergence (see Exercise 2). Note that if lim n ^ co (l + a n ) = 1, then 
equivalently we have lim,, a n = 0 as a necessary condition for convergence. 
Thus we have the following result. 


THEOREM 4 (nth Term Test for Products) The product fl^Li (1 + a„(z)) 
diverges if lim^co a n {z) f 0 or, equivalently, lim, woc \a n (z)\ f 0. • 

EXAMPLE 3 Show that [ [ (1 + e nz ) diverges in the half-plane Re(z) > 0. 

Solution. We have a n (z) = e nz . With z = x + iy, we get | a n (z) | = e nx . As n tends 
to infinity, the limit of this expression will be 1 if x = 0 or infinity if x > 0. In neither 
case do we have lim^^co a n = 0, and so the product diverges. * 

The following theorem solidifies the connection between the convergence of 
an infinite product and that of an infinite series. Note the use of the principal value 
of the logarithm. 


THEOREM 5 Sufficient and necessary conditions for convergence of an infinite 
product. 

a ) Sufficient condition: If the series 2^ =1 Log(l + a k ) converges, then the 
product n£i (1 + a k ) must converge. 

b) Necessary condition: If the product H^i 0 + a k) converges, then the 

series l Log(l + a k ) must converge. * 

Part (a) is easiest to prove. Let S n = Log(l + a k ) be the nth partial sum 
of the series in part (a). By assumption, the limit of this expression exists as n °°’ 



9.3 Introduction to Infinite Products 645 


We call it S. Observe that the limit cannot exist if = — 1 for any k > 1. Now 

n 

exp ^ Log(l + ak) = [expLog(l + ai)][expLog(l + a 2 )} ■ • • 

/t=l 

[exp Log (1 + a n )\, 

which is equivalent to exp S n = [(1 + «i)][(l + «2)] ■•■(! + a n ) = p n . Let us take 
the limit as n tends to infinity in this equation. Because the exponential is a con¬ 
tinuous function, we can, on the left, swap limits as follows: lim„ ^cc exp(.S«) = 
expflim,,-,^ S n ) = exp (.S'). The limit on the right side is lim„^co Pn- This proves 
that nr=i 0 + ak ) ex i sts > as required, and, incidentally, equals exp(.S). 

The proof also shows that since lim„ .^oc S n is a limit in the finite complex 
plane, lim^co p n = p is nonzero as specified (recall the absence of zeroes of the 
exponential function). The proof could have used a nonprincipal value of the log, 
provided it was applied consistently. 

To establish part (b) of the theorem, we begin with the nth partial product 

n 

Pn = HI ^ + (9.3-3) 

k=\ 

By assumption, the limit of this exists as n tends to infinity and equals p ^ 0. 
We take the principal value of the logarithm of p n and recall (see section 3.4) that 
the principal value of the log of a product of several factors need not necessarily 
equal the sum of the principal values of the logs of each factor. Thus, from the above 
equation, we get 

Log(p„) + it n 2n = Log(l + a \) + Log(l + a 2 ) H-h Log(l + a n ), (9.3-4) 

where t n is the integer that will make the equality valid. Our goal is to show that the 
right side of this equation has a limit as n tends to infinity. Let () n be the principal 
argument of and let cp^ be the principle argument of 1 + a^, where k = 1, ..., n. 
Thus Eq. (9.3-4) becomes 

+ i6 n + it n 2n — Log| 1 + a\\ + • • • + Log| 1 + a n \ + i(<pi + • • • + <pn)- 

(9.3-5) 

We will pass to the limit n 00 in the preceding and study the real parts of both sides. 
Now Log r, where r is a positive real variable, is a continuous function. Thus we may 
swap limits as before andhave lim„ ^cc Log(|/;„|) = Log(lim„^co \p n \) = Log|/;|. 
Note the need here for having assumed that the limit p is nonzero. In this same limit, 

the real part of the right side is lim„^co Log|l + a\\ +-p Log|l + a n |, whose 

value must exist and be equal to the real part of the left side of this equation, Log|p|, 
in this limit. 

Turning our attention to the imaginary parts of both sides of Eq. (9.3-5), we 
have 

0 n + t n 2n = (<pi + • • • + 4 > n )• (9.3—6) 

Now we rewrite Eq. (9.3-6) but change the index from n to n + 1, with the result 
0 n+ 1 + t n +i2n = (<j)\ + • ■ • + 4> n + 1 ). Subtracting Eq. (9.3-6) from the preceding, 
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we have 

@n+i — @n + (t «+1 - t n )2n = <pn+ 1- (9.3—7) 

Since <p„+i is the principal argument of 1 +a, 1+l and because 

lim (l + a„+i) = 1, 

n-> oo 

we have lim„ ^cc <p n +\ = 0- We recall that lim,, ^ec ()„ = arg(p), the principal 
argument of p, which we defined as 6. Letting n tend to infinity in Eq. (9.3-7) and 
using the limits just described, we have 

lim (t n+ 1 - t n ) = 0. 

n —>■ oo 

Recall that t n must be an integer. We see that both t n+ \ and t n must tend toward 
the same integer in the above limit; in other words, if n is sufficiently large, all values 
of t n are identical. Suppose we call this number t. Letting n tend to infinity in Eq. 

(9.3-6), we get 6 + tin = lim„^co(^>i +-f <p n )-The preceding shows that as n 

tends to infinity, the imaginary part of the right side of Eq. (9.3-5) has a limit—it 
is simply one of the possible values of arg(p), where p is the value of our infinite 
product. Thus we have established that the imaginary part of the right side of Eq. 
(9.3-5) has a limit as n -+ oo. The existence of the real part, of the right side in this 
same limit has already been shown. The right side of Eq. (9.3-4) is the same as the 
right side of Eq. (9.3-5). Thus we have completed our proof that the right side of Eq. 
(9.3^1) has a limit as n -+ oo, and the second part of our theorem is proved. Note the 
limit of the right side of Eq. (9.3^1) is simply one of the possible values of log (p). 

By itself, Theorem 5 is not of much use in determining whether or not a given 
infinite product converges. However, we may build on that result to derive some 
simple methods, much like those used for series, that will establish convergence 
and divergence. We will find ourselves adopting some of the same language used in 
discussing series. We begin with a definition. 

DEFINITION (Absolute Convergence of an Infinite Product) The infinite 
product n^i(l + afc(z)) is defined as absolutely convergent if the series 
Zfcli Log(l + ak(z)) is absolutely convergent. If the series is not absolutely con¬ 
vergent but does converge, the product is said to be conditionally convergent. * 

Recall that if a series is absolutely convergent, then its sum is unchanged if we 
alter the order in which the terms are summed. Changing the order of the terms in 
the summation in the above definition would correspond to changing the order of the 
terms in the corresponding infinite product. The value of an absolutely convergent 
infinite product is thus unchanged by a rearrangement of its terms. 

We know that an absolutely convergent infinite series must be convergent (in the 
ordinary sense). Thus if the infinite series in Theorem 5 is absolutely convergent, then 
it is convergent. It then follows from part (a) of the theorem that the corresponding 
infinite product FI^i (1 + a k(z)) is convergent. 

In Exercise 12, we develop, with the aid of the preceding theorem, the following 
useful test for absolute convergence. 

THEOREM 6 (Test for Absolute Convergence of Infinite Product) Th c 

infinite product n^i(l + a k(z)) converges absolutely if and only if the senes 
a k( z ) converges absolutely and a*, ^ —1 for all k = 1, 2,.... 
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Notice that, by definition, if a k (z) converges absolutely, then , \a k (z)\ 

converges. If the latter series converges and a k - 1, we see from the preceding 
theorem that the product [J^i 0 + \ a k(z)\) must be convergent. This could permit 
us to make an alternate definition of absolute convergence (used by some authors) 
for infinite products that is entirely equivalent to the one already presented but that 
dispenses with logs, namely, the following: the infinite product n^i (1 + a k (z)) is 
said to be absolutely convergent if the infinite product n^i(l + \ a k(z)\) is conver¬ 
gent and a k £ — 1 for k = 1, 2-Incidentally, Theorem 6 does not state that the 

convergence of a k(z) is a necessary or sufficient condition for the convergence 
of n£i(l + a k(z)). In fact, no part of such a statement holds true. 1 ' 

EXAMPLE 4 Show that the infinite product (1 + l/z)(l + l/z 2 )(l + 1/z 3 )- • • is 
absolutely convergent for |z| > 1. 

Solution. From Theorem 6, the problem reduces to showing that | /f- ' ls 
absolutely convergent. Applying the ratio test, we have that for absolutec convergence 

j \ j -7 £+1 I 

the condition lim* I = \ l/z\ < I or I "| > 1, as required. Note that in this 

domain 1 /z k ^ — 1, which is also needed. • 

Just as the notion of absolute convergence carries over from the analysis of series 
to that of products, so does the concept of uniform convergence. Recall (see section 
5.3) that a sequence of functions p\{z), P2(z), ■ ■ ■ defined in a closed region is said 
to converge uniformly to the limit p(z) if this is true: given any positive number e, 
there exists a number N such that | p n (z) — p(z) \ < e for all n > N. Here N must 
not depend on z, if z is in the region. This leads us to make the following definition. 

DEFINITION (Uniform Convergence of an Infinite Product) The convergent 
infinite product f] f (1 + a k {z)) is defined as uniformly convergent in a closed 
bounded region R if the finite product f]^ = i ( I + a k (z)) — p n {z) yields a sequence 
of functions p\{z), Pliz). ■ ■ ■ that is uniformly convergent in R. If the sequence 
converges uniformly to p(z), the product is said to converge uniformly to p(z) in R. 

• 

Notice that for an infinite product to be uniformly convergent, it must satisfy the 
requirements of ordinary convergence. Thus in the above infinite product, we have as 
usual that a k (z ) f — I for all k and lim„^co Pn(z) f 0. Like uniformly convergent 
series (see section 5.3), uniformly convergent products have properties that we will 
find useful. Recall that a uniformly convergent series of analytic functions has a sum 
that is analytic. We have, correspondingly, the following result. 

THEOREM 1 (Analyticity of an Infinite Product) Let the infinite product 
ri£, (1 + a k (z.)) converge uniformly to p(z) in a closed bounded region RAfa\(z), 
a 2(z),.. . are all analytic in R, then p(z) is analytic in R. • 


Tor some examples, see E. C. Titchmarsh, The Theory of Functions , 2nd ed. (London: Oxford University 
Press, 1939), 17. 
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Thus a uniformly convergent infinite product whose terms are analytic functions 
converges to an analytic function. The proof of this theorem is similar to the cor¬ 
responding proof of the analyticity of the sum of a uniformly convergent series of 
analytic functions and will not be given here. A handy test that we used to establish 
the unif orm convergence of an infinite series is the M- test, as described in section 
5.3. There is a corresponding method that can be employed to establish uniform 
convergence of infinite products—it arises from the following theorem. 

THEOREM 8 The convergent infinite product (1 + a k(z)) is uniformly 
convergent in a region R if the series a k (~) is uniformly convergent in R. 

• 

For a proof of this theorem one should refer to more advanced texts. 1 ' 

The uniform convergence of the series a k (") can be established by the 
familiar M -test of section 5.3, to which the reader should refer. Combining that test 
with the above theorem, we have the following. 

THEOREM 9 (M-test for Uniform Convergence of an Infinite Product) The 

infinite product n£i(l + a k(~)) is uniformly convergent in a region R if there 
exists a convergent series of positive constants Mt such that for all z in R, we 
have \a k (z)\ < M k and a k ^ -1 for k = 1, 2- • 

Comment. Recalling that a uniformly convergent series is absolutely convergent 
(section 5.3), we see that a convergent infinite product satisfying the M-test of the 
above theorem also will, according to Theorem 6, be absolutely convergent for all z 
in R. 

EXAMPLE 5 Use the M-test to show that the infinite product f]^i 0 + " 2 ) = 

(1 + z)(l + z 2 )(l + z 4 )( 1 + z 8 ) • • ■ is uniformly convergent in the disc |z| < r, 
where r < 1. 

Solution. We have already investigated this product in Example 2 and shown it to 
be convergent in the disc |z| < 1. Applying the M-test, we seek a convergent series 

of constants Mt such that Izl 2 * -1 < M k . Here |z| < r, where 0 < r < T We 
take M k = r k ~ 1 and recall from section 5.2, Example 1, that the series fk 

will converge for 0 < r < 1. It is easy to prove that |z| 2 * -1 < r k ~ 1 because fork > 1 
we have that 2 k — 1 > k — 1. Since |z| < r < 1, the needed inequality follows and 
the proof is complete. * 

Comment. The functions z 2 *" 1 , where k > 1, are analytic in the given disc. Thus 
by Theorem 7, the infinite product considered here must converge to an analytic 
function in the region where convergence is uniform. That this is the case is confirme 
by Example 1. The product converges to 1/(1 — z), which is indeed analytic in e 
disc |z| < r < 1. 


^ See, for example, E. T. Copson, An Introduction to the Theory of Functions of a Complex Variable (Lon 
Oxford University Press, 1960), 104-105. 
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EXERCISES 

1. a) In Example 2, we showed that the infinite product (1 + z)(l + z 2 )(l + z 4 )(l + z 8 ) • • • 

converges for |z| < 1. By using Theorem 4, show that this infinite product diverges 
for |z| > 1. 

2. a) Consider the infinite product (1 + 1)(1 + 1/2)(1 + 1/3)' • •. Now w„ the «th factor in 

this product is obviously (1 + l/n). Thus we satisfy the necessary condition for con¬ 
vergence lim„^oo w n — 1. By showing that the «th partial product is n + 1, establish 
that the infinite product diverges. 

b) Explain why the preceding establishes that Log(l + 1/fc) diverges. (See 

Theorem 5.) 

c) Using the above result and Theorem 5, prove that (1 + f) diverges if x > 1. 
Hint: Review the comparison test used to prove divergence of series in real calculus. 
Alternatively, you can compare «th partial products for the expression given in (a) and 
for the product given here. 

3. Prove, according to our definition, that the infinite product • diverges. 

4. Show that the infinite product || . equals 1/2. 

Hint . Show that this is the same as the infinite product (1 — (k+xf') = 

njtli ^)(fc+2) . gy showing that any term except the first and last in the «th partial 
product can be reduced to unity through cancellation with adjacent terms, establish that 
the «th partial product is 2 (n+i) proceed to the limit. 

5. Show that the infinite product ^1 — (fc+r jj T+ 2 ) ) = 1/3- Study the hints in the 
previous problem. 

6. In Example 3, we showed that the product n^Li (1 + e " z ) diverges forRe(z) > 0. Show 
using Theorem 6 that this same product is absolutely convergent for Re(z) < 0. Do not 
forget the requirement that a% ^ — 1. 

7. Show using the Af-test for infinite products that fl^i — fij is uniformly and 

absolutely convergent in any closed bound region, where z is not a positive or nega¬ 
tive integer. You may use a result learned in elementary calculus: that the series Z£Zj p 
is convergent. 

8. Show that the infinite product ]!^li (l + yp) is uniformly convergent in the region 
|z| < r, where 0 < r < 1. 

9. Show that njjli (l + p) converges uniformly to an analytic function in the half-space 
Re(z) > 1 + e, where e > 0. Use the principal value of n z . 

Hint: In the Af-test, you may use a result derived in real calculus: the series Z^o 
converges if p > 1. 

10- In Example 1 we showed that n£,i (1 + z 2 * *) = fpzjj if [zl < 1 . Let z = ,9e l7l l A . Write 

a computer program that will evaluate the «th partial product of the left-hand expression 
as n goes from 1 to 10. Plot the real and imaginary parts of this result vs. n and compare 
these partial products with the right side of this equation evaluated at z = ,9e'^ 4 . 

11- Show that for the finite product. 


sinf2 n ff) 

cos(P) cos(20) cos(40) cos(80) • • • cos(2"~ 1 0) = 


where n > 1. 



650 Chapter 9 Advanced Topics in Infinite Series and Products 


Hint: Consider the result derived in Example 1: (1 + + z 2 )(l + z 4 ) - - - (1 + z 2 ) 

_ i _|_ z _|_ z 2 -)- z 3 -|-+ z 2 " ~ l ■ Prove that the right side of this equation is identical to 

l-z 2 ” [f z ^l. Now replace z with e i2e in both the left side of this equation and in the 
nghf side of the newest version of the equation. 

12 This exercise proves Theorem 6. To do so one must be familiar with the comparison 
' tests for real infinite series that the reader encountered in elementary calculus and which 
should now perhaps be reviewed. 

Here we are given the product n*ii0 + a n(z)) and wish to prove that the series 
2°° j |Log(l + a„(z))| is absolutely convergent if and only if the series 2^ \a n \ is 
convergent. 

a) Review the Maclaurin series for Log(l+z). Assuming |a„|<l, explain why 
| Log(t +a n ) J_|ga._ga_|_gp_...|. Notice that because lim^oo a n = 0, 

Cl n 2 3 4 | 

it is always possible to find an integer N such that \a n \ < 1/2 for n> N. We will 
express the given infinite product as + a n {z))=g{z) 11^+1 (1 + a n (z)), 

where g(z) is simply the product of the first N factors in the infinite product. We 
assume that a„ ^ — 1 for all n and that n > N in what follows. 

b) Explain why ^ - § + T-- + l«»l 3 + ‘ ‘ •] and wh y k then 

2 3 

follows that ‘ 5 y 

c) Combine the above inequality with the equation derived in part (a) to argue that 

lLog(l+M < 3 and lLog^+M > 1 

\a n \ — 2 \a n \ L 

d) In part (c), you have proved for n> N we have |Log(l + a n )\ < Using a com¬ 

parison test, explain why this proves that the series L°g( 1 + a n (z)) is absolutely 
convergent if the series 2^ \a n {z)\ is convergent. In part (c) you also showed that 
|Log(l + a n ) | > Using a comparison test, explain why this shows if the series 

|a„(z)| diverges, then so does the series |L°g(l + a«(z))|- Referring to 
the definition of absolute convergence of an infinite product, explain how you have 
proved Theorem 6. 


9.4 Expanding Functions in Infinite Products 

If we must expand an analytic function in a Taylor series, we know a method that in 
principle always works: the nth coefficient in the series is found by our evaluating, 
at the center of expansion, the nth derivative of the function and then dividing this 
quantity by n!. Of course, our generating derivatives of high order can be tedious, u 
there is comfort in knowing a technique which in theory will always produce resu ts. 
We are not so fortunate in the case of infinite product representations of an )' tic 
functions—there is no single method to which we can turn. There is, howev er ’ 
a theorem named for Weierstrass that guarantees the existence of infinite P r0 
expansions of a rather broad class of analytic functions. The reader is referre 
more advanced texts for a statement and proof of these results.^ 

tSee, for example, R. Nevanlinna andV. Paatero, Introduction to Complex Analysis (Boston: Addison- Wesley. 
1969), sections 13.7—13.10. 
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We should not be surprised that many functions can be expanded in infinite 
products, although these products may be of limited utility. For example, to expand an 
analytic function g(z) in product form, we might first obtain a series representation of 
logg(z) = Uk ( ')• Regarding both sides of the preceding as exponents, we have 
exp(log g(z)) = *(z) = e Ul+U2+ - = ngLj exp u k (z), and an infinite product 
representation of g(z) is perhaps obtained. Such an exercise is performed in Exercise 
1, where we get an infinite product representation of (1 — z) in terms of the factors 

e' z , e" z ' /2 , etc. For purposes of computation, this is usually not valuable. A more 
fruitful approach follows. 

If an analytic function g(z) has the property that f( z )=g'( z )/g(z) satisfies 
the requirements of Theorem 3 of section 9.2, then we have available a method to 
expand g(z) in a potentially useful infinite product. Recall that this theorem, named 
for Mittag-Leffler, permits us to expand certain functions in an infinite series of 
partial fractions. 

Observe also that f(z) = Thus applying Theorem 3, we have 


<j(log(g(z)) 

dz 


f(z)=m + Y J b* 


i n 

z- d k + d k J 


(9.4-1) 


Here the numbers d k are the location of the (assumed) simple poles of f(z), while b k 
are the corresponding residues. The summation is to be performed over all the poles 
in such a way that the distances of successive poles from the origin is nondecreasing. 
Let us integrate both sides of the preceding equation along some as yet still undefined 
path in the complex plane. Assuming that we can justify interchanging the integration 
and summation processes, we have the following indefinite integration: 


log(g(z)) = /(0)z + Yj 


bk log 1 


z \, bk 

r k ! + T k z 


+ C 


where C is a constant of integration, and the series on the right is assumed convergent. 
The reader should differentiate the preceding to verify that Eq. (9.4-1) is obtained. 
Using a basic property of the logarithm, we rewrite the above: 


log(#(z)) = /(0)z + Yj 


log 1 


h 

d k j +Z d k 


+ C. 


We have not attempted to state which branches of the log to use in the preceding. 
The value of C can be adjusted to insure equality. Treating both sides of the above 
as exponents, we get 


exp[log(g(z))] = g( z ) = exp</(0)z + 



z h 

T k ) +z T k 



(9.4-2) 


If the series inside the brackets on the right converges, we can rewrite the function 
on the right, the exponent of a sum, as the product of exponentials. Thus, finally, 


g(z) = ]“[|l - ^ (* bk/dk . 


(9.4-3) 
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where C' is a constant that must be determined. Notice that C' = lim-^o g(z) if we 
use \bk — 1. The preceding is an infinite product expansion of g(z). The product 
is to be taken over all poles d \, d 2 , ■ ■ ■, arranged in such a way that \d k \ < \d k+ i\. 
as described in section 9.2. The derivation of the preceding product is not to be 
regarded as a theorem but merely as a method of approach; we have taken for granted 
questions of convergence. If we are fortunate, each term zb k /d k in Eq. (9.4-2) can 
be paired with another of opposite sign and so the exponential disappears from 
the infinite product. If, in addition, /(0) = 0, then g(z) in Eq. (9.4-3) is simply a 
product of algebraic functions. Example 1 approximately demonstrates the method 
just outlined—a slight departure is necessary, as will be noted. Example 2 illustrates 
how we might expand a function in an infinite product even when f(z) = g'{z)/g{z) 
fails to meet a condition of Theorem 3 in section 9.2. 


EXAMPLE 1 Expand the function g(z) = cos z in an infinite product. 

Solution. Here g'(z)/g(z) = -tan(z). For the present it is convenient to work 
with a new variable z' rather than z- Following the method suggested above and the 
techniques of section 9.2, we find that 


-tan (2) 


22 2z! It! 

(z') 2 ~ (7r/2) 2 + (2) 2 - (in/2) 2 + (2) 2 - (5n/2) 2 + 


The derivation of this was assigned as Exercise 2 in that section. Let r be any positive 
number, and we consider the region |2| < r. We find the nonnegative integer n 
satisfying (2 n — 1)| < r < \2(n + 1) — 1 ] | and rewrite the preceding series as 


- tan z! 


= 27 


2 z! 


fc=i 


2 2 - ((2k - l)n/2)‘ 


+ 


2 

k—n +1 


2z! 


z 2 - ((2* - 1)tc/2) 2 ' 


If n ~ 0, we delete the first sum on the right. For the second series on the right, no 
term in the denominator can vanish in the disc |2| < r. Moreover, it is not hard to 
show (see Exercise 5) that this series is uniformly convergent in the disc. Thus the 
integral of the sum of this series, along any path throughout the disc, can be found 
by a term by term integration (Theorem 10, section 5.3). Let us integrate both sides 
of the preceding equation from 0 to z along some path C connecting = 0 with 
2 = z, where Izl < r. (See Fig. 9.4-1.) The path is assumed to lie entirely in the 

disc |z 7 1 < r and to not intersect .This ensures that cos 2 j=- 0 

on C. We have 



tan z'd2 


— log cos zdz 
o dz 


v r 22 

tiJo z 2 - ((2k - l)n/2) 2 


dz' 


V r 22 , 

+ t “ti Jo z 2 - ((2k - \)%/2) 2 

where, as noted above, we may place the integral under the summation sign in the 
infinite series on the far right. 
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The function logcos(z') has branch points at ±(2 k — 1)(|), where k = 1, 2, 
3,.... We choose a set of branch cuts for this function such that none intersect the 
contour connecting z' = 0 with z! = z- We also employ a branch of this function for 
which log cos(O) = 0. Thus, integrating the middle part of Eq. (9.4—4) (see Theorem 
6, section 4.4), we obtain 

r z d 

I — log cos z'dz '! = log cos z. (9.4-5) 

Jo dz' 

To integrate the right side, observe that 


d , 

^ log 


,/2 


1 - 


(2.-D- 


2z' 




(2*-l)| 


Because of vanishing the argument of the log, the logarithm function has branch 
points at ±(2jfc — 1)(|), where k = 1, 2, 3 .... We choose branch cuts for the log 
that emanate from these points and which do not intersect the contour of integration. 
They are identical to the branch cuts used in the integration of the left side. At z! = 0, 
we take 


log 


,/2 


1 - 


(2 k - 1) 


2 J 


= 0 . 


Thus we may integrate the right side of Eq. (9.4—4), combine the two sums on the 
right, and use Eq. (9.4-5) to obtain 


log cos (z) = ^log 


1 - 


x n r 

< 2 *-‘>2j 
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Regarding both sides of the above as exponents, we have 


expflog cos(z)l = exp lim Y log 

n —*-oo Z—i 


k=\ 


= lim exp \ log 


/t=l 


1 - 


( 2 ^ 1 )- 




l2 


where, as usual, the exchange of limits is justified from the continuity of the 
exponential function. Finally, using the properties of the log and the exponential, 
we obtain from above our desired result: 


cosz = 


1 - 


(n/2) 

OO / 

= n>- 


(5n/2) 2 


1 - 


(ln/iy 


(9.4-6) 


k=i 


[(2k ~ l)n/2f 


Reviewing the steps leading to the above, we recall that we require z ^ ±|, ±^, 

± Y , • ■ • • However, if we define the right side of Eq. (9.4-6) as being zero at these 
values (where a factor in the product vanishes), the above formula for cos z can be 
continued analytically into these forbidden values of z and is thus valid for all z. 


Comment. The preceding derivation deviated slightly from the general method of 
approach that we outlined at the start of this section. Following that method, we 
would not have used Eq. (9.4-3) but instead 


-tan(z') 


lim 

n^-oo 


1 

z! - tc/2 

1 


z' + 7t/2 

1 \ 


1 


z! - 3n/2 z! + 3rc/2 


\z' — nn/2 z' + nn/2)\ 

This formula appears as an intermediate step in the derivation of Eq. (9.4-3). If we 
do not combine the pairs of fractions in the parentheses but proceed as above, after 
first segregating the terms that have poles in the right half-plane from those in the 
left, and integrate, we obtain 


OO I v OO / Z \ 

COS Z = fj \l - m _ 1)7c/2] ) J1 (l + [{2k _ 1)71/2]) ’ 

Unfortunately, both these products can diverge, even if we avoid values of z that cause 
a factor to equal zero. To see this, for example, we take z = n in the second produc • 
We have (1 + 2)(1 + 2/3)(1 + 2/5) • • •. In Exercise 2 of the previous section, we 
showed that the product (1 + 1)(1 + 1 /2)(1 + 1/3) • • • diverges. It is easy to see 
that the nth partial product for this expression is smaller than that of (1 + 2/1) 

(1 + 2/3)(l + 2/5) • • •. Therefore, the latter product must also diverge. 
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In some books, Eq. (9.4-6) appears in a slightly different form. We replace z 
with |z and get 



[( 2 * - l )] 2 


(9.4-7) 


To reassure ourselves at this point, we place z — 1 /2 on both sides of the above 
Keeping only the first four terms in the product, we have 


CO s(7t/4) = .7071 • • • sa (1 - 1/4)(1 - 1/36)(1 - 1/100)(1 - 1/196) = .7182. 

Equation (9.4-6) is particularly useful if we wish to approximate cos z over an 
interval on the x axis that begins at z = 0. For example, if we need to approximate 
cos z from z = 0 to z =: 3n/2, where z is real, we might use the first three terms in 
the product. This would ensure not only that the zeroes of cos z at n/2 and 3n/2 
are given their proper location by the approximation but that the next zero, which 
is at 5n/2 and outside the interval of interest, is also placed where it belongs. 
Figure 9.4-2 compares cos z with approximations obtained from the first three terms 
in the product in Eq. (9.4-6) and also with the first three terms in the Maclaurin power 
series representation: 1 - z 2 /2! + z 4 /4!. The superiority of the product should be 
apparent, although it is evident that for %/2 < x < 3n/2 it serves as only a fair appro¬ 
ximation, one that could be improved if we employ more terms, as is demonstrated 
in Exercise 8. 

Suppose we are given an analytic function g(z) to expand in an infinite product. 
Proceeding as in the previous problem, we obtain f(z) = g'(z) /g{z) and find to our 
dismay that f(z) has a pole singularity at z = 0. This means that j\z) fails to meet 
the requirements of Theorem 3 and we cannot proceed as in Example 1. Suppose, 



Figure 9.4-2 Approximations to the cosine 
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however, that we subtract from /(z) the finite series that is the principal part in the 
Laurent expansion of f(z) about z = 0. The resulting function, let us call it F(z), 
will be found to have a removable singularity at z = 0. Thus it can be made analytic. 
If F(z) does meet the requirements of Theorem 3, we can often expand g(z) in an 
infinite product as illustrated in the next example. 


EXAMPLE 2 Expand the function g(z) = sin z in an infinite product. 


Solution. Here f{z) = g'(z)/g(z) = cot z . This function has a simple pole at z = 0, 
which means that it does not fulfill the requirements of Theorem 3. However, a partial 
fraction decomposition of f(z) can be obtained through the steps outlined in Exercise 
6 of section 9.2, and we will retrace some of this. Because the residue of cotz at 
z = 0 is 1 and the pole of cot z is simple, the principal part of the Laurent expansion 
of cotz about z = 0 is just 1/z. The function F(z) = f(z ) — 1/z has a removable 
singularity at z = 0. This can be verified by our noticing that F(z) = z c ° s i~^ in z . The 
limit of this expression as z 0 is readily found to be zero (we expand the sine and 
cosine in Maclaurin series). Defining F(0) = 0, we can show that F(z.) fulfills the 
requirements of Theorem 3. Following the steps outlined in Exercise 6 of section 9.2, 
we arrive at 


1 


F(z) = cot z- 


z 


2z 2z 2z 

z 2 — n 2 z 2 — 47t 2 z 2 — 9n 2 


= Z 

K _1 


2z 

z 2 — k 2 n 2 


(9.4-8) 


Now, because cotz = ^ log (sin z) and 4 = ^logz, we have ^ log yy — 
cot z — 1/z. We use this on the left in Eq. (9.4-8). Anticipating later steps, we replace 
z with zf ■ Hence 


d sinz' y 2z' 

dz! ^ z' y-f z 2 — k 2 n 2 

k=l 


(9.4-9) 


The function sin z! jz! will be defined as 1 when z! = 0. Thus its singularity at the 
origin is removed. Observe that ^ log (l - = zzz 2 ^-The remaining steps 

are similar to corresponding steps in Example 1. After integrating Eq. (9.4-9) along a 
contour connecting z! = 0 with z! = z, we have that log log (l — 

from which it follows that 


exp| log J = exp log| 1 - 


k=\ 


k 2 n 2 l 


and finally 


sinz 

z 



(9.4-10) 


If we agree to take the right side as zero whenever one factor in this product is 
zero, the preceding relationship holds for all z- If we replace z with nz, and make an 
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obvious rearrangement, we get 



which is known as Euler’s infinite product expansion for the sine function.! 
If we put z = 1/2 on both sides of the preceding, we have that 



_ 71 nf ( 2fe ~ 1 )( 2fe + 7tl3355779 

2 (2k) (2k) j~ 222446688'"’ 

which can be rearranged as f = f|4 4 6 6 8 8 .,. _ This curi()us resu]t is called ^ 

lis’s Product.! As a check, we use just the eight fractions shown above and obtain 
1.4861, while n/2 — 1.5708.... The approximation is poor, but it is improved in 
Exercise 4, where more terms are considered. 


EXERCISES 

1. a) Show that (1 - z) = e -z *r z2 / 2 e -z3 /3 ... f or | z | < l. 

Hint: Begin with the Maclaurin series for Log(l — z). 

b) Use the first four terms on the right side, set z = 1 /2, and compare right and left sides. 

c) Discuss what happens if you put z = 2 in the equation of part (a). Explain. 

2. Show that cosh z = Il^Li + f( 2 r-L)n/ 2 ] 2 ) two met hods: 

a) By making a change of variable in Eq. (9.4-6). 

b) Let g(z) — coshz. Expand g'(z)/g(z) in an infinite series of fractions and do an 
integration like that in Example 1. 

3. Show that sinh z = z JT“ i (l + ^) by two methods: 

a) By making a change of variables in Eq. (9.4-10). 

b) By following the methods of Example 2, i.e., let g(z) = sinhz. Create a function 
analytic at z = 0 by subtracting from the principle part in its Laurent expansion 
about z = 0. The resulting function can be expanded in a series of partial fractions. 

4. Consider Wallis’ Product formula § = f§g3g§§§---. Studying the steps leading to 
its derivation, we have | ss fl/Li ( (2,r-i](2r+l) )• bf° te that every time we increase n by 


This was published by Leonhard Euler in 1748. His nonrigorous derivation arose from a desire to fit a 
polynomial to the sine function by matching the location of the zeros. See W. Dunham, Euler, The Master of 
Vs All (Washington, DC: Mathematical Association of America, 1999), Chapter 3. 

Named for the English mathematician John Wallis (1616-1703), who published this result (obtained from 
a different method) in 1655 as part of his work on finding the area of a circle. We have already encountered 
Wallis in the problems of section 4.6, where some more biographical information is supplied. 
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one unit, we increase the number of fractions by 2 in Wallis’s expression. Write a computer 
program that yields approximations to n/2 as n increases from 1 to 100. Plot the results, 
and compare them with n/2. What is the percentage error when n = 100? 

5. To complete the derivation in Example 1, show that the series ,, -pr „ 2z ' -- i s 

z -((2*:—l)n/2) 2 

uniformly convergent if \z'\ < r, where r < (2 n + l)f . 

Hint: Use the Weierstrass M-test. Show that | ^_ ( ( 2 g T )n/2)2 1 < ~ m ^ /2) 2 _ r , = M k 

for all k used in the sum and that the series Z£L„ + i M k converges. The latter can be 
accomplished with a comparison test from real calculus. 

6. a) Show that = 1 + 1/9 + 1/25 + 1/49 + ■ ■ • . 

Hint: Refer to Eq. (9.4-6). Replace cos z on the left by its Maclaurin expansion. Find 
the coefficients of x 2 on the right and left sides of the equation and equate the results. 

b) Show that ^ = 1 + 1/4 + 1/9 + 1/16 + Jz ■ 

Hint: The procedure is nearly the same as in part (a), except that we use Eq. (9.4-10). 
Using this method, Euler obtained this result in 1735. We obtained the identity earlier, 
in Exercise 6 ,of section 9.1, by finding the numerical sum of an infinite series, and we 
remarked that this is the Riemann £ function evaluated at 2. Although from elementary 
calculus IT is known to be infinite and we have computed \ by two 

methods, and in Exercise 8 of section 9.1 we showed that £(4) = ^ = |q, the 

value for f (3) = ^3 in closed form has not been established. In fact, it was not 

even proved until 1978 that this number, which is the Riemann zeta funtion evaluated 
at 3, is irrational.'*' 

7. Show that e az — e^ z = (a — )’ where a and /? are any 

complex numbers. 

a+fi a—/? _ a—/? n 

Hint: Note that e~^~ z [e~^~ z — e~^~ z ] = e az — e^ z . Now use the result contained m 
Exercise 3. 


8. In Fig. 9.4-2 we approximated cos z by the first three terms in its infinite product repre¬ 
sentation. Using a simple computer program, generate a comparable figure, but use five, 
seven, and nine terms and compare the result with cos z itself. 

9. Show that coshz - cosz = z 2 (l + 


f See W. Dunham, ibid. p. 60 for a discussion on the connection between Euler and these problems. 
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Proofs and computer code are not given. In many cases, decimal expressions are approxima¬ 
tions for irrational answers. 

CHAPTER 1 
Section 1.1 

1. rational number system; 3. complex numbers; 5. reals; 7. integers; 9. complex 
number system; 11. a) M ; 13. a) x 2 - 2x - 1 = 0; b) x 4 - 2 = 0; 15. 4 - 4i; 

17. 52 + ;39; 19. 1; 21. a) ; b) real = 41, imag = -38; c) 41 - 138; 

25.-1; 27. x=0,y= 1; 29. x = -i,y=I; 31. y = e, x = 1 or e 2 . 

Section 1.2 

9 - + # n - -2; 13. 1281; 17. true; 19. true; 21. true; 23. c)e=^H, 

f — ad-bc a + 

■’ ~~ ~a r +^’ +b ^ °- 

Section 1.3 

l-TTO; 3.7130; 5. 2717; 7. (^) 5 ; 9.272: 11. Z1 = f + 

Zl ' f - 13 - 2 + 7i '; 15. a = 275,1? = 75; 17. a = 9/8, = 377/8; 


659 
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19. 3.15 — 271; 21. 9 = Jn; 23. 3.14; 25. —27. — 1.96 + 12.27 (approximately); 
29. 2+ 2kn, p.v., k = 0; 31. 8 V 2 /— 71/4 + 2fc7i , p.v., fc = 0; 

33. arg(ziz 2 ) = 2.879 = arg(zi) + arg(z 2 ); arg(ziz 3 ) = -2.8797 ^ arg Zl + argz 3 = 3.4 
(Note: arg zi + arg z 3 is not a p.v.); 35. ^j= j =^ ; 37. for equality, 
arg zi = arg zi + 2kn\ 41. d) try z = 1 + 1; 

43. c) tan" 1 fl + tan' 1 b + tan' 1 c = tan- 1 

Section 1.4 

1 . 128 / 71 / 6 ; 3. 5 6 /.7194 ; 5. 5- 6 /.7194 ; 9. + 11.2.59 + 11.5, 

-2.59 + 11-5, -31; 13. 2.6131 - 11.0824, 1.0824 + 12.6131, -2.6131 + 11.0824, 
-1.0824- 12.6131; 15.1,^-+^,^-^; 17.-2 + 21; 

19 . ±[—69.27 + 1167.2], ±[—167.2 — 169.27]; 21. resulting values 

2 j=f + §fc7E , fc = 0, 1, 2 (use fc = 0); 23. .0493 - 1.2275, -1.0493 + 1.2275; 

25. ±(i±^); 27. z = cis[^],fc = 1,2, 3, 4; 29. c) ±(1.366 + 1.366), 

±(—1.366 + 1.366)+; 31. a) no; b) yes; 33. b) 2cos (^); 37. b) Note: MATLAB 
used principal argument. 

Section 1.5 

I. line x= 3. area below line y = x — 1, line not included; 5. upper area between 
lines y + 1 = x, and x = — 1, not including points onx= — 1, but including points on 

y + 1 = x; 7. no solution; 9. x = 0, — 00 < y < 00 or |jc| > 0, y = \\ 

II. 0< |z| <Log2; 13. |z — 1| < 1; 15. 0 < |z - 2 + 1| < 4; 

17. \z — 1| + \z + 1| = 2; 19. connected, domain; 21. connected, not domain; 

23. z = 0, boundary point not in set; 25. boundary points on \z — i| = 3, not in set; other 
boundary points on \z — i\ = 2, in set; 27. ie, ie 1 ! 2 , ie 1 / 3 ,... are boundary points and 
belong to set; also, 1 is a boundary point but is not in set; 29. boundary points on 
x = —1, —00 < y < 00 and jc = 5, — 00 < y < 00 ; points on x = 5 not in set; thus set not 
closed; 31. no; consider the set z = 0; 33. z = 0, accumulation point. 


CHAPTER 2 


Section 2.1 

1- nowhere; 3. not defined z = ±1 or on lines — y4—- ^ 

5.-2 + 4i 7.(16 + 80/5; 9. » = 5 ^.» = 

--—‘ 13. u ~ x 3 — 3xy 2 + x, v = —3x 2 y + y 3 — y; 15. 


- 0 + 1 ) 


<y<xfi 


v = y - 


11. u = x + 
4z 


. —J—ZI * 
• - J ~2 ’ 


x 2 -hy 2 


x 2 -hy : 

1 + I 

2 ' 2 

25. M== 


19. U + Ii,l,l- 


"© 2 ’ 


17. z + ■ 


x 2 +(y+2j- 


-,v = 


_ -0+2) 


21. 1, —2 + 2i, —i, 2 + 2i, — 1; 23. (z + i)/(iz); 


x 2 +(y+2) 2 ’ 


Section 2.2 

3. iz 3 = izzz is product of continuous functions, and is continuous; iz 3 + 1 is sum of 
continuous functions and is continuous; 5. z 4 continuous (product of continuous 
functions); z 2 + 3z + 2 is sum of continuous functions; 2 quotient is continuous fi> r 


z ^ —1 and z ^ -2; z 4 + ^ltl +2 ls continuous exce Pt at 


-1, z = —2; sum of 
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continuous functions; 7. x 2 — y 2 = Re (z 2 ) is rea l Part of a continuous function and is 
continuous; z 2 + ( x 2 — y 2 ) is continuous everywhere (sum of continuous functions); 

9. three values, 1, - 1 , /; 11. a) b) -24 and - 8 ; 13. a) 2 at -i; b) 1 + at 

1 + 72 + 72 ; c) 72^1 at 1 ~ 72 + 7i ; ls - tT ys=^ + jzwdh = i-±. 

Section 2.3 

1. continuous x = 0, no derivative at x = 0; 3. depends on direction of approach; 

5. nowhere; 7. all z 0; 9. z = 0; 11. Im(z) > 0; 13. All z; 15. y = 0, 
x = f ± 2nn, n = 0, 1, 2-; 17. g(z) = z + z, h(z) = z - z. 

Section 2.4 

1- z = -j - — 5 ; no, + 2; 3. a) entire function; b) 3 z 2 ± 2z, 2 + 8 7; 

5. b) f = 2e -2x [— cos2y + isin2y], i2e~ 2 ; 7. 5(sinh 2) 4 (-cosh2); 9. 7 - 2; 

21 . 8 = 0 < r < 00 . 


Section 2.5 

!• y = 


-00 < x < 00 ; not a domain; 3 . k = ±m; 7.k = ±l; 


9. b) u = \x 2 y 2 ~ x ~ 2 xy + y - \ + D, D constant; c) negative of part b. d) yes; 
11. v = e x sin y — e y sin x — x 2 /2 + y 2 /2 + D, D constant; 13. not harmonic; 


17. a) x 2 — y 2 = 1, xy = 1; b) x = y : 


yp -ps c) 1.62 and-1/1.62; 


19. a) y z = (x 2 — l)/(3x), x“ = (> J + l)/(3y); b) x = 1.083, y = .290; c) 1.73 
and —.58. 


Section 2.6 

1. a) (f> = —30x ± 40y degrees; b) i/' = —30y — 40x degrees; 3. a) —2.39 ± /1.30; 
b) E x = —ecos ( 5 ), E y = e sin (j); c) D x = —21-10“ 12 , D y = 11.5 • 10^ 12 ; 

d) (f> = ecos(j); e) \j/ = e sin (j); 5. a) x cos a ± y sin a = constant; 
b) y cos a — x sin a = constant; c) V x = cos a, V y = sin a, angle is a. 

CHAPTER 3 
Section 3.1 

3. —.686 — i1.499; 5.1; 7. .7539 - 7.657; 9. 1.1438 — 11.2799; 11. .1559 ± 7.9878; 
13. x = l,y = 2 kti, n = 0, ±1, ±2, ...; 15. f'(z) = e 1/z (4)i 17. e~ L , 23. max and 

min values e and e~ x at z = ±1 (max) and ± i (min); 25. b) N\ 27. a ) (j> = e x cos y, 
i> = e? sin y; c) V x = -*=, V y = =^. 

Section 3.2 

1. 9.1545- 74.1689; 3. -.0038 + il. 0032; 5. ±[.8189 ± 7.5835]; 7. cosh(7i + 4kn)\ 
fc= 0, ±1,±2,...; 9. 7 tanh[f +2knj;k = 0, ±1,±2, ...; 11. 2 cos(cosh 1); 

17. z = | ± kn; 19. z = —i (nn ± f) , n = 0, ±1, ...; 21. z = g + kn + iO, 
k = 0, ±1, ±2 ,.... 

Section 3.3 

7. 1.543/; 9. 11. .7431; 13. b) not analytic at z = ± (nn ± /, 

w = 0, 1, 2,...; 15. nowhere. 
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Section 3.4 

I. (1 + i2kn), k = 0, ±1, ±2, , p.v., k = 0; 3. 2 + 1 (-f + 2 kn) ,k = 0, ±1, ±2, ..., 

p.v., fc = 0; 5. 1(1 + 2fc±), fc = 0, ±1, ±2,..., p.v., fc = 0; 

7 . 2.7726 + 1 + 2fc7tj ,..., p.v., k = 0; 9. .5403 + i(.8415 + 2kn), ..., p.v., k = 0; 

II . for z ^ 0 and also z not negative real; 13. z = .3929 ± 1.4620; 15. z = inn, 

n = 0, ±1, ±2, ...; 17. — Log 2 + i2kn; 19. i [§ + 2kn) and i + 2kn), and 

Log2 + i2kn; 21. z — Log (2kn) + l(§ + 2mn) , k = 1, 2, 3, ..., m = 0, ±1, ±2, 

z = Log |2fc7i| + i{=£ + 2mrc), fc = -1, -2, -3,..., m = 0, ±1, ±2...; 

25. a) Log 2 + in and 1 - in/2; b) 1 - f and Log 2 - in. 


Section 3.5 

3. 0; 5. 1.3466 — i 5n/4; 7. —i5n/4; 9. .693 — illn/6; 11. a) line y = 1, x < 0; 
b) Log 2 - in/2; c) Note -2 + i is not in cut; 15. b) c) y = 0, x < e. 


Section 3.6 

1. e~~ Akn , k = 0, ±1, ±2, ...,k = 0 for p.v; 3. 2exp(f + 4knj [ cis(-2Log2 + f 
k = 0, ±1, ±2, ...,k = 0 for p.v.; 

5. e cos 1 [cos(sin 1) + i sin(sin 1)] = 1.1438 + f 1.2799; there is only one value, by 
definition; 7. e~ k% cis(Logy7i), k = 0, ±1, ±2,... p.v is .8406 + i.5416; 

9. exp[V21ogsec 1] cis(V2(l + 2kn)\ k = 0, ±1, ±2, ..., principal value 
.3725 + 12.3592; 17. ^ cis (=f) = 2.2284 - i.5086; 19. e zLogz [Logz + 1]; 

21. .1855 + 1.38264; 23. -.4028 - i.1149; 

25. f'(z) = exp[(Log 10 + 127i)e z ](Log 10 + i2n)e z , .00464 — f.0116. 


Section 3.7 

5. i(f +2kn), k = 0, ±1, ±2,...; 7. ±.8814 + i (f + 2kn) k = 0, ±1, ±2,...; 

9. | + kn + 1.5493; 11. | + 2kn - i Log (nn + V« 2 7i 2 + 1) n = 0, ±1, ±2, .... 

k = 0, ±1 ... — | + 2kn — i Log |«7i — jn 2 n 2 + 11 n = 0, ±1, ±2, ..., 

k = 0, ±1, ±2,...; 13. a) not true in general; b) true in general; 

17. Ilog[icot(|-5)]. 

Section 3.8 

1 • / = -1,/' = -1/2; 3. /= .4551 + 11.0987,/' = .1609 - 1.3884; 

5 - / = 2- 12-73,/' = -.2887 - 1.1667; 7. / = 1.091 + 1.6299,/' = -.574 + 1.154; 
11- -1.2599; 13.-1.2196 + 1.47177; 15. yes; 17. .9654 + 12.33; 

19. c) .1036 - 1.25; 21. / = § - 11.7627, /' = -1.354; 23. a) .88141, for both; 
b) 2.0782 - 11.4694, for both; c) 2.0782 - 11.4694, 1.0634 + 11.4694, (Matlab) 25. 9; 
27. no solution. 


Appendix 

1. 3e r cos2f; 3. 2e r cos (J - 2t); 5. V2cos (f + 2f); 7. e 1+ ^ cos (l + 

9. phasor = 1, s = -2 + 13- 11. phasor = -2ie - ™/ 6 , 5 = 4 + 21; 13. phasor does not 

1 , 19 ±i£!L - - . r 

-i + t, Ly. R+L( _ 


exist; 15. phasor = 2 — 


le 


, 171/4 


r(0 : 


F 0 cos(a)t+i/0 *„„-l «0)_ 

V(*-c 


5 = 4 + 2i; lo. pnasor 

fh _ 

= 1(f); 21. a) X = 
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Section 4.1 

1. — {^ _ _n_. i o/£;. c 1. —n 

24 120’ 13/6, 5. 4 , 7. 2 • 


Section 4.2 

1. 1 + 2i; 3. 1 + 2i; 5. ■ 
c) 1 - e cos(l) - ie sin(l) 
to - 71 ; b) i \l - |J. 


5. -if; 


7. a) e — 1; b) e[cOs 1 — 1 + t sin 1]; 


11* ~ 2 ~ H - 7^*! 


13. a) z 


t goes from 


Section 4.3 

3. does not apply; 5. does not apply; 7. does apply; 9. does apply; 19. 0; 21. 2nim 


Section 4.4 

3- f + ** 5. ^ - I - f; 7. I [Log (i$$)]; 9. ? - * 

1L / ~ 1 “ 72 + 7! . ’ 13 - [ e_n/2 - i]; 15. a) i not analytic at z = 0, b) -in; 

c) -in; 19. a) ^ + constant, b) F(z) = ^ + 1; 21. b) (i + l)cosh(f) 
-^sinh(f). 


Section 4.5 

3.0; 5. j cosh(e 3 ) ; 7. - if Log (3); 9. 2to«‘[- 1 + i]; 11. -i • cos(i); 

13 ‘ ’ 21 - -2m'sinh(l); 23. -nie~ l . 


Section 4.6 

7. average = 1.4687006, ecos 1 = 1.4686939- 

9. I/Imax at (V2 + iy”/ 4 , I/I = V2 + 1, l/Un at (V2 - iy*/4, I/I = V2 - 1; 

11- l/lmax at x = 2, >• = 1, I/I = e 2 , 1/1min at x = 0, y = 1, |/| = 1; 15. max at 
(1,0), min at (0,1); 17. 

Section 4.7 
S- c) k(oo) = 50. 

CHAPTER 5 
Section 5.1 

1 . c 0 = Cl = c 2 = c 3 = 1, wth term is x n ,n = 0, 1, 2, ...; 3. c 0 = A, c\ = c 2 = 1, 
c 3 = general term ^(x + 1)", n= 0, 1, 2, ...; 5. c 0 = 0, ci = -1, c 2 = -\, 

C3 = -3. general term n > 1; 7. a) .7109375; b) -0.6823; 

9. lim n ^oo |-^| = |x|, abs. conv. for |jc| < 1, div. for |jc| > 1; 

H. lim„^oo = \x + 1| < 1, abs. conv. for -2 < x < 0, div. for \x + 1| > 1; 

13. Un = x n , if x = 1, diverges; u„ = (-l) n if x = -1, diverges; 15. u n = 2 H V 2 '>" if 
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x = \\ lim„^oo u n = 0 test fails; u n = 2 ”/^ 0 ” if x = lim„^oo u n = 0 test 
fails. 

Section 5.2 

1 a ) 2- = 0.894 mile; b) 2 mile; c) 2/3 hr; d) 3 hr, 20 min; 3. For |z| = ±, 

\/5 1 

i u \ = 1 =>■ series diverges; for |z| > 5 , \u n \ = {2\z\) n => series diverges; 5. for 

n r I /? I” 

| z _ 2i\ = a/2, |m„| = n =s series diverges; for |z - 2 i| < a/2, \ u n \ = « ^357 => series 

diverges; 7. lim„^oo |^| = |z + 5 I => a bs. conv. for |z + \\ < 1, div. for \z + \\ > 1; 

9. lim„^oo 1^1 = lirll =>■ abs - conv - for \ z + i \ > div - for U + i| < V5; 

11 . c) cannot let IV —>■ 00 since Z^/q e ‘ n9 does n0t conver g e > Ms «th term test since 
lim„^oo Wn\ ?= 0, 13. > 14 — 11 < 1- 

Section 5.3 , 

1 . takeM/= (0.999y _1 ; 3. take Mj = r J /j\; 5. take Mj = e na /[\ Log 2). 


Section 5.4 

3. -i+(z-0 + *(z-0 2 - 


, u n = i n 1 (z — i ) n , n = 0 , 1 , 2 , ..., circle of conv. 


| = 1; 5. 1 + e 1 (z - e) — ^ (z - e) 2 + 




|z- 

= 1 (« = 0 ), circle of conv. |z ■ 
n = 0, 1,2,..., circle of conv. centered at z = 0, r = 00 ; 9. 1 + + (/t 2 ) /2! + • • • 


■e| =e; 7. + ffZ 6 + ^z 10 + 


2zV" 
(2+4n)! ’ 


= (ifz)" jn\, n = 0 , 1 , 2 , ..., circle of convergence centered at 0 , r = 00 ; 

13. center — 1, r = a/2; 15. center 1 + i, r = -\J2 — n + 7t 2 /4; 17. center 2, r = 1; 

19. -3 < x < 1; 21. 0 < x < 1/2; 23. f < x < 4 - f; 25. 0 < x < 2; 33. b) no. 


Section 5.5 

9. b) = - 2.24; 11. b) 6 ; 13. Z“ 1 c n z n , c n = (-1)" [l - \ + £ - \ • • • £], series 
valid for |z| < 1; 15. Z“o c "Z", c„ = [ir + 5 ^-]. Iz| < 1; 

17- o c„[z - (1 + 0"]. c„ = Iz - (1 + 01 < V2; 19. Z“o c„(z - 2)", 

= §(- 1 )" + |(- 1 )"(k+ 1 ) valid for |z - 2 | < 1 ; 

21. c 0 + ciz + c 2 2 H-, where c n = ^ + ^yy +(^yr 4- W’ 

d n = ^ — j(—1)", series valid for |z| < 1; 23. Z^lo c n(z ~ c ° = — 

c i = c n >2 = = ^L + series valid for |z — 11 < 1; 25. z — \z 2 + g z 3 

27. c) valid in disc |z| < 2n; 29. b) valid for all z. 


Section 5.6 


z 2 + 5 T + '§T + % + ‘‘'. — ( 2 n+ 3 )i ( n — — 1)> Iz! > 0; 3 

sin(l)(z—IT 2 


n-+ cos(l)(z - 1 ) _1 + sin(l), Z°=-oo Cn(z - 1)", where c n 

5. z 


(n even), c n = *■ cos(l) (n odd), |z — 11 > 1 

35z + .-.,Z 7 n\^,n 7! 


cos(l) (z— 1) 3 _ 
3! 

(_ 1 )"/ 2 sin(l) 

= Fli)! ' 
7 + 7z -5 + 21z _3 + 


-^ 11=0 


a)' 


(7-n)! 


^T,Z^0; 7. (z — 0 1 — 2;(z — i) 2 + 


(20 2 (z - O' 3 - • • •, Z/i-oo u n (z), u n = (~2i)-^( z - 1)"; 9. ^ - m + 
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(i=0 1 ’ 2 «=-oo c n(z — i) n , c„ = (— 1)" +1 (2 + i)~ n ~ 1 center at z = i, inner radius 

V5; 11. a) domains for Laurent series: I: 0 < |z| < 1; II: 1 < |z| < 3; III: | z | > 3 - 
b) for domain I, 0 < |z| < 1, ^z^ o c„z", c„ = for domain II, 

1 < |z| < 3, Znl -00 c nZ n + 2“ 0 c n z n , c n = i for n < -2, c„ = ^ for 
k > 0; for domain III, |z| > 3, 2^=_oo c nZ n , c n = \ + - ~ 1 1 ) 2 '' + 1 3~ n ~ l ; 

13 - Z^_oo c n(z- 1)". 1 < \z - 1| < 3, c n = =±± for n > 0, c n = f 0r 

n < -1; 15. 2~_ 0O c n (z — l)"(z ^ 1), c 0 = 1, c_i = (1 - i), all other 

c n = 0; |z - 1| > 0; 17. f( z ) =(z- l )' 3 + 1 + 3(z - 1) + 3(z - l ) 2 + ( z _ i)3 ; 

|Z-1|>0; 23. b) ( 55 ) — 3(51 + 7 ?; c ) a n = (-l) ( " + 1 )/ 2 c„ {n odd), a n = 0 (n even); 
d) a n = -[3^ + + ■ ■ ■ + J^ji] for n odd - 

Section 5.7 

1 . b) no, f(z) = 0 throughout domain =>■ zeros not isolated; 3 . a) yes; 

b) z = ±i^l — i, n= 1 , 2 ,...; c ) z = ±i accumulation points, do not belong to 
domain; 5. order 1; 7. order 4 at z = 0, order 1 at z = n\ 9. order 2; 11. order 8; 

13. a) if x > 2; b) 35 analytic for all z ^ 2; 15. b) z = x. 


Section 5.8 

13. f((j>T) = 0, /(IT) = 0, f(nT) = n - 1 for n > 1; 15. f(nT ) = l/«!, « > 0; 
21. /(nr) = 2" +1 ; 23. /(0) = 0, /(«) = f + n > 1. 


Appendix 
3. a) c = — 1. 

CHAPTER 6 
Section 6.1 

1. -2tt, 3. 27ii(3 + i); 5. 2m/7!; 7. 2m; 11. b) -m. 

Section 6.2 

1. Res = c_i = 1, C —2 = 0, eg = 0, ci = 0; 3. Res = c_i = 1, 2 = 1, co = 0, ci = 0; 

c 0 1 + 1 + ^2 “f - ( 3 j )2 ( 4!)2 * * * ’ c — 1 = residue = yjoT 21 X 1 ”^ 

312! 4!3! * * * c l> c 2 210! 3HT 4!2[ 5!3l ' * * = c ~2\ 9. /(I) = 

U. /(I) = 2/(1 - f); 13. /(0) = 1 ; 15. b) define f( zo ) = g ( - m Hzo)/^ m \zo); 

17. pole order 2 at z = — 1; 19. simple poles z=l,z=4p±i^; 21. simple pole 
z ~ —1', pole order 9, z = 0; 23. simple poles z = i'2fc7i/(Log (10) — 1), 

^ = 0, ±1, ±2 ,... ; 25. poles order 4, z = i(n + 2kn), k = 0, ±1, ±2,...; 27. poles 
Order 3, z = ±i; 29. poles order 4, z = ikn, k integer ^ 0; 31. pole order 4, z = 1. 


Section 6.3 

3. simple poles at z = ± residues —=- - and — v 5. pole order 2 at 

^ ly 3 — I's/J 

Z = 3, none at —3, res at pole 7. residue at z = 1 is 1 /4, residue at i is ^ 

residue at — i is ^ — i; 9 , pole of order 4 at z = 0, residue = 0; 11. simple poles, 
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. = k= 1 , 2 ,..., residue is simple poles, z - ±i*J\k\n, 


k = - 1. 


(±2)V*S’ 

_9 residue is —^—7=; P°l e order 2, z = 0, residue = 0; 

’ =h2i^/|&l7i 


simple poles, z = kn, k = ± 1, ±2, ... , residue is (-1)* cos [^]; 


13 

15. b) -e 2 sin e + e cos e\ 17.1; 19. 
27. -27n; 29. 27n; 31. 

39. c) res = 2. 


— t sinh 1. 
4! 


21. 23. 25. 


sin 1, 


33. -47i 2 i; 35. b) no, yes, yes, no, yes; 37. b) 0; 


Section 6.4 

15. ti/6; 17. 0; 19. tt/8 


4 = - 1 

V5 


Section 6.5 . 

1 exists* 3. exists; 5. does not exist; 7. does not exist, 11. untrue, 13. untrue, 
15. untrue; 17. true; 19. 2n/V^', 21. 7r/3; 23. 7i/(4a 3 ); 31. -^sin(^-j; 

39. b) V2n/5. 


Section 6.6 

1. 5<r 6 ; 3. (1/3 + i)e _3 e ! 7i; 


5. sin - l); 7. -^e 3 [cos 1 - sin 1]; 


2 n -V3 < 
V3 


9.^-^sin(i); 11. f [b* -4 “ B*" 1 ]; 13 * 19 ‘ ^ 


-1/V2 


V3 

cos -4= + sin 

V2 


V5 


g -i/V2 cos -L; 21. c) |e 


-1 


Section 6.7 

1. a) 27n; b) —2 + 7n; 5. ^ sin 8; 7. 


( 1 + t) 


[i + '-'tf)]- 


Section 6.9 

3. all f; 5. /(f) = all r, 7. /(f) = sina|f|, all f, 

9. /(f) = cosh(ah), \t\ > a; /(f) = fe- ab cosh(bt), |f| < a; 

11. F( w ) = ^[l - e-™ r j; 15. a) /(f) = 27r[e' 2t - e _r |f > 0; /(f) = 0, f < 0; 

17. a) F(w) = ^ 2 b) output is exp(—f) * Heaviside(f) + exp(f) * Heaviside(—f), 

19. a) \w\ < too, F(w) = i and |to| > too, F(w) = 0, here too = b) increasing T 
depresses value of/(0) and spreads the zero crossings of /(f); increasing T narrows the 
pulse width in F(w). 


Section 6.10 j 

1. a) g(t) = Both satisfied; 3. a) g(t) = i 

7. a) G(a>) = fe- fa,la sgn(co), G a (co) = co > 0; G a (co) = 0, co < 0; 

2 

b) — a/(a 2 + f 2 ); c) same as part b\ 9. a i[i +r 2 - 


Section 6.11 

1. F'(z) = £° ite izt /(t + lf> 2 dr, 3. F'{z) = JT 
7. .886; 9. 2.3633. 


(l +e iz() 2 


dt\ 5. .0127 - 1.0419; 
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Section 6.12 

1. from argument principle, N - P = 1; 
5. N~P = i; 17. a ) 2; b) 3. 


3. from argument principle N - P = 0; 


CHAPTER 7 


Section 7.1 

E 4+^; 3 5. 7. ^ sinat - ^tcosat; 9. e~^ ^ sin 

11 ' (n-i) 1 ’ 19 - [2^3 smfo(f- a) - J-j( f _ a ) c osh(f- a)] M (f _ a ). 

21.b)£t=^,£t»= ^L; 23.Re,>0; 27. b) Xi = : $£±1L x 

+3/7 j 4 +3j 2 +3/2 ’ 


C) X2 = ^3 C ° S 


3-V3 . 


i 

(1 + >s/3) cos 


1 

2V3 


cos 




3+V3. 


XI = 


1 

2V3 


(— 1 + V3) cos 


/3-V3. 


+ 


Section 7.2 

I. bounded; 3. unbounded; 5. bounded; 7. bounded; 9. 1: marginally unstable, 

2: stable, 3: unstable, 4: unstable, 5: stable, 6 : unstable, 7: marginally unstable; 

II. i sin 3f; 13. b) mr sT ; d) delay of T, thus factor e~ sT will not affect boundedness 
of output; 15. yes. 

Section 7.3 

1 . a) 2 poles in r.h.p. 

Section 7.4 

1. cosl; 3.-1; 5.0; 7. 4e 2 ; 9. l-Me' J ; 11 . e -s + 13 . e - 2 s ; 15 . _1_ ; 

17. <5'(f) + m) + 4e f ; 19. Sf(t) - 5(t) + j^e^/ 2 sin (ft); 21. d™*. 

23 ‘ T cos Simple poles on imaginary axis at s = ±i^^; 25. a) (5(f); b) (5(f); 
c ) + 3j{(5(f) + 3(5(f) + 1; d) -{f t 5(t) - (5(f) + c os d t + e~i r x/3sin ^f. 

CHAPTER 8 
Section 8.2 

1 . not conformal because ( z ) 2 does not preserve sense of angles; 3 . a) intersect at 
(0, 1), 90°; b) image of y = 1 - x is v = 5(1 - w 2 ), u > -1; image of y = 1 + x is 

v = u — ~ c) m = — l,u = 0 , intersection is still 90°; 5 . z = kn, 

k ~ 0, ±1, ±2,...; 7. no critical points; 9. a) image is v = 0, — 2 < u < 2; 

t>) Im w = 0, 2 < Re w or v = 0, u > 2; c) image curves intersect at 180°, but the original 

curves intersect at 90°; 11. (n - \ f + (u + i ) 2 = i; 13. a) 0.07389, b) 0.081797. 


Section 8.3 

1 . a) mapping is one to one, boundaries: u\ = x 2 — y 2 , « 2 = x 2 — y 2 , iq = 2xy, i> 2 = 2xy 
all in first quadrant of x, y plane; b) mapping is one to one, equations of boundaries same 
as in (a) but are now in third quadrant; 3. the given region mapped on and between 
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2 

appropriate branches of the hyperbolas: — 


is one to one 


,2 __ 4 ip- \p 

—■ 1 cUld T~T — TT 

sin 2 a cos _ sin z b 


ujs" a sin" a 

; 7. need a < f; 9. image of given region is Im 


= 1 , mapping 


w > 0. 


Section 8.4 

5. w = 7. circle |w + 5 


l. 


; 9. image is circle |tu — 1 — i\ = 1; 11. image 


oz+a' ■ ' / 

u=- M ; 13. image is circle |w - (^= - 5 )|; 15. circle \w - || = 3 ; 17. given domain 
is mapped onto ]ty - 1] > 1; 19. given domain is mapped onto v > u — 1/2; 21. given 

4 I ' 


3. 

4’ 


domain is mapped onto domain satisfying both |u; + 5 | > 5 and |in — ^| > 

23. a) w = (1 + i)z + 1; b) image of given domain is |w - 1| < V2; 

25. a) w = z+i ~ l \ b) image of given domain Re(z — 1) > Imz is the domain |w| < 1; 

27. get semicircle, Y(0) = 1/R, ) = [^(1+0 ] ’ = a ~ 0102 + ^2 c i> 

b = a 2 h + b 2 di, c = aic 2 + c\d 2 , and d = hc 2 + d 2 di\ 31. d) mapped onto |tu| > 1; 

6 • _7l/a { 

33. a) w = b) w = 

35. a) w = k = 1; b) w = c -**(*+ 2 0/(*- 2 0. 


Section 8.5 
1 . a) x 2 


+ (y + ff = 3. =jpLqg[f^]; 7. a) c = 27re/cosh 1 


R^+Rj-D 2 

2R^ 


M l.iil 2 - [(10+4V5)x-3(5 + V5)] 2 +[(10+4V5 )y ] 2 x (w(x )} = p = 1+^; 

b) M - [(-5+V5).r+3(5+V5)p+[(-5+V5).vp ’ ™ Lo SP 2 


9. a) B = V 2 , A = PP; b) </>(u, v) = tan 1 l + V 2 ; c) B = V 3 , A 2 = 'pp, 
Ai = 11. a) <f>(x, y)=^f tan ' 1 


tanh g 


tan 


TIX 

3? 


Section 8.7 

3. b) (u - + n 2 


(f) 2 ; 5. b) <P(w) = jfjLog 


sin (^) + ,sinh[g] 

sin (!fH sinh [§] 
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Absolute convergence, 238-239, 646-647 
Absolute integrability, 405 
Absolute value of complex number, 14 
Accumulation point, 42, 46 
Analytic continuation, 299 -302 
Analytic signal, 420-423 
causality, 425-428 
excitation, 425-426 
Fourier transform of, 424-428 
response, 425 
system function, 425 
transfer function, 425 
Analyticity, 73 - 80 
at infinity, 432-435 
defined,73 
domain of, 435 
equivalent definitions of, 259 
in a domain, 73 -74 
in polar variables, 76 
of infinite product, 647-648 
of logarithm, 120-126 
of power series, 250 
of sum of series, 246 


Annulus, 40 
Antiderivative, 188 
Arc, 154, 155 
length, 156,168 
smooth, 154 
Argand plane, 15 
Argument, 19, 20 
principal value, 20 

principle of. See Principle of the argument 
Associative law, 4 
Auden, W.H., 1 
Auxiliary cosine integral, 384 
Auxiliary sine integral, 385 

Beautiful Mind, A, 304 
Bernoulli numbers, 277, 295 
Bessel function, 295 
generating function, 295 
modified, 374 

Bieberbach, Ludwig, 259, 260 
Bieberbach conjecture, 259-260 
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Bilinear transformation, 537-555 
conformal property of, 538 
cross ratio, 545 
defined, 537 
inverse of, 537 
of circles, 537-545 
of lines, 537-545 
Binomial theorem, 8,260 
Bolzano-Weierstrass Theorem, 47 
Boundary point, 42 
Boundary value problems 

conformal mapping of, 555-619 
Dirichlet. See Dirichlet problem 
in electrostatics, 555 - 623 
in fluid flow, 555-623 
in heat flow, 555-623 
in polygonal domains. See Schwarz- 
Christoffel transformations 
with sources, 586-605 
with streamlines as boundaries, 576-586 
Bounded functions, 480 

Laplace transforms of, 481-483 
Bounded set, 43 
Bracewell, R., 404 
Branch, 123 

Branch cut, 123-125, 138-145 

contour integrations involving, 395 -401 
use in determining domain of analyticity, 
123-125, 138-146 
Branch line, 123 
Branchpoints, 124, 138-145 
encirclement of, 139 
Bricmont, Jean, 6 

Bromwich integral formula, 461-469 
Brown, J.W., xv 

Calculus of residues, 336 
Capacitance, 563, 619-623 
of coaxial transmission line, 564-567 
of two-wire line, 564-567 
Cardan, Girolamo, 6 
Cartesian plane, 15 
Cauchy, Augustin, 67 

Cauchy-Goursat theorem, 67, 174, 182-183 
Cauchy inequality, 262 
Cauchy integral formula, 67, 192-199 
defined, 194 
extended, 196,197 
Cauchy integral theorem, 174 
Cauchy principal value, 67, 366, 391-393 


Cauchy product, 239 
Cauchy-Riemann equations, 67-70 
polar form, 75-76 
Causal functions, 508 
Causality, 425 - 428 
Center of expansion, 251 
Chain rule, 72 

Change of variable in integration, 380-381 
Chaos theory, 330-331 
Charge, 94-95, 540, 566 
Charge conservation, 95 
Christoffel, E.B., 556. See also 

Schwarz-Christoffel transformation 
Churchill, R.V., xv 
Circle of convergence, 251-252 
Cis, 21 

Closed region, 43 
Commutative law, 4 
Compact region, 44 

Comparison test, 232, 243, 247, 249, 433, 649 
“Completing the square,” method of, 5 
Complex conjugate, 9-12 
Complex derivative, 63-70 
Complex electric field, 95 
Complex electric flux density, 95 
Complex exponentials, 128-133 
Complex frequency, 147 
Complex heat flux density, 91 
Complex infinity, 44-45 
Complex line integral, 161-162 
Complex line integration, 160-172 
bounds, 167-170 
defined, 161-162 
one-term series, 162-163 
two-term series, 163 
Complex number system, 1-7 
arithmetic operations, 3-14 
integer powers, 28 -30 
fractional powers, 30-35 
Complex plane, 15-19 
extended, 45 
finite, 45 

Complex sequences, 232-240 
Complex series, 232-235 
analyticity of, 246 
center of expansion, 251 
convergence of. See Convergence 
defined, 233 

differentiation of, 246, 264 
division of, 267-269 
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integration of, 245, 264 
Laurent. See Laurent series 
Maclaurin, 255, 259 
method of partial fractions, 270-276, 
633-639 

multiplication of, 239, 267-269 
power, 249 -252 
Taylor, 252-259 
Complex temperature, 90 
Complex velocity, 92 
Complex velocity potential, 93 
Conditional convergence, 239 
Conduction of heat, 87-92 
Conformal mapping, 214, 517-623 
and harmonic functions, 518 
and f(z), 535, 536 

bilinear. See Bilinear transformation 
boundary value problems and. See 
Boundary value problem 
condition for, 520 -522 
critical point of, 522 
defined, 519-520 
inverse of, 529 

linear fractional. See Bilinear 
transformation 

Mdbius. See Bilinear transformation 
one-to-one. See One-to-one mapping 
property, 519-528 
Riemann theorem, 534 
Schwarz-Christoffel transformation, 
605-619 
Conjugate, 9-12 
Connected set, 42 
Continuity, 60-70 
defined, 60 
of logarithm, 122 
piecewise, 405 
Contour, 155 
Contour interior, 172 
Contour integration, 172-182 
changing variables in, 380-381 
Convergence, 233 -243 
absolute, 238-239, 646-647 
circle of, 251-252, 257-258 
conditional, 239 

necessary conditions for, 644-646 

ordinary, 235 

radius of, 251 

ratio test for, 240 

region of, 235 


sufficient conditions for, 644-646 
uniform, 242-246, 250-251, 647 
Weierstrass M test, 243-244, 250 
Convolution, 315-317, 412-413, 423-425 
476,514 
Cornu spiral, 275 
Cosh function, 110-115 
Cosine function, 107-111 
Coulomb, 94 
Couple, 11 

Critical point of transformation, 522 
Cross-ratio, 545 -546 
defined, 545 -546 
invariance of, 546 

D’Alembert, Jean, 67 
de Branges, Louis, 259 
Deformation of contours, 177 
principle of, 178 
Deleted neighborhood, 41 
Delta function. See Dirac delta function 
DeMoivre’s theorem, 30, 104 
Dependent variable, 49-50 
Derivative, 64-73 
chain rule, 72 
defined, 64-65 

of a complex function, 64-66, 73-76 
of a real function, 64 
of a series, 246 
rules for, 71 
Descartes, Rene, 6 
Deterministic system, 331 
Difference equation, 317-318 
Dirac delta function, 498-506 

as derivative of unit step function, 502-503 
defined, 498-499 
derivative of, 503-506 
derived from sequence of functions, 503 
Laplace transform of, 506-512 
Dirichlet problems, 214-225 
external, for circle, 223 
for a circle, 215-218, 222 
for a half-plane, 218-221 
Distributions, theory of, 500 
Distributive law, 4 
Divergence, 

of a vector field, 89 
Divergence to infinity, 324-326 
Domain, 42 
analyticity in, 73 



672 Index 


simply connected, 43 
multiply connected, 43 
Douady, A., 326 

Electric field, 94 
complex, 95 
Electric flux density, 94 
complex, 95 
Electrostatics, 94-98 
table of formulas for, 96 
Empty set, 43 
Entire function, 74-75 
Equation of circle, 40-41 
Equipotentials, 90, 96 
Euler, Leonhard, 128 
Euler notation, 6,11 
Euler numbers, 278 
Euler’s identity, 103 
Euler’s infinite product, 657 
Exponential function, 99-105, 128-133 
periodicity, 102 
Exponential integral, 294 
Extended z-plane, 45 
Exterior point, 42 

Feedback, 494-498 
closed-loop gain, 495 
forward transfer function, 494 
Nyquist criterion for, 496-497 
open-loop gain, 495 
path, 494 
signal, 494 

Feynman, Richard, 104, 303, 630 
Fibonacci, Leonard, 318 
Fibonacci sequence, 318 
Finite difference method, 205 
Finite z-plane, 45 
Fluid flow, 92-93, 97, 559-561 
table of formulas for, 96 
Fluid velocity, 92 
Fourier transform, 405-411 
defined, 405 
transform pairs, 406 
Fractional powers, 30-32 
Fractals, 234, 322-332 
with MATLAB, 332-333 
Fresnel integral, 275, 387-388 
Function, 49 -55 

absolute integrability, 405 


analytic, 75-80,259 

bounded, 480 

causal, 508 

complex, 50-55 

complex, with real variable, 78 

entire, 74-75 

even, 262 

generalized, 498-515 
integration of, 185 -188 
multivalued, 49-50,116, 266-267 
odd, 262 
real, 50-51 

Fundamental, theorem of algebra, 6, 203, 
449-450 

Fundamental theorem of calculus, 
analytic functions, 187-189 
real functions, 185 

Gamma function, 303, 321, 431, 433-440 
analytic continuation of, 434—437 
and factorials, 434 
poles, 436 

reflection formula for, 437-440 
Gauss, Carl Friedrich, 6, 210 
Gauss’s mean value theorem, 203-204 
Generalized function, 498-515 
transfer functions with, 512 
Goursat, 174 
Gradient, 93 
Green, George, 173 
Green’s theorem, 172, 173-174 
proof of, 226-228 
Gregory, James, 254 

Hadamard, Jacques, 335 
Hamilton, Sir William Rowan, 6-7, 11, 12,13 
Hamilton’s notation, 11 
Hankel transformations, 431 
Hardy, G.H., 303 
Harmonic conjugate, 83 
Harmonic functions, 80-87, 108, 216-217, 
555-556 

and Dirichlet problem, 218-220 
defined, 81 
derivative of, 197 
families of curves for, 85 - 87 
physical applications, 87-98 
Heat conservation, law of, 89 
Heat flux, 89 
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Heat flux density, 88-89 
complex, 91 
Heat sinks, 88, 94 
Heat sources, 88, 94 
Hilbert, David, 303-304 
Hilbert transform, 303, 416-431 
analytic signal, 420 
causal systems and, 428-430 
defined, 416-418 
Fourier transform of, 423-424 
inversion, 417-420 
Hoffman, M., xv 
Hubbard, J., 326 

Hyperbolic functions, 113-114, 133-138 

Ideal fluid, 92 
Image point, 52, 517 
Images, method of, 593 
Improper integrals 
due to limits, 370-371 
due to singularities, 388-394 
Impulse function, 498 
Impulse response, 512 
Indefinite integral, 182-192 
Indentation of contour, 388 -393 
Independent variable, 49 
Infinite products, 641-648 

absolute convergence of, 646-647 
analyticity of, 647- 648 
defined, 642 

expanding functions in, 650-657 
M-test for, 648 
nth term test for, 644 
uniform convergence of, 647 
Infinity, 44-45 

integration around, 432-440 
limit at, 59 
point at, 44 

Integer powers, 28 -30 
Integers, 1-2 
Integral equations, 151 
Integral tables, use of, 186 
Integration, 153-228 
by parts, 189 
contour, 172-182 
line, 153-172 
term-by-term , 245 -246 
using a parameter, 107 
In tegrodifferential equations, 151 
Interior point, 42 


Inverse hyperbolic functions, 133-138 
Inverse trigonometric functions, 133-138 
Irrational numbers, 2 
Irrotational fluid, 93 
Isolated singular point, 285, 342-350 
essential singularity, 343 
Isotherms, 90 


Johnson-Nyquist noise, 490 
Jordan, Camille, 172 
Jordan contour, 172. See also Simple 
closed contour 
Jordan’s lemma, 378 
Julia sets, 330-333 
Jump discontinuity, 56, 216, 456 


Kirchoff’s voltage law, 150 
Kline, Ronald, 150 
Krantz, Steven, G., xv, 324 


L’Hdpital’s rule, 72-73 
Lacan, Jacques, 6 
Laplace, Pierre Simon, 81 
Laplace’s equations, 82 
in polar coordinates, 87 
Laplace transform, 302, 454-515 
and Bessel functions, 477-478 
and Bromwich integral formula, 461-463, 
467 

and convolution, 475 
and stability, 506-514 
defined, 454 

for solution of differential equations, 453 
Heaviside expansion formulas, 457, 467, 
470 

inverse of, 454 

inversion integral, 461-463 

linearity of, 455 

MATLAB and 470, 515 

of derivatives, 454-456 

of generalized functions, 506-511 

of integrals, 456 

of periodic functions, 472-473 

poles of, 463 

uniqueness of, 455 

with generalized functions, 506-511, 512 
Laurent Pierre, A., 280 
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Laurent series, 230, 279 -296, 633 
analytic part, 342 
defined, 280 

pole of order N, 342-343 
principal part, 342 
Laurent’s theorem, 281 
Law of heat conservation, 89 
Lee, Y.W., 428 
Leibnitz, Gottfried, 254 
Leibnitz’s rule, 196 
Limit, 57-63 
at infinity, 59 
defined, 57 

of complex sequence, 233 -234 
of infinity, 63 
Limit point, 42 
Line integration, 153-160 
Line source, 586-587 
Linear fractional transformation. See 
Bilinear transformation 
Linearity property of Laplace transform, 455 
Liouville’s theorem, 208-211 
Littlewood, J.E., 303 
Logarithmic function, 115-128 
analyticity, 120-128 
branches of, 123 
continuity, 122-123 
multivalued nature, 116-117 
polar form, 116, 122 
principal value, 116 

M test. See Weierstrass M test 
Maclaurin, Colin, 255 
Maclaurin series, 255 -256 
Magnitude, 14 
Mandelbrot, Benoit, 322 
Mandelbrot set, 322-333 
Mapping, 52 

conformal. See Conformal mapping 
inverse, 529 
isogonal, 519 
Jacobian of, 529 

one-to-one. See One-to-one mapping 
Riemann theorem, 53 
Marginal instability, 485 
Marsden, J., xv 
MATLAB, xii 

Maximum modulus theorem, 205 -207 
Maximum principle, 212 
Maxwell, James Clerk, 619 


Mean value theorem, 191 
Mellin transformations, 431 
Meropmorphic function, 350 
Mindell, David, 490 
Minimum modulus theorem, 207 
Minimum principle, 212 
Mittag-Leffler, Gosta, 637 
Mittag-Leffler, theorem, 637-639 
defined, 638 
ML inequality, 167-170 
defined, 168 

Mobius transformation. See Bilinear 
transformation 

Modulus of complex number, 14-15 
Morera’s theorem, 180 
Multivalued functions, 49, 116, 

266-267 

Nahin, Paul. J., xii, 7, 416 
Nash. John. 304 
Negative integers, 1 
Neighborhood, 41 
Neumann problems, 577 
Newton, Isaac, 254 
Newton’s second law, 152, 481 
Nonisolated essential singular point, 351 
nth term test, 238, 644 
Null set, 43 
Number 
algebraic, 8 
complex, 1-7 
rational, 2 
real, 1, 2 
transcendental, 8 
Nyquist, Harry, 490 
Nyquist stability criterion, 490-498 
and MATLAB, 494, 498 
criterion for polynomials, 492 
diagram, 492 

One-to-one mapping or transformation, 
528-535 

correspondence between regions, 528 
defined, 529 
inverse of, 529 
Jacobian of, 529 
local properties of, 530 
onto, 529 
Open set, 41 
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Partial derivative, 66 
Partial fractions, method of, 270-279 
infinite series of, 633-639 
Partial sum, 235 
Path in complex plane, 58 
Path independence, 182-192 
principle of, 182 
Peirce, B.O., 130 
Permittivity, 94 
Phasors, 146-152 
applications, 149 
defined, 147 

properties for solution of linear 

differential equations, 148-149 
Piecewise continuity, 405 
Piecewise smooth curve, 155 
Points 

accumulation, 43 
at infinity, 44- 45 
boundary, 43 
exterior, 43 
interior, 43 
limit point, 43 
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z-transform of, 313-315 
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